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CHAPTER 1 


FUNDAMENTAL ALGEBRAIC LAWS 
AND OPERATIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 1 to 


8 for step-by-step solutions to problems. 


There are fundamental algebraic properties that describe the way arithmetic 
and algebraic operations involving addition and multiplication of numbers and 
variable expressions are handled. These properties for the addition operation 
include the 


commutative property of addition 
[a+b=b+al, 

associative property of addition 
[a+(b+c)=(a+b) +c], 

inverse property of addition 
[a+ (-a)=0), 

and identity property of addition 
[a+0 =a]. 

For the multiplication operation, the properties are the 

commutative property of multiplication 
[ab = ba}, 

associative property of multiplication 
[a(bc) = (ab)c}, 

multiplicative inverse property 
[a(1/a) = (1/a)a = 1, a « 0}, 

and the multiplicative identity property 


(a-1l=1-a =a]. 


One general law that governs the operation of multiplication over addition is the 
distributive property 


[a(b + c) = ab + ac). 


In determining the sum of two real numbers observe whether they have the 
same or different signs. If the signs of the numbers are the same, add the absolute 
values of the numbers and attach the sign of the addends. If the signs are unlike, 
then find the difference between the absolute values of the numbers and attach 
the sign of the number with the greatest absolute value. If subtraction is involved, 
the first step is to rewrite the subtraction process by using addition of the opposite, 
that is, x - y = x + (~ y). Then, proceed as indicated with addition. 


With respect to multiplication and division of two real numbers, the pattern is 
simply that the product or quotient is positive if both numbers involved have like 
signs. On the other hand, the product or quotient is negative if the sign of the 
numbers involved are unlike. 


When evaluating a mathematical expression, it is important to perform the 
operations in an order that begins with the expression in the innermost parenthe- 
ses, brackets, or braces first and working outward. In the process of working 
outward, a hierarchical order must be observed. First, simplify all numbers or 
expressions with exponents, working from left to right if more than one of these 
expressions is present. Second, do all multiplications and divisions from left to 
right; and then perform all additions and subtractions from left to right. For 
instance, to simplify the expression given by 


3[- 4(2 + 3)? + 2(2— 4)5] + 10, 


first perform the exponential operations of the expressions in the innermost symbols 
of grouping, from left to right. Thus, 


3[- 4(2 + 3)? + 2(2 - 4)}) + 10 


3{- 4(5)? + 2(- 2)}] + 10 
3{- 4(25) + 2(- 8)] + 10. 


Next, simplify within the brackets, from left to right, the multiplication opera- 
tions to obtain 


” 


= 3[- 100 +(- 16)] + 10. 


Next, the distributive property can be used to multiply 3 by the terms in the 
brackets to obtain 


= -300 + (- 48) + 10. 
Finally, add the above terms, from left to right, to get the results as follows: 
= -348+10 = -338 


Step-by-Step Solutions to 
Problems in this Chapter, 


“Fundamental Algebraic Laws 
and Operations” 


@ PROBLEM 1 


Find the sum 8 + (- 3). 
Serena The sum of 8 + (- 3) can be obtained by using 
acts from arithmetic and the associative law: 
8+ (- 3) = (5 + 3) + (- 3) 


Use the associative law of addition (a+b) +c 
=sa+ (b +c): 


= 5+ (3+ (- 3)] 
Using the additive inverse property, a + (- a) = 0: 
=S+0 
Using the additive identity property, a+O=a 
= 5. 
© PROBLEM 2 


Show that (- 2) + (- 3) = - 5. 


SPEER This small problem illustrates some of the 
basic leas involved in mathematical proof. We know that 


(- 2) + (- 3) is an integer because the integers are 
closed under addition. To show that this integer is - 5, 
we ask ourselves what property is characteristic of - 5. 


5 + (- 5) = 0, 


by the additive inverse property, a + (- a) = 0. More- 
over, - 5 is the only number which when added to 5 gives 
0; for if (5 + b) = 0, by the additive identity, 
azat+od, -52=-5+0=- 5+ (5 + b), by our 
hypothesis, 5+b=0 

= (-5 + 5) +b by associative law of addition 


a +(bdtc) = (atb)+c. 


=O+b by additive inverse property, 
& +(-a) = 0 
=b+0 by commutative law of addition , 


atb=ebta 


=b by additive identity ,a+t+O=a 
1 


Thus, - 5 = b, proving that - 5 is the only number 
which when added to 5 gives 0. 


We therefore see that (- 2) + (- 3) = - 5 if and only 
4 5 + [(- 2) + (- 3)] = 0. We show below that this sum 
s zero. 


5 + [((- 2) + (- 3)]= (3 + 2] + [(- 2) + (- 3)] 
= 3+ {2 + ((- 2) + (- 3)]}, 


by associative law of addition, (a +b) +c = a+ (b +c); 
=3+(0+ (= 3)], 


by additive inverse property, a + (- a) = Q= 3 + 
[(- 3) + 0], by commutative law of addition, a+ b=b +a; 


= 3+ (- 3), 


by additive identity property, a + 0 = a;= 0, by additive 
inverse property, a + (- a) = 0. 


Thus we have shown (a) 5 + (- 5) = 0 
{b) (- 5) is the only number which when added to 5 equals 0. 
(c) 5 + (- 5) = 0 = 5 + [(- 2) + (- 3)] and therefore 


(- 5) = (- 2) + (- 3), 


completing our proof. 
© PROBLEM 3 


Find the quotient q and remainder r upon dividing 575 by 21. 


Solution: -If we divide 575 by 21, we obtain 
—— 


The quotient is 27 and the remainder is 8. 


Check: To check the quotient and the remainder obtained, multiply the 
quotient by the divisor and then add the remsinder to this product. 
The sum should be equal to the dividend, 
(27) (21) + 8 = 567 + 8 = 575. 
Hence, the sum is equal to the dividend, 575. Therefore, the quotient 
and the remainder obtained are correct. 
@ PROBLEM 4 


Evaluate 2 - {5 + (2 - 3) + [2 - (3 - 4)]} 


&glution; When working with a group of nested parentheses, 
we evaluate the innermost parenthesis first. 


2 


Thus, 2 - {5 + (2 - 3) + [2 - (3 = 4)}} 


=2- (5 + (2 - 3) + [2 - (- 1)]} 
=2- {5 + (- 1) + (2 + 1)} 

=2- {5 + (- 1) + 3} 

= 2- {4 + 3} 

=2-7 

a- 5. 


Simplify 4[-2(3 + 9) # 3] + 5. 


otter To simplify means to find the simplest expression. 
We perform the operations within the innermost grouping symbols 
first. That is 3+ 9 = 12. 
Thus, 4[-2(3 + 9) + 3] + 5 = 4[-2(12) + 3] +5 
Next we simplify within the brackets: 
= 4[-24 #3] +5 
= 4° (-8) +5 


We now perform the multiplication, since multiplication 
is done before addition: 


= -32 + 5 
= -27 
Hence, 4[-2(3 + 9) + 3] + 5 = -27. 
© PROBLEM 6 


Is the set of all natural numbers from 1 to 10 a closed 
system under addition? 


Solution: For {1,2,3,... 10} to be closed with respect to 
addition, the sum of any two numbers in this set must also be 
a member of this set. The set of all natural numbers from 
1 to 10, inclusive, is therefore not a closed system under 
addition for it would not be correct to say that given any 
two numbers in the set there is a number in the set called 
their sum. For instance, 4 and 7 are in the set but their 
sum, ll, is not. 


@ PROBLEM 7 


Simplify the following expressions, removing the parentheses. 
1 a+ (b-c) 


2) ax - (by ~ c) 
3) 2~ (-x+y). 


Solution: 1) Place a factor of 1 between the + (plus) sign and the 
term in the parenthesis. This procedure does not change the value of 
the entire expression. Hence, a + (b-c) = a + 1(b-c) 


= a+ 1(b) + 1(-c)distributing 
zsar+be-c 


2) Again, place a factor of 1 between the - (minus) sign and 
the term in the parenthesis, Again, this procedure does not change the 
value of the entire expression. Hence, 


ax - (by ~ c) = ax ~ l(by = c) 
= ax - 1(by) - 1(-c) distributing 
=ax-by+c 
3) Again, place a factor of 1 between the - (minus) sign and the 


term in parenthesis, Again, this procedure does not change the value of 
the entire expression. Hence, 


2- (x+y) = 2 - 1(-x + y) 
= 2 - 1(-)-10) distributing 
=2+x-y 


© PROBLEM 8 


Evaluate 3s - [St + (2s ~ 5)] 


3 We always evaluate the expression within the 
innermost parentheses first, when working with a group of 
nested parentheses. Thus, 


3s - [St + (28 - 5)]} 


3s - [5t + 2s - 5] 


38 - 5t - 28 + 5 

= 3s - 28 - St +5 

=s- 5t+5. 

© PROBLEM 9 


Simplify 


ox? - fix - G - x + sp} + (ax - 3y). 


Solution: Where a succession of arithmetic operations is involved, 
appropriate grouping symbols indicate clearly how these algebraic 
operations are to be performed; that is, we perform them before 
other operations. In this problem we also have grouping symbols 
within grouping symbols. Therefore, we perform the operation in the 
innermost parentheses first, Hence, multiply the terms in the par- 
entheses by minus one in order to remove the parentheses, Further~ 
more, they can be removed from the last two terms. 


8x7- fx - @ -x+ 5) + Gee ~ 33) = 8x? - fx - 2 + x - 5] 


+ 2 - 3y 


Remove the brackets by multiplying the terms inside by minus one, 
, 


ox? - fix - @ -x+ 5 + @& - 3y) = 8x? - 7x4 x7 - x 
+ Sy + 2x ~- 3y 


Now group like terms. Then perform the indicated operations from 
left to right. Thus, we obtain: 


ax? - fix - G@? = x + 5) + Gx - 99) = Ox? + x? - 7x - x + ox 
+ Sy ~ 3y 
= 9x® - 6x + 2y. 
In this example, we have found the algebraic sum of these three 
quantities: 8x? and ~fx - @ -x+ 53} and (2x - 3y). 


© PROBLEM 10 


Simplify: 3a - 2{3a - 2[1 - 4(a - 1)) + 5). 


Solution: When working with several sets of brackets and, or parentheses, 
we work from the inside out. That is, we use the law of distribution 
throughout the expression, starting from the innermost parentheses, and 
working our wayout. Hence in this case we have: 2{3a - 2(1 ~ 4(a - 1)] + 5} 
and we note that (a - 1) is the innermost parenthesis, so our firet 
step is to distribute the (-4). Thus, we obtain: 
3a - 2[3a - 2(1 - 4a + 4) + 5). 

We now find that (1 - 4a + 4) is in our innermost parentheses. 

Combining terms we obtain: 
(1 - da + 4) = (5 - 4a) ; 
hence, 3a - 2[3a - 2(1 - 4a + 4) + 5) = 3a - 2[3a - 2(5 - 4a) + 5) 
and since (5 - 4a) is in the innermost parentheses we distribute the 
(-2), obtaining: 
3a - 2(3a - 10 + 8a + 5). 
We are now left with the terms in our last set of parentheses, 
(3a - 10 + 8a + 5).Combining like terms we obtain: 
(3a - 10 + 8a + 5) = (ila - 5) 

hence, 3a - 2(3a - 10 + 8a + 5) = 3a ~ 2(lla ~ 5). 
Distributing the (-2), = 3a - 228 + 10 
combining terms, = -19a +10. 
Hence 3a - 2{3a - 2[1 - 4(a - 1)) + 5) = -198 +10. 


@ PROBLEM 11 


(a) Add, 3a + 5a 


(b) Factor, Sac + 2bc. 


Solution; (a) To add 3a + 5a, factor out the common factor a. 
3a + Sa = (3 + 5)a = Sa. 


Then, 


(b) To factor Sac + 2bc, factor out the common factor c. Then, 
Sac + 2be = (Sa + 2b)c. 
© PROBLEM 12 


Express each of the following as a single term. 


Rr Wiae = aaa? 


(a) 3x? + 2x? = gx? (pb) 


Saxy 


Solution: (a) Factor x? in the expression. 


2 2 


3x? + ax? = ax 2 


= (3 +2 = 4)x? @ ax? @ x’, 
(b) Factor xy” in the expression and then factor a. 
Saxy" - Taxy” ~ 3xy” = (5a - 7a - 3) xy” 
= ((5-7)a - 3]xy” 
= (-2a = 3)xy’. 

@ PROBLEM 13 


Simplify x = a + 2[b= (c ~ a + 3b)]. 


— When working with several groupings, we perform the operations 
m the innermost parenthesis first, and work outward. Thus, we first 
subtract (c - a + 3b) from b: 


x=2a+ 2b- (c - a + 3b)] = a + 2b- c + a - 3d) 


Combining terms, 
= a+ 2(-c + a= 2b) 


distributing the 2, =z a~ 2c + 2a- 4b 
combining terms, = 3a- 2c- 4b 


To check that a+ 2[b- (c - a + 3b)] is equivalent to 3a - 2c - 4b, 
replace a,b, and c by any values. Letting a =1, b= 2, c = 3, the 
original form a + 2[b=- (c - a + 3b)) = 1+ 2@2- (3 - 1 + 3+2)] 


= 1+ 2[2- (3-1 + 6)) 
= 1+ 2[2- 8) 
= 1+ 2(-6) 
= 1+ (-12) 
e-ll 

The final form, 3a - 2c - 4b = 3(1) - 2(3) - 4(2) = 3-6-8 
=-ll 

Thus, both forms yield the same result. 


@ PROBLEM 14 


Use the field properties to derive the equation x= 5 from the 
equation 5x - 3 = 2(x + 6). 


Solution: Sx - 3 = 2(x + 6) Given 


Sx - 3 = 2x + 12 


(Sx - 3) + (-2x) = 2x + 12 + (-2x) 


distributive property of 
multiplication over addition 
Additive Property (-2x) 


3x - 3=12 Simplifying 
(3x - 3) +3=12+3 additive property (+3) 
3x = 15 Simplifying 
$-(3x) = 9-15 Multiplicative Property (4) 
x= 5 Simplifying 


We could also derive 5x - 3 = 2(x +6) from x= 5 by reversing the 
steps in the solution. Let us see if 5 will make the equation 
Sx = 3= 2(x + 6) true. 


5(5) - 32 2(5 + 6) 
22 = 22 


Two equations are equivalent if and only if they have the same solution 
set. Since Sx - 3= 2(x +6) and x= 5 have the same solution set, 
{5}, the two equations are equivalent. 


@ PROBLEM 15 


Approximate: 


a = tx f2 x 2.17 


(6.83)~ + (1,07) 


Solution: We use the following approximate values: 


7 = 3.1416 23 
f2 = 1.414 3 1.5 
2.17 2 2 
(6.83)? 277 = 49 = 50 


2 


(1.07)? 2 17 #2 


Then, 


@ PROBLEM 16 


(a = b) (ab + c) 
cb =- 


Evaluate p = 


when a = +2, b= - 4,and c = - 3, 


Solution: Inserting the given values of a, b, andc 


+2 - (- 2) (- 4) + (- 3) 


- 2) 


The 24 in the numerator cancels the 24 in the 
denominator. 


oe 9 


Multiplying numerator and denominator by - 1 


CHAPTER 2 


LEAST COMMON MULTIPLE / 
GREATEST COMMON DIVISOR 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 9 to 


11 for step-by-step solutions to problems. 


The Least Common Multiple (LCM) of a set of two or more integers is the 
smallest integer that can be found such that it is divisible by each integer from 
the given set. To determine the Least Common Multiple of two or more integers, 
the first step is to factor each of the numbers into their prime factors. Then, select 
among all the factors a list of those which are unique prime factors of the 
numbers. Next, determine the exponent to be used for each selected factor by 
finding the highest number of times the factor appeared in either of the factoriza- 
tions. The product of the unique prime factors with the appropriate highest expo- 
nents is the LCM. For example, the LCM of 12 and 21 is 84. This is determined 
as follows: prime factors of 12 are 


2x2x3 
and for 21 are 
3x7. 


The unique prime factors are 2, 3, and 7, respectively, of which the highest 
number of times 2 appears is twice, 3 appears once, and 7 appears once. So, the 
product or LCM is: 


2x3x7=4x 21 = 84, 


The LCM can be very useful in determining the least common denominator 
in the addition and/or subtraction of two or more fractions, 


The Greatest Common Divisor (GCD) of two or more integers is the greatest 
integer that will divide into all the integers. When finding the GCD, the first step 
is to factor each number involved into their prime factors. The second step is to 
select among each of the factorizations the unique common factors. Now deter- 
mine the exponent to be used for each selected factor by finding the smallest 


9-A 


number of times the factor appears. The final step is to find the product of the 
selected factors with appropriate exponents which is the GCD. For instance, the 
GCD of 24 and 60 is 12. This solution is found by first factoring 24 and 60 into 
prime factors as follows: 


24=2x2x2x3 and 60=2x2x3xS. 


The unique common factors among the two factorizations are 2 and 3 only. The 
smallest number of times 2 appears among the factorizations is twice and for 3 is 
once. Thus, the final product is composed of: 


2x3=4x3=12 
which is the GCD of 24 and 60. 
The GCD can be very useful in reducing a fraction to the lowest terms. 


Step-by-Step Solutions to 
Problems in this Chapter, 


“Least Common Multiple/ 
Greatest Common Divisor” 


@ PROBLEM 17 


Find the least common multiple (lcm) of 15 and 18, 


Solution: Some of the integers divisible by 15 are 
15,30,45,60,75,90,105,... 

Some of the integers divisible by 18 are 
18,36,54,72,90,108,... 


The smallest positive integer divisible by both 15 and 18 is 90. 
Thus, 
lem{15,18} = 90 


Another method for finding lem{15,18} is the following: 
Factor 15 and 18 into their prime factors. 


15S = 3°5 
18 = 2-3-3 


Now, take the different factors of the two numbers and multiply them 
together. The exponent to be used for each factor is the highest 
number of times that the factor appears in either number (15 or 18), 
The product obtained will be the lcm{15,18}. Hence: 


tem{15,18) = 2) . 3% « 5) = 2(9)(5) = 90. 
© PROBLEM 18 


Pind the Least Common Multiple, LCM, of 26, 39, and 66. 


Solution: Write each number as the product of primes: 
26 = 2(13), 39 = 3(13), 66 = 2(3) (11) 


The LCM is obtained by using the greatest power of 
each prime, only once, to form a product. Thus, 


LOM = 2(3) (11) (13) 


= $58. 
® PROBLEM 19 


Find the Least Common Multiple, LCM, of 12, 18, 21, 25 
and 35. 


Sodaiicni ve want to express each number as a product of 
pr actors: 
9 


12 = 27(3), 18 = 2(3*), 21 = 3(7), 

25 = 57, 35 = 5(7) 

Pind the LCM by retaining the highest power of 
each distinct factor and multiplying them together, making 
sure to use each factor only once regardless of the 
number of times it appears. Thus, 

LCM = (27) (37) (57) (7) = (4) (9) (25) (7) 

= 6300 
@ PROBLEM 20 


Find the greatest coumon divisor {15,28}. 


Solution: If 15 and 28 are factored completely into their respective 
prime factors, 15 = 3+5 and 28 = 2+2+7 


Since 1 divides every integer, and since 15 and 28 possess no 
common prime factors, it follows that 

ged(15,28} = 1. 
If the ged of two integers is 1, then the two integers are said to be 


relatively prime. Since gcd{15,28) = 1, the integers 15 and 28 are 
relatively prime. 


© PROBLEM 21 


Find the greatest common divisor and the least common multiple of 


16 and 12. 


10 


Solution: Factor the two given numbers into their prime factors. 
12 = 2+2+3 
16 = 2+2+2+2 


The greatest common divisor of 16 and 12, or ged{12,16}, is the 
largest number which divides both 16 and 12, (largest common factor). 


42, 2:23 . MD _ 
16 2+2e2+2 (4) (2) (2) 
Hence, gcd{12,16) = 4. 


The least common multiple of 16 and 12, or lem{12,16}, is obtained 
in the following way. Take the different factors of the two numbers 
and multiply them together. The exponent to be used for each factor is 
the highest number of times that the factor sppears in either number 
(12 or 16). The product obtained will be the lem{12,16}. Hence: 


lem{16,12} = 2% . 34 = (16)(3) = 48. 
@ PROBLEM 22 


Find the greatest common divisor of 24 and 40. Also, find the 


least common multiple of 24 and 40. 


Salysion, To find the greatest common divisor of 24 and 40, or 
gcd. 24, 1, we write down the set of all positive integers which divide 
both 24 and 40, Thus we obtain the two sets 


(1,2,3,4,6,8,12,24) for 24 
{1,2,4,5,8,10,20,40} for 40 
Those integers dividing both 24 and 40 are in the intersection of 
these two sets. Thus, 
{1,2,3,4,6,8,12,24} 1 {1,2,4,5,8,10,20,40) = {1,2,4,8)} 


The largest element in this last set is 8. Thus, 
8 = gcd{24,40) . 


Another method for finding the gcd{24,40} is called the factoring 
technique. Factor the two given numbers into their prime factors. 


24 = 2+2°2°3 

40 = 2+2+2+5 
The greatest common divisor of any two numbers is the largest number 
which divides both of those numbers. Therefore, 


24 . 2:2-2+3 _ (8)(3) 
40 ~ 262-265" (8)(5) * ences 


ged {24,40} =8. 


The following technique is the definition for finding the least common 
multiple of 24 and 40, or lem {24,40}. To find the lem{24,40}, 
we write down the set of all positive integer multiples of both 

24 and 40, Then we obtain 


(24,48,72,96,120,144,168,192,216,240,264,...} for 24 
{40, 80,120,160, 200, 240,280,...} for 40 


The integers which are multiples of both 24 and 40; that is, common 
multiples of 24 and 40, are in the intersection of these two sets, This 
is the set {120,240,...]. The smallest element of this set is 120. 
Hence, lem{24,40) = 120. Another method for finding the lcm(24,40} 1s 
called the factoring technique. Factor the two given numbers into their 
prime factors. 


24m 2+2-2+3 
40 = 2+2.2+5 


Now, take the different factors of the two numbers and multiply then 
together. The exponent to be used for each factor is the highest number 
of times that the factor appears in either number (24 or 40). The 
produce obtained will be the lcm{24,40}. Hence: 


341 
Lem(24,40} = 2°+3°+5* » (8)(3)(5) = (24)(5) © 120. 
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CHAPTER 3 


SETS AND SUBSETS 


Basic Attacks and Strategies for Solving 


Problems in this Chapter. See pages 12 to 
16 for step-by-step solutions to problems. 


There are two basic operations used to combine sets — union and intersec- 
tion. Other operations involving sets include the complement and cartesian product. 


When finding the union of two or more sets, the first step is to examine the 
sets and determine all common elements that belong to the individual sets and all 
the unique elements (not common among the sets). Then, the union of the sets, 
using the roster or list method, is the set of all the common elements written with 
no repetitions together with all of the unique elements. For example, the union of 
set A = {3, 4, 5} and set B = {4, 5, 6} is given by the following set: 


AUB = {3, 4,5, 6}. 


To find the intersection of two or more sets, simply identify among the sets 
all the elements which are common. Then, the intersection, using the roster 
method, is the set of only the common elements among the sets written with no 
repetitions, For example, the intersection of sets A and B above is given by: 


ANB= {4,5}. 


In addition to the roster or list method of representing the union and intersec- 
tion of sets, set builder notation and Venn diagrams are used. 


The procedure for finding the complement of a set is to first determine a 
universal set U and a set A whose elements are a part of U. Then, all of the ele- 
ments of U which do not belong to A form the complement set of A, given by A’. 


The Cartesian product of two sets, say A and B and denoted by A x B, is a set 
formed by all possible ordered pairs where the first component comes from set A 
and the second component from set B. For example, if set A = {1, 2} and set B = 
{1, 4}, then A x B is given as follows: 


Ax B= {(1, 1), (1, 4), (2, 1), (2, 4)}- 
A subset of a set A is a set in which each of its members belong to the origi- 
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nal set. In addition, the empty set is a subset of any set. For example, the set {x} and 
the empty set are two of the subsets of set A = {x, y}. To find all the possible sub- 
sets N of any set, one can use the formula 


N=2', 


where n is the number of elements in the original set. The actual listing of subsets 
is found by forming a set of each possible pairing of the elements in the original 
set plus the empty set. For example, the set 


A= {x,y} 
has 4 subsets since 
N=2=4, 
The subsets are {x}, {y}, {x, »}, and the empty set. 


12-B 


Step-by-Step Solutions to 


Problems in this Chapter, 
“Sets and Subsets” 


If A={1, 2, 3, 4, 5} andB={2, 3, 4, 5, 6), find AvB. 


Solution: The symbol U is used to denote the union of sets, 
us B (which is read “the union of A and B’)is the set 
of all elements that are in either A or B or both. In this 

problem, if, 


A={1, 2, 3, 4, 5} and B =({2, 3, 4, 5, 6}, 
AUB={l1, 2, 3, 4, 5, 6}. 


then 


© PROBLEM 24 


IfA={1, 2, 3, 4, 5) andB={2, 3, 4, 5, 6}, findA nB. 


The intersection of two sets A and B is the set 
° elements that belong to both A and B; that is, all 
elements common to A and B. In this problem, if 


A={1, 2, 3, 4, 5} and Be={2, 3, 4, 5, 6}, 


then 
AnB={2, 3, 4, 5}. 


@ PROBLEM 25 


1f A= (2,3,5,7} and B= (1,-2,3,4,-5,/6), find 


(a) AUB and (b) ANB. 


Solution; (a) AUB is the set of all elements in A or in B or 
in both A and B, with no element included twice in the union set. 


AUB = {1,2,-2,3,4,5,°5./6,7) 
(b) ANB is the set of all elements in both A and 5B. 
ans (3) 


Sometimes two sets have no elements in common. Let S = {3,4,7} 
and T= (2,-4,6]. What is the intersection of $ and T? In this 
case ST has no elements. Hence $f T= 6, the empty set. In 
that case, the sets are said to be disjoint. 


The set of all elements entering a discussion is called the 
universal set, U, When the universal set is not given, we assume it 
to be the set of real numbers. The set of all elements in the universal 
set that are not elements of A is called the complement of A, 
written A. 


12 


© PROBLEM 26 


Show that (AN B)N C=AN (BN Cc). 


Fig. 1 (ANB)NC Pig. 2 AN(BNC) 
SE In Figure 1 the vertically shaded area represents 
A ,» and the horizontally shaded area represents the 


points common to the set (A fi B) and the set C, that is 

(A fl B) 1 Cc. Similarly, in Pigure 2, the vertically shaded 
area represents B fi C, and the horizontally shaded area 
represents the points common to the set (Bf C) and the 
set A, that is A fl (B fi C). Since the two horizontally 
shaded areas in the two figures are the same, 


(AN B)N C=AN (BNC). 
© PROBLEM 27 


If U={1, 2, 3, 4, 5} and A ={2, 4}, find A’. 


Solution: The complement of a set A in U is the set of all 
elements of U that do,not belong to A. The symbol A' (or, 
sometimes, A, %A, or A) denotes the complement of A in U. 
The figure gives a representation of A', the complement of 
Ain U. In this problem, since, 

U={1l, 2, 3, 4, 5} 
and 


A={2, 4}, 


A‘ ={1, 3, 5}. 
© PROBLEM 28 


u = {1,2,3,4,5,6,7,8,9,10}, P = {2,4,6,8,10}, Q = {1,2,3,4,5}. 


Find (a) B and (b) Q. 


elution, P and Q are the complements of P and Q respectively. 
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That is, P is the set of all elements in the universal set, U, that 
are not elements of P, and Q is the set of elements in U that are 
not in q. Therefore, . 

(a) P= {1,3,5,7,9}; (b) Q = {6,7,8,9,10} 


Tf U = the set of whole numbers and E = the set of even whole 


numbers: find &£, 


Solution; £ is called the complement of £. £ is the set of all 
elements in the universal set, U, that are not elements of £&. There- 
fore, ie 

E = {1,3,5,...}, 
the set of odd whole numbers, 


© PROBLEM 30 


Show that the complement of the complement of a set is the 
set itself. 


Solution; The complement of set A is given by A‘. There- 
fore, the complement of the complement of a set is given by 
{A')'. This set, (A')', must be shown to be the set A; 
that is, that (A')' = A. In the figure the complement of 
the set A, or A‘, is the set of all points not in set A; 
that is, all points in the rectangle that are not in the 
circle. This is the shaded area in the figure. Therefore, 
this shaded area is A‘. The complement of this set, or 
(A')', is the set of all points of the rectangle that are 
not in the shaded area; that is, ail points in the circle, 
which is the set A. Therefore, the set (A')' is the same 
as set A; that is, 


(AT)' =A. 
@ PROBLEM 31 


IfaA={(1, 3} and B={5, 6}, find Ax Band Bx A. 


tS The Cartesian product of two sets A and B, de- 
no y Ax B, is the set of all ordered pairs (x, y) such 
that x € Aand y ¢ B. In this problem, if A={1, 2, 3} 
and B={5, 6}, then the Cartesian product AxB is: 


AxB={(1, 5), (1, 6), (2-5), (2, 6), (3, 5), 
(3, 6)}. 


The Cartesian product B x A is the set of all ordered pairs 
(x, y) such that x « B and y € A. Hence, the Cartesian pro- 
duct B x A is: 


4 


BxA={(5, 1), (5, 2), (5, 3), (6, 1), (6, 2), 


(6, 3)}. 
@ PROBLEM 32 


tet M= (1, 2} and N = {p, q). Pind (a) Mx N, (b) 
N * M, and (c) M * M. 


ution: (a) M*N is the set of all ordered pairs in which 
rst component is a member of M and the second compon- 
ent is a member of N. Thus, 


MxN= ((1,p), (1, q), (2, p), (2, q)}. 
Note that the number of elements in M is 2, 
the number of elements in N is 2, 
and the number of elements in Mx N=2%* 2 = 4, 
(b) N *M is the set of all ordered pairs in which 
the first component is a member of N and the second 
component is a member of M. Thus, 
NxM= {(p, 1), (q, 1), (p, 2), (q, 2)}. 


Once again note that the number of elements in N x M 
is2x2= 4, 


(c) M * M is the set of all ordered pairs in which 
both components are members of M. Thus, 


Mx M= ((1, 1),(1, 2), (2, 1), 2, 2)) 


Here too, the number of elements in Mx Mis 2 x 2 = 4. 
© PROBLEM 33 


List all the subsets of C = {1,2}. 


slater {1}, {2}, {1,2}, 9, where g is the empty set. 
ch set listed in the solution contains at least one 
element of the set C. The set {2,1} is identical to {1,2} 
and therefore is not listed. g is included in the solu- 
tion because § is a subset of every set. 


@ PROBLEM 34 


tion: P = {-4, -3, -2, -l, 0, 1, 2, 3, 4, 5}. All . 
ese elements are integers that are either less than or 
equal to 5 or greater than -5. A set A is a proper subset 
of P if every element of A is aeclement of B and in addition 

there is amelement of B which is not in A. 

(a) B = {-4, -2, 0, 2, 4} is a subset because each 
element of B is an integer greater than -5 but less than or 
equal to 5. B is a proper subset because 3 is an element 


15 
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Fy but not an element of B. We can write 3 e€ P but 
3248. 

{b) C = {3} is a subset of P, since 3 « P. However, 
5 ¢ P but 5 ¢ C. Hence, CCP. 

{c) D= {+4, -3, -2, -1, 1, 2, 3, 4, 5} is a proper 
subset of P, since each element of D is an element of P, 
but 0 € P and 0 ¢g D. 

(a4) $C P, since ¢ has no elements. Note that ¢ is 
curry set. ¢ is a proper subset of every set except 

tself. 


CHAPTER 4 


ABSOLUTE VALUES 


Basic Attacks and Strategies for Solving 


Problems in this Chapter. See pages 17 to 
18 for step-by-step solutions to problems. 


When solving an equation containing one or more absolute values, the funda- 
mental procedure is the use of the definition of absolute value. The definition 
States that: 


(1) The absolute value of a positive number or positive expression is the 
positive of the number or expression itself, 


(2) The absolute value of a negative number or negative expression is the 
opposite of the negative number or expression, and 


(3) The absolute value of zero is zero. 


If only one absolute value is in the given equation, then the application of the 
definition yields two equations. The next step is to solve each of these equations 
for the variable and check the results. For instance, to solve the equation 


|x+al=c, 


where a and c are constants, we can write, according to the definition of absolute 
value, the following two equations: 


x+a=c and x+a=-c. 


Then, to get the solution of the original equation, solve each of the equations and 
check the results. 


Suppose the equation contains two absolute values, such as 
Jax+b|=|cr+dl+e, 


where a, b, c, and d are constants and a and c are not zero. Then, there are four 
possibilities for equations: 


ax+b = cx+dte, (i) 


—(ax+b) = cxrtd+e, (2) 
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ax+b = -(cx+d)+e, (3) 
-(ax +b) = -(cx+d)+e (4) 


Solve the appropriate equations and check the results in order to get the solution 
of the original equation. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Absolute Values” 


© PROBLEM 35 


Solve for x when \x - 7| = 3. 


Solution: This equation, according to the definition of absolute 
value, expresses the conditions that x - 7 must be 3 or -3, 
since in either case the absolute value is 3. If x-=- 7 * 3, 

we have x = 10; and if x - 7 = -3, we have x = 4, We see that 


there are two values of x which solve the equation. 


Solution: First we write expressions which replace the absolute 
symbols in forms of equations that can be manipulated algebraically. 
Thus this equation will be satisfied if either 

3x +2=5 or 3x 2 <5, 
Considering each equation separately, we find 

x= 1 and x*- Z 

3° 

Accordingly, the given equation has two solutions. 


© PROBLEM 37 


Solution: Im examining the given equation, it is seen that the 
—_— 

absolute value of a number is set equal to a negative value. By 
definition of an absolute number, however, the number cannot be 
negative. Therefore the given equation has no solution. 


© PROBLEM 38 
Solve for x when |s - 3x | = -2. 


Solution: This problem has no solution, since the absolute value 
can never be negative and we need not proceed further. 


: 


Solve for x in |2x - 6| = |4 - Sxl. 


Solution: There are four possibilities here. 2x - 6 and 4 - 5x 


- 
= 


can be either positive or negative. Therefore, 


2x - 65 4- Sx (1) 

-(2x = 6) = 4 = Sx (2) 

and 2x - 6 = =(4 = Sx) (3) 
~(2x - 6) = -(4 ~ Sx) (4) 


Equations (2) and (3) result in the same solution, as do 
equations (1) and (4), Therefore it is necessary to solve only 


for equations (1) and (2). This gives; 


1 
2-3, -3, 


@ PROBLEM 40 


Solve for x when |2x -1| = [4x 


Solution: Replacing the absolute sysmbols with equations that 
can be handled algebraically according to the conditions implied 
by the given equation, we have: 

Qx-1* 4x+3 or 2x-1 = -(4x +3). 
Solving the first equation, we have x =-2; solving the second, 
we obtain x = - i, thus giving us two solutions to the original 
equation. ( We could also write: -(2x - 1) = -(4x + 3), but this 
ie equivalent to the first of the equations above. ) 
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CHAPTER 5 


OPERATIONS WITH FRACTIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 19 to 
34 for step-by-step solutions to problems. 


When simplifying a complex algebraic fraction, the usual procedure is to first 
combine or eliminate the sum and difference of fractions in the numerator and 
denominator. This can be achieved by multiplying both numerator and denominator 
by the least common multiple of the denominators of all fractions involved and 
then simplify by reducing the results to the lowest terms. This is the premier 
procedure for simplifying, especially complex algebraic fractions. For example, 
simplify the following expression by first noting that the LCD is xy, which is 
multiplied by both the numerator and denominator in the rational expression. 
Thus, 


240 »(2) +3y(2) 

1, (4) -9@) y-3xy 

x x 

Another procedure for simplifying a complex algebraic fraction is to first 

find the LCD, then add and/or subtract the fractions in the numerator. Repeat the 
same procedure for the fractions in the denominator. Then, multiply the resulting 
fraction in the numerator by the reciprocal of the resulting fraction in the denomi- 
nator and simplify by reducing the results to the lowest terms. In the example 
below notice that the expressions in the numerator have an LCD of y and those in 
the denominator have an LCD of x. Thus, 


yY__2Y Ai _y _ 
3-2 (2) 2 Gx-2) 
x = x x 


Now multiply the result in the numerator by the reciprocal of the result in the 
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denominator and reduce to the lowest terms, if necessary, in order to get the final 
Tesult as follows: 


_t2y, x _ 2G +2y) 
y 3x-2 y(3x-2) 


When multiplying two or more algebraic fractions, the procedure is simply to 
first factor completely the expressions in the numerator and denominator and 
cancel all possible common factors. The second step is to multiply the numerators 
together and then the denominators together. Finally, simplify by reducing to the 
lowest terms. For example, to multiply the following algebraic fractions easily 
we first factor, cancel, and then reduce to the lowest terms: 


3x-6 10x-40 | 3(x-2) 10(x-4) | 3(10) _ 2 
§x-20 27x-54 5(x-4) 27(x-2) 5(27) 9 


Division of algebraic fractions involves multiplying fractions, except take the 
reciprocal of the fraction designated as the divisor before multiplying. The result 
after multiplying is simplified by reducing to the lowest terms. 
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Step-by-Step Solutions to 
Problems in this Chapter, 


“Operations with Fractions” 


© PROBLEM 41 


Simplify 


2-3 2 lye 2b 

T means (: + 5) —% 
Since division by a fraction is equivalent to multiplication by its 
reciprocal: 


1,1ly-1 1,1 
G+p-3-G 3)x6 
By the distributive law: 


(3+ §) x9 - (Bo «Gre 


Solution: In order to combine the sa sae etek 2- Z we must 
convert 2 into thirds. 2 = 2-1 = 2- ;° $. Thus 


rence (ee mes ae ee 
2-2 tt ss 
3 3° T 


Since division by a fraction is equivalent to multiplication 
by that fraction'’s reciprocal 


1 3 3 5 3 2 
1--1- ((g)-1-$-3-2-3 
Therefore, : 1- ty “a 
2-3 
© PROBLEM 43 


1 1 
s+ 
Simplify the complex fraction Tr 
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Sonar rents First simplify the expressions in the numerator 
and denominator by adding the fractions together according 
to the rule 

a_,¢ . ad + be 

b a ba 


We now obtain - + - = 372 = 3 


+a ne 
3 6 
+ E 
Ts. To 
To divide this complex fraction invert the fraction 


in the denominator and multiply the resulting fraction 
by the fraction in the numerator: 


1 
+ 
= Bi 5 20 100 50 
tLe. eS 
se 


1 
ag 
a 


@ PROBLEM 44 


3 A first method is to just add the terms in the 
numerator and denominator. Since 6 is the least common 


denominator of the numerator, (3 + 3]. we convert g and 5 


into sixths: 


2 2 2 2 a 1 1 1 3 3 

ye zc ilegegesg and z= 5°15 +5" % 
2 1 4 3 7 

Therefore 5*+s°StE Es 


Since 12 is the least common denominator of the denominator, 


3 


(3 - 3}. we convert 2 and 4 into twelfths: 
3 3 3 9 
w*Teltes° Ss" 


1 1 1 4__4 
| Sad eta ta eke « 3 
Therefore i-F"G-weeG 


7 
Thus, 7—I* -E 


Division by a fraction is equivalent to multiplication 
7 


by the reciprocal hence = - z . R 


Tz 
Cancelling 6 from the numerator and denominator: 


7,2_14 


i 63 5 


A second method is to multiply both numerator and 
denominator by the least common denominator of the entire 
fraction. Since we have already seen that L.C.D. of the 
numerator is 6 and the L.C.D. of the denominator is 12, and 
12 is divisible by 6, we use 12 as the L.C.D. of the entire 
fraction. Thus 


© PROBLEM 45 


Thus, we have: 


B,4 32 
7 *7 Ka 
4" 2 
7 7 7 
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Dividing by a is equivalent to multiplying by a . Therefore, 
4 
4+7F 32 : 
Pee Ga ane 


Now, the 7 in the numerator cancels with the 7 in the denominator. 


Thus, we obtain: oo » and dividing numerator and denominator by 8, 


we obtain: 2 . 


merefore a+ 6 = 5 when a = 4& and b = 7, 


@ PROBLEM 46 


Division by a fraction is equivalent to multipli- 
cation that fraction's reciprocal. Hence, 
2 2 
=— = = le =—s—. .—_, 
x+y x+y x+y 
* © PROBLEM 47 


Perform the indicated operation: 


Sa- 9b . xy - Sy 
x-5 ax - 3bx 


Solution: According to our definition of multiplication, we need 

y to write the product of the numerators over the product of the 
denominators. The only remaining step is that of reducing the fraction 
to lowest terms by factoring the numerator and denominator of the 
answer and simplifying the result, 


3a - 9b , xy - Sy | (3a - 9b)(xy - Sy) 
x-5 ax - 3bx (x - 5)(ax - 3bx) 
Pactor out 3 from (3a - 9b) and y from (xy - Sy). Also, factor 


out x from ax - 3bx. 
= 3(a = 3b)y(x ~ 5) 
eee aricaeaerat 


Group the same terms in numerator and the denominator. 


xr a- 3D z- 
Cancel like terms. 
aZiied 
=z 
3 


This procedure could have been abbreviated in the following manner: 


sone yy , ERD 
@ PROBLEM 48 


: 2 
Simplify ae 


Solution Since the denominator of a fraction cannot 
equal zero, 2x # 0 or, dividing by 2 we obtain the 
restriction x # 0. 


Now we proceed to simplify the given expression. 
First we note that 2x may be factored out of the 
numerator; thus 


4x? _+ 6x? _ 2x(2x? + 3x) 
2x x 
x 


(2x? + 3x) 


= 2x? + 3x. 


Thus, 


2x? + 3x, and x # 0. 


@ PROBLEM 49 


Solution; In order to eliminate the fractions in the numerator and de- 
nominator we multiply numerator and denominator by x. 


1 1 x 
ad qi+d) «+8 x+1 


p Roane Pee 2 x-1 
rie x(1 - 5) e's 


@ PROBLEM 50 


Combine into a single fraction in lowest terms. 


6(at+l) _ 3(a- 4) _ 2(a4 5) 
~are- ~atoe 


(a) a? at 


7x - 3y + 6 _ 2(x - 4y + 3) 
(b) xT Y x+y 


5x + 2 3(x + 4) 
oo) Se ° St" 


Solution: Noting = + B + = aibts (where a,b,c are any 
real numbers and x any non-zero real number), we proceed to 


evaluate these expressions: 


6(a + 1 3(a - 4 2(a + 5) _ 6(atl) - 3facs ~_2(at5) 
» Sat - Sv - at 


Distributing, 6. + 6 - 3a + 12 - 2a - 10 | 6a-3a-2a+6+12-10 
ee ee 


a+ at 
23 


2 aAt+8.) 
av+s . 


(b) 7x = 3y +6 _ 2(x - 4y + 3) | 7x = 3y + 6 - 2(x-4y+3) 
x+y x+y x+y 


Distributing, _ 7x - 3y + 6 - 2x + By - 6 | 7x-2x-3y+8y+6-6 


x+y x+y 
= 5X + Sy _ Sey) 2s 
sy : 


+ 
x+y 
Sx +2 3(x +4 x- 7 | Sx + 2 - 3(x+4) - 
to SEES Ree x= 
Distributing, 


= SN+2-3x-12-x+7 | 5x-3x-x+2-1247 | x - 3 
x- x- x = 


@ PROBLEM 51 


Combine and simplify 1 + eo : 


l+T-% 


Solution: First combine the terms in the denominator. 
Recall 1 = (1-x)/(l-x). Thus, 


Division by a fraction is equivalent to multiplica- 
tion by its reciprocal, thus 


rien Gey 
o1spez 
Recall 1 = eit , therefore, 


1+ 1 = 2-x%,1-x 
isa. foe ae 
I-*x 


- 


a 
x 


Simplify the complex fraction —+_j{- . 


Solution: Add both fractions of the numerator together 


using the rule: + + +> = ae ; and obtain 


: 


. Similarly for the denominator, obtain: 


x?y? 


Now invert the fraction in the denominator and 
multiply by the numerator: 


y-x ._x’y? - ly - x) . _(xy) (xy) 
xy y? - x? xy y- x)ly +x 


@ PROBLEM 53 


Simplify 


Solution: Obtain the least common denominator, 1.c.d., of the two 
terms in the numerator and of those that appear in the denominator. 
This is done by writing down the different factors that appear in the 
denominators of the terms. The exponent to be used for each factor 
is the smallest number of times that the factor appears in either of 
the denominators of the terms. Hence, the 4.c.d. of the two terms in 
the denominator = (1)*(y)? = ly = y. Also, the 4.c,d. of the two 
terms in the numerator is obtained in the same way. Therefore, the 
4.c.d. of the two terms in the numerator = (1)?(y)! = ly = y. There- 
fore: 


y y y 


Division is the same as multiplying the numerator by the miti- 
Plicative inverse of the denominator. (The multiplicative inverse of 
a number a is the number n, such that a-n=1, This mmber n is 
l/a . Hence, a» 1/a= 1) Therefore, the multiplicative inverse of 


Mal ys LH. 
y yx-1 


2 1 

-7 
(b) = 
z +1 


(a) In order to combine the fractions = and & in the numera- 


tor, we convert them into fractions with the same denominator 
by multiplying a/b by c/c (which is equal to 1) and a/c by b/b 
(also equal to 1). Multiplication by a fraction equal to l 
does not change the value of the original fractions. Thus, 


GX) +(@ . 8:2 . =e 
aac” abe ac 


ab + ac 
Multiplying numerator and denominator by bc, 
ac + ab 
. — be 'Pe) ac + ab i 
7 
(ab + ac) (be) _(@e * Ab) (Be) be 


=! 4, _1 8 1 7 
a ee Os OE 
5*+ 5+ ,*s 3 
Since division by a fraction is equivalent to multiplication 
by that fraction's reciprocal 


@ PROBLEM 55 


Solution; The Lowest Common Multiple of the denominators is y. 


Since . = 1, multiply numerator and denominator by y . Thus, 


e-2) 


= +3) 


we obtain: 


Distribute: yx - (2) 


- M2 
~ yx +3 
therefore, 2 
x-=s 
yy . B22 
x+3 yx +3 


© PROBLEM 56 


Solution: There are two ways to approach this problem. One is to 
consider it as a division problem: 

3.2). (348 

E-)+C+)- 


Use the least common denominator xy : 


-§-5-¢+S- 

xy xy/ * xy 

Combine fractions: ~ Syr2x _. Sytéx 
xy CUCOY 

Dividing by a fraction is equivalent to multiplying by its reciprocal: 
xy 

Cancelling out xy : . Far a ° 

The second approach is to multiply both numerator and denominator 


by xy; this is equivalent to multiplying the fraction by 1: 


32.2 
XY mw, y= 2x 
348° x Syto& . 
x Y 


© PROBLEM 57 


Simplify 


A first method is to just add the terms in the 
numerator and denominator, obtaining 


27 


a 
x” x 


Since dividing by fraction is equivalent to multiply- 
ing by its reciprocal, 


- 2y + 3x ,_x + 3x 
xy ¥- 1” ya 


A second method is to multiply both numerator and de- 
nominator by the least common denominator of the entire 
fraction, in this case xy: 


2 3 2 3 
x*y_ Wx ty 
1 
t°§ xy[1 - 
aaa 


Distributing, 


Cancelling like terms, 
= 2y_ + 3x 
xy - Y 

Using distributive law, 


© PROBLEM 58 


; Im order to combine fractions we must transform them into 
equivalent fractions with a common denominator. In our case we will use 
a+b as our least common denominator (LCD). Thus 


ce MBB (AB) 


_ Sard) (etd) _ 2ab 
at+b atb 
a2 +2eb+b? _ 20d 

a+b atb 
~ 22 + 20b + b? - 2eb 

at+b 

2 2 
«aS +b 


a+b 


Change these fractions to fractions with a com- 
mon denominator, then add fractions by adding numerators 
and placing over the common denominator. Neither of the denom- 
inators is factorable; therefore, the LCD is the product of 
the denominators. LCD = (x - 3)(x + 2). To change 


sa to an equivalent fraction with (x - 3) (x + 2) as its 
denominator, multiply by the unit fraction 2 a 2). tT 
change — to an equivalent fraction with the LCD as its 
denominator, multiply by Lo. Then add the resulting 
fractions as follows: 


2 + 5 os 2(x + 2 + S(x - 3 
x- 3 x +2 i x + x- x + 
= 2(x + 2) + 5(x - 3 
x= x + 
= 2% +4 + Sx - 15 
x- x + 
7x - 12 
ih Cae ae Combining Terms 


The numerator is not factorable, so the result can not be 
reduced. 


© PROBLEM 60 


Combine zn + 7 - aera into a single fraction. 


Since both 6x and 3y are factors of l2xy, 
the least common denominator (the LCD) of the given 
fractions is l2xy. Thus, we wish to convert the given 
fractions to equal fractions having l2xy as a de- 
nominator. We can accomplish this by multiplying each 
member of the first fraction by 2y-and each member of 
the second by 4x. We thereby obtain 


L, _1_ 3x+2y_2y-1, sx-1_ 3x+2 
ex * 3y ~ “Iixy 2ytex) * ax(3y) ~ ~Laxy 
zy 4x _ 3x + 2 
I2xy “ I2xy xy 


= 2y + 4x - (3x + 2 
xy 
= 2y.+ 4x - 3x - 2y 
iéxy 
= 2y.+ x - 2y 
xy 
= 4y > 2y + x 
xy 


x 
T2xy 


Cancelling x from numerator and denominator, 


© PROBLEM 61 


Perform the indicated operations: 


The first step in adding or subtracting fractions is to con- 
vert them into equivalent fractions having like denominators. The 
simplest method is to find the least common denominator (LCD). The 
LCD is the product of the unique prime factors of all the original 
denominators, each factor having as its exponent the positive integer 
representing the re number of times the factor appeared in an 
original denominator. a example the first denominator is 
2-x*y, and the second is y Since the factor y seed to the 
third power in the second denominator, the LCD is 2xy Hence, we 
multiply the numerator and denominator of each gera by the factor 
necessary to make the denominator equal to 2xy~. 


3a 2-6) sale") (2 = 50) 2x) , 6(2xv?) 
ary yy? } oxy?) y> (2x) 1(2xy”) 


20; - Gage, ie 


@ PROBLEM 62 


Simplify 


Solution: Simplify the expression in the numerator by 
using the addition rule: 


a,c. ad + be 
ao “eee. Ge 
Notice bd is the Least Common Denominator, LCD. 
x- 2 - {x -1 -1 
We obtain —— rs ‘——> rae in the 
numerator. 


Repeat this procedure for the expression in the 
denominator: 


30 


x- 3 - (x- 2) CL -1 
x - 2) (x - 3 x - 2) (x - 


We now have ae, I 
x - 
aa , 
(x = 2) (x - 3) 


which is simplified by inverting the fraction in the 
denominator and multiplying it by the numerator and 
cancelling like terms 


-1 . ix - 2) (x - 3) - x - 3 
x = x= oS Sha ee 


Solution: The Lowest Common Multiple (L,.C,M—) of the denominators is 


a(a-b). since = = 1, multiply numerator and denominator by 
a(a -b). Thus, we have: 
1 
a - 9G - A) 
aa -oG+ 25) 
Distribute a(a-b) in numerator and denominator: 


a(a ~ b) @) - a(a = b) +) 


a(a - b) (=) + ala - b> 


Perform the multiplication: 
a a-b 
(a -b) - a(2=2) 


a a- 
ia ~ bd +e => 


a-b) -a 


a a-—b 
Since f= 1 and >= = 1, we have: a= be a 


Using Associative and Commitative laws of addition, we obtain: 


a 

a a-b _ fa- ey => 

Ls a@+a)-b 2a-b * 
a a~ 


31 


Simplify 


Solution: To eliminate the fractions in this expression, 
we multiply numerator and denominator by the least common 
multiple (L.C.M.), the expression of lowest degree into 
which each of the original expressions can be divided 
without a remainder. The L.C.M. is the product obtained 
by taking each factor to the highest degree. In our 

case the L.C.M. is (x + y) (x - y). Thus, multiplying 
numerator and denominator by (x + y) (x - y), 


et ee ee ae 
x+y x-y . xty x-y , (x+y)(x -y) 
—t = — = x+y) ix = yy ° 
x+y x-y x+y x-y 


Distributing, = x 


—Y_} (x+y) (x-y)- Say) (XtY) (xy) 


& «= 2 
Distributing, = ae Es 


x? - + + y? 
Using the commutative law, = ae a oe 


xy - y?- x 
2 2 
Combining terms, = a 
2 2 
Pactoring (- 1) from the denominator = = + Ty 
Cancelling x? + y’, = “Ay 
=-l. 
x a se 
2 oe See 8 ee 
Thus, = 7 x = = 1. 
x+y x-y 


A) 1f x= S22, tind the value of the expression a(x +b). 


B) Also, if x=£—22, tind the value of the expression br + c. 


Solution; A) Substituting x = a for x in the expression 
a(x +b), = ) 
a(x +b) = a(S=8 +b Qa) 


Obtaining a common denominator of a- b for the two terms in paren- 
thesis; equation (1) becomes: 


c- ab Pr (a-b)b’ 


a(x +b) = .. 


Distributing the numerator of the second term in brackets: 


a(x +b) = ta sre). o[z-mete!) 


2 
c-ab 


B) Substituting x = =p for x in the expression bx +c, 


a(x +b) = = 


tx +e = o(HA2 +c 


= Bice) +c 


(2) 


Obtaining a common denominator of a- b for the two terms on the 
right side of equation (2): 


b(c-ab) + (a-b)c 
a-b a-b 


Distributing the numerator of each term on the right side: 


2 
woe Be sos 
~ Deablracds . mab7sac 
"a> 5b 


bx +ec= 


_ scab? 
a> 
Factoring out the common factor of a from the numerator of the right 
side: 2 


@ PROBLEM 66 


When two resistances are installed in an electric circuit 
in parallel, the reciprocal of the resistance of the system 
is equal to the sum of the reciprocals of the parallel 
resistances. If r,; and r; represent the resistances in- 


stalled and R the resistance of the system, then 
1 1 


What single resistance is the equivalent of resistances 
of 10 ohms and 25 ohms wired in parallel? 


Solution: Let r; = 10 ohms and r, = 25 ohms. We are 


looking for the single resistance R, which is equivalent 
to r; and r2. 


Here the reciprocal of R = a 


Here the reciprocal of r; = L 


and the reciprocal of r2 = =- 


Now substitute the values for r; and r2 respectively 
the equation. Thus, 


1. i + 1 

R 10 25 

Add the fractions according to the rule 
a 

bt 


+ CL = 8d + be 
i. 


1 25 + 10 35 


CHAPTER 6 


BASE, EXPONENT, POWER 


Basic Attacks and Strategies for Solving 


Problems in this Chapter. See pages 35 to 
52 for step-by-step solutions to problems. 


For any real number X and any positive integer n, the n™ power of X, denoted 
by X*, is defined to be the product of n factors of X. In X", X is referred to as the 
base and n is referred to as the exponent. Rules for performing certain operations 
with powers of any real numbers, say X and Y, and any positive integers, n and m, 
are as follows: 


(1) 


(2) 


(3) 


(4) 


(5) 


To multiply two powers of the same base, simply add their exponents 
and use this sum as the exponent of the common base 


(e.g. X"* X" =X"); 


To divide two powers with the same base, simply subtract the exponent 
of the divisor from the exponent of the dividend and use this difference 
as the exponent on the common base 


(c.g., X"/X"=X"-", n>m>0); 


To determine the power of a power, simply multiply the exponents and 
use this product as the exponent of the base 


(e.g. PY" =X"); 

The power of a product is the product of the separate powers 
(c.g,, (XY) =X" Y"); and 

The power of a quotient is the quotient of the separate powers 
(e.g. (X/¥y =X"). 


Note that powers of sums and differences cannot be taken term by term, 
rather binomial expansion must be done. 


If the power of a nonzero real number X is negative, then the first step before 
applying the above rules is to change all negative exponents to positive expo- 
nents by using the definition 


35-A 


X*=1/X*. 


For any real number X > 0 and any positive rational number, p/q exponent, the 
aforementioned rules for performing operations with powers apply. On the other 
hand, if the exponent is a negative rational number, then first use the definition of 
negative exponents X49 and then simplify the resulting fraction. 


For any nonzero real number X, X® = 1 but 0° is undefined. 


Step-by-Step Solutions to 


Problems in this Chapter, 
“Base, Exponent, Power” 


@ PROBLEM 67 


Simplify: (a) 372 


Solution: (a) Since x@=1, 37% =] = 


(b) Again, recall _1 = x™*; hence, 
a 
x 


p= 572) 2 52 5 + 5 = 25, 


5 


© PROBLEM 68 


Simplify the following expressions: 


(b)  (-3) 7? mt 


Solution: 
(a) Here the exponent applies only to 3. 
Since x Y= —2., -37? = -(377) 2 - 4 ee z- 
x! 3 
(b) In this case the exponent applies to the negative base. 
-2 1 1 1 
ee Dt eee 


a a | . 3 
oe :~ 
ar 


Division by a fraction is equivalent to multiplication by 
that fraction's reciprocal, thus 


ecae geen, 


ry 
and 3, = - 12. 
= 


1 


C3)° wr 6% 69 ey -70-39° ca) 97? Ce) 7 


Solution: Note x? =1 and x? = + for all non-zero 
real numbers x, - 

(a) a(-7)° = 81) = 8 

(b) 6° + (-6)° = 1 +122 

(c) -7(-3)° = -7(1) = -7 

(a) gt = ar =F 

(e) rode gd 


@ PROBLEM 70 


Simplify the expression (x) + aly? ° 
-1 1 oh dd 
3 and 2 T7272" Thus, 


Solution: Since x? - i o 3 
[= x 3 2 


i. 
ars | 
-1 -1ly-2 1 2 
(ots aly? 24435". 
Now, we combine fractions, using 6 as our least common denominator: 
- [2a +2)” 


-( a 
- (3 


36 
and since division by a fraction is equivalent to multiplying the 
numerator by the reciprocal of the denominator, we have: 
a1x 2% 
25 


- 38 
25 


@ PROBLEM 71 


Perform the indicated operations: 


7+ 105)? + (3 - 10° *)*. 


Solution; Since (ab)* = a*b™, 
(7 + 105)? » (+ 107*)* = (7)*(105)? + (3)*(207’)*. 


Recall that (a*)* = a*Y, thus, 


(77) (108**) + (3*) Go™?**) 
(77) Qo*) + (3°) G07?) 
(77) (3°) (10?) Gio7* 2). 
7) Gt) [1085229] 


7°3*10°. 


Since a*-+ aY = a*tY, 


© PROBLEM 172 


SHS If a is any number and n is any positive integer, the 
Pp. tof the n factors a-a-a... a is denoted by a . a is 
called the base and n is called the exponent. Also, for base a 
and exponents m and n, m and n being positive integers, we have 
the law: 


a asa 
Therefore, 4 2 
(a) 2 + 2° = (2+ 2+ 2)(2- 2) 28+ 4= 32 
or 2°. 272 2%? 2 S32 
(b) aw. ates as adfasacaraea) 
a(ea-acacacneacasa) ase 
or ae of ot, a® 
(c) x° 4, x84, 10 


© Propiem 73 


Use the laws of exponents to perform the indicated 
operations: 


Solution: Noting the following properties of exponents: 


b c 
q) aP.aca abte (2) (a®)°= arc (3) 2. ab-c (4) y= a 
a 
we proceed to evaluate these expressions. 


(a) 5x>+2x? = 5+2*x° x? - 10 +x +x? = 10x 


oy (xt) x6 tt 
8 8 
cc) Y «8. i ary? 2 w ay® 


5+2 7 


= 10x 


© PROBLEM 74 


) 


Write Sx™"y° without zero or negative exponents. 


Solution; Since a” =7- by definition, 


and since x° = 1 by definition (any real non-zero base reised 
to an exponent of sero equals one), 


yeh: 


Substituting these values for x? and y° we obtain 

sx yas 2. 1-3, 
x x 

© PROBLEM 75 


2x? 
(2x) 


Simplify the quotient 


The following two laws of exponents can be 
us © simplify the given quotient: 


1) a? = 1 where a is any non-zero real number, and 


2) (ab)™ = a™b™ where a and b are any two numbers. 


In the given quotient, notice that the exponent in the 
numerator applies only to the letter x. However, the 
exponent in the denominator applies to both the number 2 
and the letter x; that is, the exponent in the denominator 
applies to the entire term (2x). Using the first law, the 
numerator can be rewritten as: 


2x9 = 2(1) = 2 


Using the second law with n = 0, the denominator can be 
rewritten as: 


(2x)? = 2% 
Using the first law again to further simplify the denomina- 
tor: 0 0.0 
(2x)" = 2°x 
= (1) (1) 
=l 
Therefore, 0 
a = $= 2 
(2x) 


@ PROBLEM 76 


Write the expression (x + yoy? without using negative exponents. 


co 
y 


Multiply numerator and denominator by y in order to eliminate the 
fraction in the denominator, 


2 
ferB) mek” oi 
Thus Gry te 25 


® PROBLEM 77 


Simplify the expression xy (x? + y"). 


Seance, The following two laws of exponents can be used 
to simplify the given expression: 


1 

1) a” = —and 
a 

2) a™. aPe an 


Using the first law, 


my +9) = (4+ 4) 


p Tenge 4 
(t+ 
Using the distributive property, this last equation becomes: 
1 1 
= xx(z) + 7G) 
- 3 + m4(3) 
=y +x 


Using the second law, we can solve this problem in 
another way. 

xy (x™* + y?) = xyx? + xyy™ 
= xit(-L)y + xyt* (-2) 


2 x°y + xy? 


= (1+ y) + (x + 1) 
=y+t+x 


@ PROBLEM 78 


Solution A: By the law of exponents which states that 
(x) 7" = = where n is a positive integer, 


l-gp 


Since ir -= Es iy Also, since (x")™ 


(a2)? wg 62002) 2 gn (732 2 (30 (2) 2 E-6 Hence, 
Sl op 
b> 
1 
a 
be 
1 


Ale _ 


Note that division is the same as ures the numerator 
by the reciprocal of the denominator. s principle is 
applied to the term in brackets. 


= -2 


Boyt 


Applying the same principle to the term in parenthesis on 
the right side of the equation: 


-2)-2 4 4 
a 1 a a 
= = (1) = . 
ES b (::) r® 
at 


n -2)-2 ~2,-2 
Solution B: Since (z}" s ~ “ = — - . Also, 
since (x™)" = x™, (a72) 72 wg 62) (-2) 4) ana (p73) 7? = 


pf-3) (-2) . 28, Hence, 


a7? -2 . a ; 
v3} oe 


© PROBLEM 79 


Express 2e72a Yu ty? as an equal fraction involving only 


positive exponents. 


Solution; Since a” « 4 for all real b, 
a 


ee ee ears 


1 
2 1 

-2,-1 2 
e“j}\d c 
Hence —-—- = =< - Division by a fraction is 


equivalent to multiplication by its reciprocal, thus 


into an equal fraction in which 
all exponents are positive. 


Solution: Since m™ = 4 for all real n, b° = ao co? = + 


41 


Division by a fraction is equivalent to multiplication by its 
reciprocal, thus 


a2 

a m4 2 3 2.,3 
bic’ . j_a x |XZ_] _ a xz 

1 a bs b'c’y 
xz 


© PROBLEM 81 


~2,4,3 


Simplify the quotient %&—¥ 1, ‘ 
(xy) 


The following six laws of exponents will be 
used to simplify the given quotient: 


Qa) x « 4 , where n is any positive integer 


a GY-s. 


y 
(3) (xe)P = x, 
(4) (xy)™ = xy", 
(5) x. gM ata 
(6) x “— 
x 


Using the first law to simplify the quotient: 


Coaty | Ce) v}’ 


(xy)~ 
(xy)? 


(xy)? 


Using the second law to simplify the numerator, 


yf 
(yp n 
(x-y)-3 


(xy) 


= 


Using the third and fourth laws to simplify both the 
numerator and the denominator, 


( 4)3 
-2.453 2 
(<*y - Gy 
(xy)~ —y 

(xy) 


x*y? 


Since multiplying the numerator by the reciprocal of the 
denominator is equivalent to division, the equation becomes: 


(xy) 
12,3 3 


Using the fifth law to simplify the numerator: 


-2.4\3 12+3.3 
CA 


(xy)~ x 


Using the sixth law to make the last simplification: 


-2.4)3 15.3 3 - 7 
(x x} -Yy-x 0 2UE) = a 2 er? 
x x 


(xy) 
-2.4\3 15 
Hence, (yy = y5x73 or ty = 
(xy) x 


7 
Evaluate the following expression: Ma 


3x“y 


° Noting (1) ape = 5B .§ 2 (2) a> =p and 
(3) 2 - ae for all non-zero real values of a,d,e,f,we 
a 
43 


proceed to evaluate the expression: 


5 
12x’y < ; se dex? 2.yl 3 gx dy"? As. 
3x“y Y 

@ PROBLEM 83 


Solution: Since (aby . a™>*, and (a*y =a”; 


¢ -2 “y s (os 27 ee 202@) 43 4-3 -6 12 


(xy) x"4y <3 a -3 ay"? 


When dividing common bases with different exponents we subtract the 
exponent of the divisor ‘e: exponent of the dividend 


- 7); 


C3) y=) 


thus: 


x 3 yt2*3 


x? yo 


® PROBLEM 84 


Simplify (rewrite without negative exponents, and reduce to a 
fraction in lowest terns) 


Solution }; We see that all negative exponents can be eliminated by 
multiplying numerator and denominator by x’y*, Hence, 


x7) ™ “1,3 4 2 -1+3_4 
ee oe a 7 Ea = y* “a+, my ae 
24 
7x bd 
4 3° 
y +x 


Solution 2; Another way to solve this problem is to apply the de- 
finition a” = 1/a" where a # 0. 


xt = ae 
+—- + Combine “3+ “7 into one term, The least 
x+y 3+ x sy 

x y 


common denominator is x*y*, 


8G) SG) 


Therefore, 


“3° 4 
x y xy 
Division by a fraction is equivalent to multiplication by that frac- 


tion's reciprocal. 


: 7 xy4 ax*y* 
y= 2° ao 
y_ +x y +x y +x 
3.4 
xy 


© PROBLEM 85 


without negative exponents. 


Solution: Since x ° = + for all real x # 0, 
x 
x = i, y? = = 
Y 
x?=s— ,andy'= ot thus, 


1 
aa *F 


Multiplying numerator and denominator by the least 
common multiple, x*y? 


x?y? (2 at 


2,2/2, 2 
ends? 
x 


Distributing, = 
x?y? xr| * x?y? 


2 ~ #2 
Cancelling like terms, = Pee 


Factoring x from numerator and y from denominator, 


© PROBLEM 86 


Simplify: (a) 


Solution: (a) Since a™ = +, 
_— b* a” 
a *b? = a> = p? a 
ap? pt a pe 
at 


Dividing by a fraction is equivalent to multiplying by the 
reciprocal of the fraction. 


2 2 2,2 2 52 


b.a =e De ab 
a pe abt a? pe abt 


Pind the following products. 
a. (3xy) (2xy?) 


b. (xy?) (4xyz) (2yz) 


Solution: Use the following law of exponents to find the 
indica products: 


am. aD. aX 11, = gtntxt... 


a) (3x"y) (2xy*) = 6 (x? x) (y-y7) 


=6 (x2*1) ty?*?) 


= 6x°y* 


b) (oxy?) (4xyz) (2yz) = -8 (xx) (y?+y+y) (2°2) 


at (2) eal, @) 


= -8 (x2) (y>) (24) 


io -8x7y°2" 


Use the properties of exponents, to perform the indicated 


operations in 
(2°?x*57y’) 5. 


ao Since the product of several numbers raised to 
@ same exponent equals the product of each number raised 


to that exponent (i.e., (abea) * = a*b*c*a*) we obtain, 


(23x*57y7)% = (27) F(x") § (57) S(y7)®. 
Recall that (x3) = x2", thus 
(23x*5ty7)5 = (29) 5 (x*) (57) S(y7) 5 

= (2978) (x88) (5795) (y7* 8) 


218x205 095, 


© PROBLEM 89 


Perform the indicated operations, and simplify. (Write 
without negative or zero exponents.) Each letter represents 
a positive real number. 


(a) (77395)? (b) (sx’y8)?. 


Solution: Note that: (1) (abe) * = a*p** (for all real 


a,b,c), (2) a* «= + (for all non-zero real a) and 


a 
(3) (aP)© = aP© (for all real a,b,c). These will be useful 


in evaluating the given expressions. 


Ga) (7x7 3y5)-? we 7723-2 yS)-2 aw 772 ey (73) (72) cy (5) (2) 
6 
= 7724) Siyy719 sk x ee oil 
tb) (Sx7y®)3 om 573(x7)- Fy) 573 (xy (7) 3) cy (8) (3) 
= 573(x)722(y)24 aa . tall 
il 57x 125x7t 
® PROBLEM 90 


| Evaluate the following expressions: | 


47 


: -12x2° 9,5 se 6, 4 
3x"y"2 


Sebiens Noting (a) Sn” PSs 1 (2) a ».+. 
a 
and (3) = = ab-e for all non-zero real values of a,e,f,9,h, 


we siticeed to evaluate these expressions: 


10,95 10 9 5 
(a) -12x""y"z” “ 7 5 : ae . a =4-x20-2, 9-3, 25-6 
3x" yz x y 2 
« -4xy%s7? ~4x®y6 
10.9.5 8.6 . 
-12x z 4x'y 
Thus ae ae ma od . 
3x“y72z = us 
16.6.4 6 4 
-16x ae “16 | x 
(b) - . © . 
- 4x'y"z xe 7 2) sc 
4x2 6-4, 6-2, 4-7 4x22 4573, 4x? y. 
z 
@ PROBLEM 91 


Perform the indicated operations and simplify: 


(4%) (&) 


Solution: (a5) S&S =). See: an since GY == 5 
A5)3 ¥)3 2 7)3 x - 
QO 2 sae eat = ab 
4 


8 tet te GRY 0 a? 


ams 
- (53.5%) (32.14) 


Sey using the commutative lew 
s°x’”){s of multiplication 
= G*) (21) [-6*2)G7™)] necause 


x ‘a a, 
x 


= 3 ya) e507) 


y 
-5b =. 


= 1 
a because x <= 


_ 75e 
TTR 


od 
© PROBLEM 92 


Determine the value of (0.0081)~°/*, 


Solution: (0.0081) = .3°x .3.x .3« .3 = (.3)4, 
therefore, (0.0081)~2/4 = (,34)7°/4 


Recalling the property of exponents, 
(a*)¥ = a*Y 


we have, 
ia = 3 (4) (-3/4) = 37, 
si x ll 33 21 =i 7 
Oe ees 2” 5087 * ie 


Division by a fraction is equivalent to multiplication by 
its reciprocal, thus, 


1 
1000 
27__ = 1000, 
Hence, 
-3/4 1000 
(0.0082) - 3. 


© PROBLEM 93 


Solution: Observe 1600 = 16x 100 = 16 x 10° 

Qe 4 
10,000 = 10 
2,000 = 2 x 10 


sous, [3600-4 10,000 [Gs iets} 


3 


2x 10° 


Using the associative property, 


Recall: a* + a” = att, [ 


abla.b 
Since —s 
d . 6]1/3 
ed oc od . fis , 20° / 
2 10° 
x 
Recall = =a? » 
: «(8x 10°)? 
Since (ab)* = a*b* Py 
ow at3 x 4934/3) 
=2x 10 
= 20 


© PROBLEM 94 


Determine the value of 


53/%52/35-5/255/3 
51/3578/257/% 


Soketeons Since a®- aY + a® = aXt¥t2 gor any real base, 
en, 

st. st. st. st get Petes 

st - 5” +. st st -#+% 
The fractional exponents have denominators 4, 3, and 2. 
Their least common denominator (L.C.D.) is the least 


common multiple of the denominators, 12. Converting the 
fractional exponents to twelfths we obtain 


set+t-t+4 _ get tt 
st- t+ str - H+ 


x 
Since a = a* ~ Y for any real base (a # 0) 
a 


eat (a 


5 
= sTt + + 
= 512 
= 5! 
= 5. 
2 = 
Therefore, = st svt st 5. 
st 5" + st 


Express (st + st| + Ey - st] 


as an equivalent fraction with a rational denominator. 


Solution: The given expression can be rewritten as, 


st + ot 


st - gt 


’ and since 


1 1 
gf = (37]* = 3 we write: 


st + st 
st - 3° 


To rationalize the denominator, put 


st = xX, 3¢ = y; then since 

x* - y* = [s?]" - (34) = 5! - 3 = 25-3 = 22, 
which is rational, we can write 

x* - y*= (x - y) &? + x?y + xy? + y’), 
and the factor which rationalizes x - y,or 


st - 3* is x’ + x*y + xy? + y’, and substituting for 
x and y: 


et = [af ake ab at [tf 
= sta st. 4st. 38 43¢; 
and the rational denominator is 
x* = y® = SP - at = 52 - 3 = 22. 
Now, since 
x* = y* = (x - y) (x? + x*y + xy? + y’), then 


(x - y) =§ ———_+—____ 


seieae : “Bre ° and substituting; 
x xy xy Y 


51 


Ee es ; a nes 
st + st. at st. 3 + 3t 


Therefore, the given expression 


st + 3+ 


3 2 1 1 2 i 
574+ 5% + 3¥ 457 + 3443 


gt 3¢ 


s st + st 3 + stat + st3t + 5236 + 


+ stat + st37 t 3s 


+ + + 2 2 oe + 
52+) 252638 [4] 25203914) 2S23e i+ 3% 


22 


st +2 (st. ats st. ats st. at) + 3 
= 
20+ 2 (st + ats sts ats st at] 


22 


2 
14+ st. ates - 3% + st. 3 
nS 5 eee 


CHAPTER 7 


ROOTS AND RADICALS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 53 to 
78 for step-by-step solutions to problems. 


When simplifying and evaluating roots and radicals, it is essential to first 
observe the fundamental relation between roots, fractional exponents, and radicals. 
In particular, for any positive real number x and positive rational number p/q (q is 
not zero), 


xP Ux? = (Vz) = (x 


is the fundamental relation on which all simplifications and evaluations of roots 
and radicals rest. Also, all the properties involving multiplication and division 
involving exponents are essential from Chapter 6. 


When dealing with negative exponents, it is usually helpful to write the 
expression as a reciprocal in order to get a positive exponent before further 
simplification and evaluation of roots. For example, to simplify the expression 
below we first change the negative exponent to a positive exponent and then 
apply the aforementioned relationship between the fractional exponents and radicals 
as follows: 


873 1 /8*9 = 1/(¥B) = 1/ (27 1/4. 


When dealing with negative values of x, it is important to recognize that this 
leads to complex numbers. In particular, it is important to observe that V-i =i, the 
imaginary part of a complex number. Also, if the index of the radical is an even 
integer and x is negative, then the results will always include V-1. For instance, 


V-4 = VG0VH-1 = 21. 


In the simplification of radicals, it is usually desirable to arrange radicals in a 
simplest form. A radical with index n is in simplest form if the following condi- 
tions hold: 


(1) Then roots of any m powers in the radicand have been taken. When 
this is done every exponent in the radicand will be less than n. 


53-A 


(2) All denominators have been rationalized; that is, all denominators are 
free of radicals. (See procedure below.) 


(3) The index of the radical is reduced as much as possible. 


If a fraction contains one or more radicals in the denominator, then the 
denominator must be rationalized in order to put it in simplest form. To rational- 
ize a denominator which contains a monomial radical, multiply both the numerator 
and denominator of the given fraction by an appropriate monomial radical which 
will enable the results in the denominator to be the n root of a n power, which is 
a result that is free of the radical in the denominator. To rationalize a binominal 
denominator in which one or both terms is a square root, multiply the numerator 
and denominator of the fraction by the conjugate of the denominator, i.c., by the 
same two terms but with the opposite sign between them. For example, to sim- 
plify the radical expression below, we need to rationalize the denominator as 
follows: 

V2 . v2 eh2tNx 2+ \2x 


N\2—-vx \V2=\x \24\x 2-x 


To simplify a radical in which the index is a multiple of the exponents in the 
radicand, rewrite the expression by simply dividing the index and all of the 
exponents under the radical by the GCD. Then, simplify the result. 


53-B 


Step-by-Step Solutions to 
Problems in this Chapter, 
“Roots and Radicals” 


SIMPLIFICATION AND EVALUATION OF ROOTS 
@ PROBLEM 96 


Solution: 400 = 4 x 100 
Thus, 4900 = “4 x 100 
Since Yab = va vb, 
¥%00 = /@ /100 
=2-+ 10 
= 20 


Check: If /400 is 20, then 207 must equal 400, which is 
true. Hence, 20 is the solution. 


@ PROBLEM 97 


4 
Find the value of V-64a° ° 


4 
Solution: We can rewrite 64% as, 
——_— 


[oua*. ¢-1)}* « ( a)? -1)|* , 


by first factoring -1 ay the aaa under the radical, and then 
using the fact that 64a" = (+ Ba" - Also recall that 4 - xt . 
Now, since (ab)* = a™-b* » and a*)’ = a’, we write: 


((e2) - (-2)]* = re 1) 

~ [s?.¢ ay 
- (2) « ase (-1)* 
wt. (2). Cart 
= ot (2)*. [Cx]! 


Since x se, and (3)* - Je , we write: 


“eta® » kta? J = dha?2 4/5 , 


and since 53 


ie ee Oe Oe oe P| 
2d tdl. 


It remains to find the value of “27-1. /+/-1 is a complex 
number and can_be written as the sum of real and imaginery 
parts eg. x+y/-1 where x is the real part and y is the 


imaginary part. 
Squaring both sides of the equation we obtain: 


+ JT = (x + wR) (x + y FT) 
or, by performing the multiplication, 
+ I = x? + xyl-1 + xl + Wal > Wel. 
Combining like terms, and recalling that /-1 + J-1 = -1, we have: 
+fav -y? + awa. 
Let us examine the equation, 
+ Ia x? y*? + xy fl. 
This equation is only true if x* - y* = 0, and 2xy = 1, because then 
the equation becomes: 
+ J-1 = 0 471V-1 
+J-L9+ JA 
Therefore, we have the following system of equations: 
xt -y%00 and 2xy=1. 
To solve for x and y we use the method of substitution. Solving 
for y in the second equation, 2xy = 1, we have: 
7 2x 3 : : 
and substituting this value into equation one, x - y = 0, we obtain: 
x - (3)? = 0 
2 1 


x --+5 =0 


2 
4x 
Multiply both sides by 4x? : ax'(x” . =) = 4x" (0) 
4x 
Distribute: ax? -1l=0 
Add 1 to both sides: ix’ =1 
Divide both sides by 4: x’ x 
Now, taking the fourth root of both sides we obtain: 
Ye 
x= 


Now, since y «= a » by substitution: 


2x 
nis «de 
L a 2 
2, i 
Observing the y-value, 2? closely we see that it is equivalent to the 


x-value, 5 . This can be seen by multiplying a by 2 (which 
2 


5 


equals 1 and therefore does not alter the value of the fraction). 
Thus, 


We must include the negative values for x and y as solutions to the 


equations, because these give us the same results in the equations 


x - yt = 0 and 2xy = 1 as do the positive values for x and y, 


since a negative value squared is positive (equation 1), and a negative 
multiplied by a negative is positive (equation 2). Therefore, sub- 
stituting into the equation, AF = x + y/-1 , we have: 


erttnes + LA. 


and factoring + L. from both terms on the right side: 


[Fi+240+5. 


Similarly, we assume f-J7 =x- wei » and proceeding as in the case 
when I = x + yJ/-1 , we find that the x and y values are again 


+4 » thus: 
d- “l=+ Ba 

Therefore, J+ i + 550 + /-1) H 
and finally, ar the fact that, 
Lo emi A, and 
d+ -lL=+ ard) » we have: 
4 ps 
Hoa = 202 [t Os FY 

= af + a + | » by cancelling . . 


Therefore, 4 r 


64a’ = + 2a(1 + /=1) . 


Solution; 16? a 5 
16 
oa Soe 
(ve) 
Note that 2° = 2+2+2:2 = 16, hence 416 = 2. Thus, ist 
oe Segaa ee SE Y 
3 2-2-2 


“Solution: 7-8) = 7=5TZ = -8. since (-8)? = -512, 
Y-5YE = -8. 978 = -2 since (-2)? = -8. Therefore 
(7=B)3 = (-2)3 = -8. H%-8)7 = -8 = (9-83, hence, 
¥(-8)> = (9=B)?, 
© PROBLEM 100 


Find the indicated roots. 


(a) ¥32 (b) + %EI5 (c) MII 


Solution: The following two laws of exponents can be used 
to solve these_problems: 1) (“ap = al/n\p = a) = a, and 
2) (%a)" = %", 


(a) 32 = 7 = (2) = 2. This result is true be- 
cause (2)> = 32, that is, 2°2+2+2+2 = 32. 


(b) ve= 7 « (vs)4 = 5, This result 
is true because (s4) = 625, that is, 5*5+*5*5 = 625. 


-¥625 = (4) » -[¢rs)9] = -[s] = -5. This result 


—— because (-5)4 = 625, that is, (-5) * (-5) + (-5) + (-5) 


(c) #125 = 5) = (#3)? = -5. This result is true 
because (-5)3 = -125, that is, (-5) + (-5) + (-5) = -125, 
(a4) There is no solution to Y-I6 because any number 


raised to the fourth power is a positive number, that is, 


x‘ = (N) * (N) + (N) + (N) = a positive number # a negative 
number, -16. 


© PROBLEM 101 


Simplify: (a) @-5IZ (b) /y¢ 


Solution: (a) By the law of radicals which states that 


"yap = "Va YB where a and b are any two numbers, 7-512 = 
¥8(-64) = 787-64. Therefore, = = ¥I-6T = (2) (-4) = -8, 


The last result is true because (2)3 = 8 and (-4)? = -64, 
(b) By another law of radicals which states that 
fn 
f= & where a and b are any two nunbers, Y$L « ver ° 
q vie 


therefore, /$2 = ver = 5 The last result is true because 
vIe 
(3)4 = @1 ana (2)4 = 16. 


(c) By the law of radicals stated in example 
(bo), %-16 + 3 = xs = - % = 2. The last result is 


true because (2)3 = 8. 


@ PROBLEM 102 


Show that: (a) (-8)2/3 = (-8/3)? 


(b) (3) 7 [tad] 
ere a” By the law of exponents which ey a that 


where N is any number, (-8)? = 7(-8)°. 
Therefore, (-2)273 = W-8)" = 76% = 4, The last result is 
true because (4)? = 64. lso, by the law of exponents 


a; a b a,b a,b 
which states that n,n, = Ny) No where Ny and Np are 


any numbers. (-¢1/3)? = (-1- 9/3)? = (-1)%(61/3)? « 


1(8?/3) = 48° = ¥%4 = 4, Again, the last result is true be- 
cause (4)? = 64. Hence, (-8) 273 242 (-8¥/3)?. 


ss P the first law of exponents stated above, 
1)/3 y 1)! 
(&] (&) - By another law of exponents which states 


n n 
that_{2] s = where a and b are any two numbers, 


4 4 
Pal = aot = ahr (Note the last result is true since 


57 


= 64.) Hence, a)’ - +45 = or Therefore, 


. 4/3 Nk i -/32 r By a law of radicals which states 


Loli alin any two numbers, ye 
4 


FE RS" ae aie recession (tad) 
- Pal - a - =e [iy = Sy abe. Hence, 


ae 
~ 
\ 
Ww 
u 
4 
— 
= 
< 
| 
~ 
7 
fi 
fm 
° 
o 
cia 
> 
~ 
w 
. 


© PROBLEM 103 


Pind the numerical value of each of the following. 
(ay 92/3 (b) 25°42 


= mee xa/b = (/%)* , = oy = (7B) ?a02? = 4 


(>) Similarly, 25°/? = ean = 5° = 125. 


@ PROBLEM 104 


Seen Here we have two different radicals, yet 

each is simplified, the distributive law gives a 
simpler form for the expression. Note that 12 and 27 both 
have a factor 3, hence 


Yiz - #27 = (77 3-+- -F5 
Because Yab = “va vb, = 44+ V3 - V5 + VS 


=2 73-3 7 
Now, we use the distributive law, = (2 - 3) 7% 
= (- 1) 7 
=- 7 


© PROBLEM 105 


Simplify 5 /12 + 3/75 


Solution, Rar yg mas ak 4S eh Te ae Se ae 
Sid + 3778 = SVe°3 + 3 725 3. 
Since fab = fa + vb: = [5° YO + ¥3) + (3735 + V3) 
= ((5 + 2)¥3) +((3 - 5) 73) 
= 10/3 + 1573. 
Using the distributive law: 
= (10 + 15) ¥% 
= 25 v3. 
@ PROBLEM 106 


Approximate /23 x /4 and 723 : V4. 


Solution: A four-place table of square roots gives 
V23 = 4.796 and 40 = 6.325. 
The product /23 x /4 = (4.796) (6.325) 
= 30.334700 
Thus, rounding off to the nearest one hundredth, we obtain 
¥23 /40 = 30.33, approximately. 
For the division: /23 +: /4 = 4.796 + 6.325 


= 6.325 [t-796 
Thus, 
- 7582 
6.325) 4. 
4 4275 
36850 
31625 
52250 


et 
3g 


Hence, /23 + 440 is approximately 0.7582. 


© PROBLEM 107 


If a = 3 and b= 2, find (6a - b) “4, 


Solution: Substitute a = 3 and b = 2: (6°3-2)7> 


Perform the indicated multiplication: (18-2) 75/4 
= 1673/4 
Since x * sl: =1 
> A 1) 


= 1 
7, 
(418) 
Since 24 = 2-2:2-2 = 16, 


“77E = 2. Hence: = 


1 
2> 
1 
32 

@ PROBLEM 108 


Simplify the quotient fh. Write the result in exponen- 
tial notation. 


Solution: Since 2 = a, the numerator and the denomina- 
tor can rewritten as: 


vx = »i/2 and 


ns x/4 


Therefore, 
Vx , xi /2 ij 
i YA 


a 
According to the law of exponents which states that SS . 
n 


* n>, equation (1) becomes: 


@ PROBLEM 109 
simplity: (a) Joey —(®) Ps (c) Shse* . 


Solution: (a) diy contains the perfect square tea? - Factoring 


out axe we obtain, 
dey = biex® + 2xy . 


Recall that Jab = fa +b. Thus, 
ay Oe 
= Jaf? foxy. 
Since fe. Ix\, 
dey = 2\x\axy . 


(b) fe has a fraction for the radicand, but the denominator 
4b 


Fife k Ee $ 
{c) ee has a perfect square for the radicand. 
thst = fsx? . 
Recall that Jx [Fe ; hence 4 su)? . 2h few? . Now, since 


2/¢5x)? = |sxl, = Yisxl . since 
jab] = lal|ol , = 215TIxl = 7V5Ixl = /5IxI . 
Radicals with the same index can be multiplied by finding the 


product of the radicands, the index of the product being the same 
as the factors. 


is a perfect square, 


© PROBLEM 110 


Find the product 43, . ay? and simplify. 


Solution: Note that fa. %f = Md 3 thus, 
4 EP : 4? i. “Ky \xy?) . 


Recall that when multiplying, we add exponents; hence 
(x°y'xty*) - G™ yt?) and 
we obtain, - 4/ 4,3 
eh) 
Now, since [SG kP os ox, 7 + | 2 ae 4f3 . 


@ PROBLEM 111 


Perform the indicated operations in the following expression and 
write the final result without negative or zero exponents: 


61 


-3 gag? 3 2/3 
Ja"? oT a3 


solution; since (3) = # 


o3, ga */9 p2/3 ae 
7279 Nia! 3 Jab -14/3 7 


and (abc)™ = abc” . 
(6he er —. 66, 2/373 2/H{ 4/3 2/3 


27a be 2 A¢ 2 p t4/3 2/3 


ae -3,\-2/3,,4/3,-2/3 -2/3,.2 
27 ny a -2/ pi 32/3 ~ 27) 2 (0 afar 9 
Since af . Pu . Py , cancel Pe from numerator and denominator, 


-2/3,, -8/9. 
2 / at yn) 


Recall (x7)* = 


27 
x p78/9 
xy »78/9 - 28/9 | 1736/9 .--— -i 
and since - a aT 3679 “5 


a b b 

_ -2/3/,-8/9 -2/3 

ey a a 32879) * (27)7" 7X, Yo‘) 
Since 

ae w) = 4)? 

7773 On. = 3)? 
Thus 64)72/3 2? 

(27) ab? (3)"2a'b* 
Recall x® i 
therefore «7? - 3 - 3 
-_ (3)? « u -3 
hence =2 ‘a 

(3)720*»* 4 a*y® 


Multiply numerator and denominator by 16-9, 


= 16:9(1/16) 
16-(P)e4s* 


16 a*p* 
- -2/3 
thus 64 3 A/3 / . — 
2707? yp d4/3 16 ab 


@ PROBLEM 112 


Simplify Feix? - 2x93 + 5x724. 


Rewrite the expression so it contains similar 
radicals. 


Yaix = 1-3) x +3 = ¥(-3x)> +3 by the law (ab)™ = ab”. 
Also, since Vab = Va Yb, 4(-3x)° ‘3s 13x)" 3. Hence, 


Yeix? = 1-3x) 773. since (¥a)™ = (al/®)" = 2 =a =a, 
W(-3x)° = -3x. Therefore, Ya1x = -3x73. By the same 
laws, 5x 724 = 5x72) +3 = 5x9(2) 973 = 5x(2)93 = 10x75. 
Therefore, WGix> - 2x¥F + Sx¥I4 = -3x7F - 2x7F + 10x7T 


= -5x73 + 10x73 = 5x73. 


Hence, Yaix? - 2x73 + 5x#2T = 5x73. Note that the radical 
used to simplify the given expression was 73. 


@ PROBLEM 113 


Find the square root of 


3 (x - 1) + Wx Ix - TT 


Solution: The given expression can be rewritten as 


gx-2+ QPSK 


We can eliminate the fractions by factoring 4 from all 


the terms. To do this we must first multiply the third 


term by 2 so as not to change the value of this term. 
Thus, we obtain: 


3 (3x - 3+ 2 VixD I> 4) 


Let us examine the expression under the radical. 
Notice that this can be rewritten in factored form since 


2x? - 7x - 4 = (2x + 1) (x - 4). 


Substituting this in the given expression we have: 


3 Gx -3+2 x + x= 


Our aim now is to transform the expression into one 
which is a perfect square. This can be accomplished as 
follows: Rewrite the first two terms, 3x - 3 as: 

(2x + 1) + (x - 4), and substitute this into the ex- 
pression. Thus, we obtain, 


thax +1) + (x = 4) + 27T3x #1) (x = a} 


and we are looking for: 


/ 3 (2x + l)+(x - 4) + 2 WTx + i) - 7] 


But, 
(2x +1) + (x - 4) + 2 “TX FDK- A 


= (2x +1) + (x - 4) + 2 Ax FI xe - 7 
= (ix Fl + Xe 4) (vx F 1 + He - 4) 
= (f2x+ 1+ %& — 4) 2; 


Therefore, our expression becomes: 
ee ee oe 
-/% (fix * 1 + “x - 4) 


- a ETT + E-%. 


@ PROBLEM 114 


Pind the cube root of 9 73 + 11 7%. 


Solution: In this problem we wish to find: 


19 +1 


Factoring 3/3 from both terms under the radical, 
9/3 and 11/2, we obtain: 


5 
/ 343 3+i . 
| “3 or 
3 
/ 9 ¥3 + 11% 


1 

—y 1 

Now, since '¥373 = v3 (that is, *¥3v3 = '¥4(3%) = 9¥3{2*7) = 
3 31i 1 

bd 37 =. (37)? = 37 = ¥3) we can write the expression as: 


3 11 
= /3 34-5 r ) 


Observe that 3 + 5 £ is a perfect cube, since: 


a 
, re } 
~ 
+ 
N 
wl 
+ 
vine 
= 
" 
+> 
el 


a 
[1 
+ 
nN 
1 
+ 


s 
commie 
~ 
+ 
wile 
+ 
win, 
+ 
ae 
N 
en 
+ 
oo 
+ 
win 
en 
ee 


a 

w 

+ 
wl 
Ww} 


the required cube root = 3 f +/ i 


= 43+ 72. 


RATIONALIZING THE DENOMINATOR © PROBLEM 115 


Write in fractional exponent form with no denominators. 


(a) iA (b) 5 (c) % yt 


c 
Solution: Noting that Vasa? , (2)o = 2, 
eae ae b 


and a= 4; )we proceed to evaluate these expressions. 
a 


3/x x \1/3 _ xl73 j -3 
(a) FF s @ = ys =xy 
(b) 5 = 39 


te) Me Vay = i ) ey 


ah (x) (y 3), since (a) 


, 2 and (ab°)%= a%po4 
(x?) (x9) (y 3) 


abc 


il 2 
=x? 9 y 3 » since (x) (x?) = x°*P 


@ PROBLEM 116 


5 
Rationalize tne denominator in the quotient if’ We, 


x 

Solution: Y* = a’, thus -4 . Rationalizing a 
ies Z 
x x 


denominator means aiateetet the radical from the denom- 
inator, thus we want to eliminate the fractional exponent. 
When multiplying numbers with the same base, exponents are 
2 we hence multiplying numerator and denominator by 


will eliminate the fractional exponent in the denominator: 


~ 
r 
e 


3 3 3 
ve css * 


@ PROBLEM 117 


Write in radical form without negative exponents, rationaliz- 


ing denominators. (a) Gye (b) 1/6 f-2/3 | 


b oo 
Solution: Noting (a) - abc, 2s ab-c, a bd, = ’ 
zi apse a 


c 
it a 
a o We, ana OF Ds = Yad , we proceed to evaluate these 
expressions. 


ta) (sya. DE ae tn : 2 
-2 (ie z-) 
_ 6 6 we 


Since yr = (a) 1/7 =a 


@ PROBLEM 118 


Rationalize 


Solution; Multiply the numerator and the denominator by the 
radical Kaa7)* to eliminate the radical in the denominator: 


Wax (Xa?)*] raax 2 Waa?) ¥3ax 
tet (%aat¥)%a2) Ga’) 


Note the last result is true because_of the law involving 


radicals which states that 7a ° %b = fb. Also, since 
%> = (7a)? = (2) = al = oe ) = (%at)? = 4a’. 


Hence, 
Yaax . Yaa)? Prax _ Yiea® Vax 
Vaat 4a 4a 
Since Yab = Ya¥B, Yiea* = ea) (2a) = YearVTa 


= ¥(2a) Va. 


Note that the last result is true because (ab)* = a”b™; 


that is, 8a? = 27a? = (2a)>. Hence: 
Y5ax , Waa) *WraYax 
Yaar 4a 
- a 


Therefore, 


© PROBLEM 119 


Express the product a - 1/ 4% in simplest radical form, 


rationalizing the denominator. 


folutioa Since GE = OT 


Faas ar tt 4m” giles 
Since a. 2 


To rationalize the denominator we wish to obtain an integral exponent 

of x ne the denominator, thus we multiply numerator and denominstor 

by 1/12 
x , 


thus, 


1/12 1/12 1/12 


star: Am: Sica - ie 
=f - 6 
x x 


Pe Cae Sea..! “Om 


af? 4k x 
@ PROBLEM 120 


Find the factor which will rationalize /3 + 75. 


Solution; We can rewrite /3 + #5 as, 
3t + st 


Observe that both of the above irrational numbers, 
when raised to the sixth power, become rational 


(s#)° = 3? = 27, (s4)* = 57 = 25]. 


Let x = 3, y= st, then x® and y® are both 
rational. 


Since x* and y*are rational, so is x® - y‘ 
(and in fact, is equal to 27 - 25 = 2). To find the 


factor which rationalizes x + y=(/3 + ¥5), we divide 
x* - y* by x + y, and find the quotient to be, 

x3 - x*y + x¥y? - x?y? + xy* - y®. 
Thus 

x® = y® = (x + y) (x5 - x*y + x%y? - x2y? + xy" - y 5); 
and substituting for x and y, the required factor is 

x? - x*y + x#y? - x*y? + xy* - y® = 
ot)” = (24) st + (24) [oF] f(A] 


st (53) - (s#]’ 


x 2 
gr - 32 - st + gt. st - at. st 


+ 


+ 


1 s 5 
+37 - 53-57, or 


& 1 a a 1 2 & 
32 - 9 + 53 + 32 + 53 - 15 + 32 + Ss - 53 | 


6 ry 
i 1 
and the rational product, (37) - (s*] , of the above 


factor and 32 + 53 is 


& o£ 
37 - 53 = 33 - 52 = 2, 
© PROBLEM 121 


Rationalize the denominator in the quotient: 


Solution: To rationalize a denominator we multiply numerator and de- 
nominator by the conjugate of the denominator (recall a+ bi 
and a- bi are complex conjugates). In our example the conjugate of 
x - Wy is Jx+ Jy . Hence, multiplying numerator and denominator by 
dx+ily : 
= oe oS ee) ty Se 
de-dy datily  tande + daly - Suly - Joly 
Recall that PA geet «ee thus duke = x and daly = ¥; and we 


obtain: 


®@ PROBLEM 122 
Rationalize — er. 4 
Vix - /3y 
To rationalize a fraction, we multiply 
numerator and denominator by the conjugate of the de- 


nominator (where the conjugate of a + b is a - b). In 
our example, we multiply numerator and denominator by 


the conjugate of /2x - V3y, which is /2x + /3y. Thus, 


Since (Ya)? = va - ots 
(¥2x)? = 2x 
(¥3y)? = 3y. 

Making these substitutions, 


Vimy (Vt + Jy) | Ax (Vix + V3y) 
(¥ix)? = (73y)? ale sf 


~ Guy > Vix + Vx: 
2x - sy 
Since Ya 4b = Yab and Ya vb ve = Vabe, 
Asy ie iy + OY OY + ee 
2x - sy x - sy 
~ Vey + 9 Vx 
x~ 3Y 
a. x Vey + 3y & 
x- JY 


© PROBLEM 123 


Reduce G+3iP to the form A+ B/-1 . 


2+/J-1 
Solution; Expanding the numerator, we can rewrite the fraction as, 


+ 3/- + 3/-1) . 4+ G/-)_ + 6/-1 + 3/1 + 3/1 
2+ J1 2+J-1 

+i2Ji+ oy). =3+12/i 

2+/-1 2+/1 


We now rationalize the denominator by multiplying both numerator and 
denominator by 2 - /j-1 . This does not change the value of the fraction, 


since 5 ae 
2-¥1 


and multiplication by 1 does not change the value of any expression. 
Thus, we have: 


stwll(2—Gt } aee2 “1 + SJ -1 5 
A ya 
~ 10+ 29/71 = 120-1). 2+ 2a 
4 - (+1) 
4+ Fi: 


which is of the required form, A+ B/-1 . 
@ PROBLEM 124 


Express with rational denominator 


et 
5 - ey +1 y 


Solution: The given expression can be written as, 


a 4 en ee 
: i 2 
9F - 37 +1 (27]* - ated 37 - 3h 41 


To ratonalize the denominator, multiply both 
1 
numerator and denominator by (3* + 1}. This will not 


change the value of the fraction because 


+1 
—— = ll, 
3t +1 


and multiplication by 1 does not change the value of 
any given expression. 


Thus, multiplying, we obtain: 


4 [3* + 1] 


(3 + 1) (3 - 3t + 1] 
4 37 +1 


fF) () st af) - ate ate 


71 


a 
4]33 +1 


ata at - at - ab 4 ad 41 


4 [33 + 1] [at + 1] 
3+ - 


= 3341. 


OPERATIONS WITH RADICALS 
© PROBLEM 125 


dchagigne since YW = wl/®, phatx = (2022) 1/3 ana JK = 
(2x)/*, pherefore, Y2a"x + Vix = (2a7x)/3(2x)1/?. arso, 
since (,x,) 27" = (w »D"@,; )1/" vnere N, and N, are any 
[eh numbers and n is an yf positive integer, (a 5 = 


a) (x) 2/3 = (a2)/3 (x) 3 ana (2x) 2/2 = 2/22, 


erefore: 


Yaatx + Vi = (202) 3 (xy 2/3 (2) 1/2 (xy 1/2 
w (29243 2) 273 (4) 73 (2) 2/2 (x) 2, 
n etn 


By the £ exponents which states that ame an a 
(2) 173 (2) t/2 = 2341/2 ana (x) 43 (x)? ow x32, op 


taining a least common denominator of 6 for the two frac- 
tions in the exponents: 


bebe 2Ob Mpa de dos. mee, cnn?» 


1/3 + 1/2 5/6 1/3 1/2 1/3 + 1/2 5/6 
2 =2 and (x) (x) =x =x . 


Therefore, Vrarx - Vim = (243 (a) V3 (49173 (2)? (x) 1/2 
m (2923 2) 272 (x) 273 (x) 2/2 @2Q 1/3 
= 6/9 DY? 

a (2x) 5/6 @?) 1/3, 


since WY" = "AB, (2%)5/6 = Yax)>. also, since (n)™ = 
wm, (a2) 1/3 = 22/3, Therefore, 
2 


taaex-VT% = Viaxy® 22/3 = Viax)® af/6 = Yi2x)® vat 

Since (xy)* = x*y®, = ¥(2) x Vat 
= Via Vae 
= Kate . 


@ PROBLEM 126 


Simplify (v3 + 7/2) + (v2 - é. 


mead Using the distributive property the expression 
on the right can be multiplied by each term in the expres- 
sion on the left or vice versa. Hence, 


(3 + 72) (7 - VB) = S5(VE - 6) + V2(%% - VE) 


The distributive property again enables us to multiply the 
terms on the left by their respective right hand members; 


= (V3 + v2) - (v3~- 6) + (v2 72) 
- (7+ ¥%) 
Then since, 
Ya- V6 = vaby 
CF + 2) (2-6) = (48) - (/TB) + (2) - (vT2) 
= ¥6 - 37% + 2 - 2/3. 
@ PROBLEM 127 


Multiply (2/3 + 3/2) by (3/3 - 2/2). 


SaeeaeeE Using the following method (foil method) of polynomial 
tiplication: 


(x + y)(a + b) = xa + xb + ya + yb, 
we obtain 


(2/3 + 3/2) (3/3 - 2/2) = (2/3) (3/3) + (2/3) (-2/2) + (3/2) (3/5) 
+ (3/2) (-2,/2) 

= (6) 0/3)? - 46/3/2) + (9) 6/32) - 66/2)” . 

Since (Ja)® = (8? ott ag 
3)? = 3 and 6/2) = 2 

Making these substitutions we obtain, 
(2/3 + 3/2) (3/3 - 2/2) = (6)(3) + 50/3) W2) - 6(2) 

= 18 + 50/3) (2) - 12 

= 6+ 5/32 
Since Ja + Jb = Jab 


3 


M3°+ f= JF2=f6 
Therefore (2/3 + 3/2)(3/3 - 2/2) = 6+ 5/6 
@ PROBLEM 128 


Find the product by inspection: /3(x - /5)(x + 5). 


3 The formula for the difference of two squares 


Aglution: 
can be used to obtain the product. This formula is: 


(x? - y*) = (x + y) (x - y). The product (x — /5) (x + ¥%) 
corresponds to the right side of the formula where x is re- 
placed by x and y is replaced by ¥5. Therefore, 


3(x - 5) tx + 4) = 3(x? - (v5?) 
Since (Va)? = Va fa = vat = a, (/3)2 = 5. Thus 


V3 (x - V5) (x + Y5) = V3? - 5). 


Distributing /3, 


= 3 x? - V3(5) 
= /3 x? - 5/3. 


Thus /3(x - /5) (x + 73) = /3 x? - 5/5. 
@ PROBLEM 129 


Find the following products: 


a. “%K (73x - vx) 


b. (VK - 2 V¥) (24K + V¥) 


Solution: The following two laws concerning radicals can be 
us 


4 


o find the indicated products: 


1) “a “WB = vab 


where a and b are any two numbers 
2) At = (vay? (01/2)? ey, Eee 
or aea 
a) Using the distributive property, 
Vx (7% - Ye) = Vx (vx) - YX ( VE) 


Using the first law concerning radicals to further simplify 
this equation, 


VK (VK - VR) = VReOx - YX 


a /27 - /x? 
a tlt het 


Using, the second law to simplify this equation, 
vx W3x - Ye)= 72 (x) - x 
= Yix - x 
b) (7% = 2 Vy) (2v% + Vy) = VR (2vx) - 2V¥( Wx) + KI) 


- 2v¥ (7y) 


Using the first law concerning radicals to simplify this 
equation, 


(WE - 279) (20K + V9) = WER - 4 Vey + Sey - 2 Ay 
= 2/x? - 4 vay + fey - 2h? 


= 2/x! - 3/ay - 24" 


Using the second law to simplify this equation, 
(YX - 279) (2¥K +V¥¥) = 2(x) - 3¥xY - 2(y) 


= 2x - 3¥xy - 2y 
@ PROBLEM 130 


When x = 


3 + S/-1 , find the value of 2x? + 2x7 - 7x + 72; and 
2 


show that it will be unaltered if a2 be substituted for x. 


Solution: When x « 2~2-l 
a 


: , 
(eq. 1) x + 2x? - 2x + 72 © 2(2#5/=1)” + 2(3#322)° ‘ (+341) + 72. 
Simplifying the right side of this equation: 
(eR) = gS). nonce 
2 2 2 4 
(215E3)” ~ (pa) apa)” « (aap) 20h = 18) 


5 


Therefore, equation (1) becomes: 


ax) + ox? = 7x + 72 = 2(1BEL = 198) , -(20FT = 16) _ (25/1) , >, 


= WOT - 198 , 20/1 - 16 21+ 35/7, 
4 2 2 2 
= AOET 18 ist 9-2. 8 Te 


4 
= 2 bv-1 - 49% + 15/71 - 8 - 10k - 174/71 + 72 
Associating, = (24/-1 + 15/-1 - 174/71) - 495 - 8 - 104 + 72 
= (174/=1 - 175/=1) - 68 + 72 
= 0 -68 + 72 
=4 
When 1222341 


3 2 
(eq. 2) ax? + 2s? - mx + 72 = o( EE) + 2(2-343) - (#361) + 22. 
Simplifying the right side of this equation: 


(3:851)* . (eS) (es) . 2= as asc 


a =i 16 
ar Cw oe | 
“ -90/-1 - a 150(-1) + 8a/-1 


Therefore, equation (2) becomes: 


2x? + 2x” - x +72 = 2(=191 — 198) + 2(=30E1 ~ 18) - (343) + 72 


~ OER 198 sg - he Be 


= -2h/-1 - 49% - 15/-1 - 8 - 10h + 17b/-1 + 72 
Ascociating, = Geb F a - 15/- 2 + 1% F 1) ~49f -8 =105 + 72 
= G17 /-1 + 175 [-2) -68 + 72 


= 0 - 68 + 72 

=4 
Therefore, when x = sii » the_value of the equation is 4. The 
equation is unaltered 3-5/-1/2 is substituted for x, since the 
value of the equation is also 4 for this substitution. 


76 


©@ PROBLEM 131 
Pind the value of y* - 3y + 1, for y= 3 - 7%, 
Solution: Substituting 3 - “2 for y in the expression 
y? - 3y +1, 


y? - 3y #1 = (3 - V3)? - 3(3 - 7B) 41 


= (3 - ¥2)(3 — 42) - 3(3 - ¥%) +1 


(9 - 6¥2 + 2) - 3(3 = ¥) +1 


(11 - 672) - 9 + 3¥Z +1 


ll - 647-9 + 377 +1 


1l-9+1- 64% + 3/2 


3 - 3¥% 


© PROBLEM 132 


Pind the product by inspection: 
(¥ia + ¥Ap)(7Ta? - 2a + 297%b* ) 


Solution; The formula for the sum of two cubes can be used 
to find the product. This formula is: 


x? + y? = (x + y)(x? - xy + y?). 


The product (72a + ¥b)(74a* - 2ab + 2a20*) corresponds to 
the right side of the formula for the sum of two cubes where 
x is replaced by 7/2a and y is replaced by “/4b. Hence, 


(72a + Yip)(74a? - 2a + 2727) = (72a)? + (7)? 
= (93)3a? + (9%) 3p? 
since (ab)* = a*b*. Also, 
1 n 
a n — 
(Px) = [2] =x "= x) « x, hence 


(7%)? = 2 and (77)? = 4. 
Therefore (¥2a + 7%) (Vda - 2ab + 203d = 2a> + 4b?. 


@ PROBLEM 133 


Find the value of 3x* - 4x - 2, for 


2- 0 
Boye 


Solution: Substituting 2-8 for x in the expression 


3x? - 4x - 2 


ee a 


-? 2-49", @=)., 
(3) 


= 3(2 - 710) (2 - 1) _, @ AB) 2 
302-10) (2 = 78) f 


~ 34-4 AB +10) 6 @2) 


CHAPTER 8 


ALGEBRAIC ADDITION, SUBTRACTION, 
MULTIPLICATION, AND DIVISION 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 79 to 


89 for step-by-step solutions to problems. 


An algebraic expression is one that contains one or more variables. To evalu- 
ate an algebraic expression means to replace the variable or variables in the 
expression with given numbered values and then simplify the resulting numerical 
expression. 


One type of algebraic expression, in which the terms are all monomials, is 
called a polynomial. The four fundamental operations can be performed using 
polynomials. The addition and subtraction of polynomial expressions rely on 
essentially the same ideas. The commutative, associative, and distributive proper- 
ties provide the basis for rearranging, regrouping, and combining similar terms in 
the addition and subtraction of polynomial expressions. To add polynomials, 
simply combine like terms. To subtract polynomials, simply add the opposite of 
the second polynomial to the first and combine like terms. The final resulting 
polynomial in each case should be written in decreasing order according to the 
power of the variable. Either a vertical or horizontal format can be used for either 
operation. For example, we can combine each of the following expressions using 
the indicated operations in vertical or horizontal format. 


Simplify 
(3x? — 7x + 1) + (7x* — 5) and ql) 
(7x2 — 5) — (3x? ~ 7x + 1). (2) 
Vertical Format (Addition) 
3x2-7x+1 
7x? -5 
10x? - 7x -4 


Horizontal Format (Subtraction) 
(7x? - 5) - (3x? - 7x+1) = 7x27-5-3x?+7x-1 
= 4°+7x-6 


Multiplying polynomials involves the use of the properties of exponents and 
the distributive property. In general, to find the product of two polynomials, 
multiply each term of the first polynomial by each term of the second polynomial, 
combine similar terms, and write the resulting polynomial in decreasing order. If 
there are more than two polynomials to be multiplied, multiply the product of the 
first two by the next polynomial, combine like terms, and write the final product 
in decreasing order. 


To divide a polynomial by a monomial, divide each term in the numerator by 
the denominator and write the sum of the quotients. To divide a polynomial by a 
polynomial (degree 2 or more), use a method similar to that used for division of 
whole numbers. In particular, first arrange the terms in the divisor and dividend 
in descending powers of the variable, filling in any missing power of the variables 
in the dividend with +0 times the missing power of the variable. Then, the next 
step is to divide the first term of the divisor into the first term of the dividend. 
Multiply the quotient from the division by each term in the divisor and subtract 
the products of each term from the dividend. This result (difference) is a new 
dividend. Repeat the last step using the divisor and the new dividend again until 
we obtain a remainder which is of degree less than that of the divisor or zero. The 
final quotient is the sum of the quotients obtained from each step plus the remain- 
der expressed as a fraction. 


Step-by-Step Solutions to 
Problems in this Chapter, 


“Algebraic Addition, Subtraction 
Multiplication, and Division” 


@ PROBLEM 134 


Evaluate the expression 3x°y - axy7s + xyz when x * 2, y= -l, 


and z= 3, 


Sadution. There are two “ny find the value. 
(a We can simplify y - 2xy“z + xyz and substitute. Sim- 


plifying can be done by epplying the distributive property since each 
term of the expression has a common factor of xy. Thus,we have 


(3x - 2yz + z)xy 
We now substitute in the expression: 
[3(2) = 2(-1)(3) + 3)(2)(-1) = (6 + 6 + 3)(-2) = -30, 
(b) We can substitute in the original expression: 
3(2)7(=1) -2(2)(-1)2(3) + (2)(-1)(3) © -12 = 12 = 6 = -30. 
In the example above we found that both (3x - 2yz + z)xy and 


Sx7y - 2xy*s + xyz have the same value when x = 2, y = -1, and z = 3. 
It is apparent that both expressions will have equal values for any set 
of replacements of the variable; they are called equivalent expressions. 


© PROBLEM 135 


Find the value of the polynomial 3x*y - 2xy? + 5xy 


when x = 1 and y = - 2. 


Solution: Replace x by ! and y by - 2 in the given 
polynomial to obtain, 


3x2y - 2xy? + Sxy = [3(2)? - (- 2)] - [2c ¢- 292] 
+ (5(1)(- 2)] 
= [(3) (- 2)] - [(2)(4)] 
+ [(5)(- 2)] 
=-6-8-10 
= - 24. 
Thus, when x = 1 and y = - 2, the polynomial 


3x*y - 2xy? + Sxy = - 24. 
@ PROBLEM 136 


Combine the expressions 2a - 5b - c and 8a + 4b - 3c, 


79 


Solution: Whenever two expressions are combined, those two 
expressions should be added. Therefore, the two expressions 
2a- and Sat4b-3c to be combined will be added. (2a-5b-c) 
+ (Batkb-3c) is the problem. Place all similiar terms to- 

ther; that is, place the a terms together, the b terms 
osther and the c terms together, Therefore: 

(2a - 5b - c) + (8a + 4b - 3c) = (2a + Sa) + (-5b + 4b) 
+ (-c = 3c) 
= 10a - b- 4c. 

This solution can be written directly, as 


(2a - 5b - c) + (8a + 4b - 3c) = 10a - b = 4c, 


or it can be arranged so that like terms appear in columns, 
as 2a- Sb- c¢ 


Ba + 4b - 3c j 
l0a- b= 4c 
in which the columns are added. 
@ PROBLEM 137 


Add Gxy? + 2xy + 5x“y) + (2xy” - 4xy + 2x*y). 


ieee Use the vertical form, align all like terms, 
apply the distributive property. 


3xy? + 2xy + 5x2y 


2xy? - 4xy + 2x2y 
(3 + 2)xy? + (2 - 4)xy + (5 + 2)x%y 


Thus, the sum is Sxy* - 2xy + 1x*y. 


Solution: Arrange each polynomial in decending order of exponents of a; 


by comautation, ha? = 3+ Sa = Gat + Sa - 3 
similarly, 6a - 20° + 2 = -207 + 6a +2 
and, ze? - 30 +8 = 207 - 5048. 


Since in each column we have the same power of a we may simply add 


columns to obtain: 2 
ha’ + Sa -3 
207 + 6a + 2 
2 
28-34 +8 
ba? + 8047 


© PROBLEM 139 


Subtract 4y* - Sy + 2 from 7y* - 6. 


Solution: The problem is the following: 
(1y? - 6) - (ay? - 5y + 3) 
Whenever a minus sign (-) appears before an expression in 


parentheses, change the sign of every term in the paren- 
theses, 


In this problem, since a minus sign appears before the 


expression (ay? - Sy + 2), the sign of every term in this 
expression is changed. 


(4y? - 5y + 2) becomes ~4y” + Sy - 2. 
After the signs have been changed, the new expression 


-4y" + Sy - 2 can be added to the expression ty? - 6 
(changing the signs of the expression changes the original 
problem to an addition problem). Therefore 


(ry? - 6) - (ay? - sy + 2) = 1y* - 6 - Ay 
Place the terms with similar powers together. Therefore: 
(ay? - 6) - (4y? - sy + 2) = 7y? - 6 = ay? + Sy - 2 


= ty? - 4y* +Sy-6-2. (1) 


24 Sy - 2. 


Since ty? - ay? = 3y” and -6- 2 = -8, equation (1) becomes: 


(zy? - 6) - (4y? - sy + 2) = 3y? + Sy - 8, 
which is the final answer. 
© PROBLEM 140 


2 + axy - By? - 11 and 3x7 - dy? + 


2 + ty?. 


Prom the sum of 6x 


8 + Sxy subtract xy - 10 - 5x 


Solution; First find the sum of 6x? + 4xy - 8y* - 11 and 


3x" - 4y" + 8 + Sxy. Adding these two polynomials together: 


(6x? + 4xy - ay? - 11) + Gx? - ay? +84 5xy) 


2 2 


= 6x? + dxy - By* - 11 + 3x? - 4y? + 8 + Sxy 


Grouping like terms together, 


(6x? + axy - By? - 11) + (3x? - ay? + 8 + Sxy) 
at 


= (6x? + 3x”) + (axy + Sxy) + (-8y” - ay’) + (-11 + 8) 


o% Sxy + (-12y?) + (-3) = 9x7 + 9xy - 12y? - 


Now subtract xy - 10 - Sx? + ty? from the resultant sum, 


which is the right side of equation (1), or 9x? + 9xy - 
lay? - 3. Then, 


= 9x (1) 


(9x? + 9xy - 12y? -3) - (ey - 10 - 5x? + ty’) 


2 2 


= 9x7 + 9xy - l2y* -3 - xy + 10 + 6x? - Ty (2) 


Grouping like terms together, equation (2) becomes: 
(9x? + 9xy - 12y? -3) - (xy - 10 - 5x? + 7y%) 


= (9x? + 5x4) + (9xy - xy) + C12y? - 7y%) + (-3 + 10) 


2 


= l4x* + 8xy + (-19y’) +7 


= léx? + Bxy -19y" + 7, 
which is the final answer. 
@ PROBLEM 141 


Subtract 3x"y” + 5x“y = dxy + Sx - 3 from the polynomial 


4.3 2 


Su"y” - 3x°y + 7. 


Solution: (sx“y? - ax*y + 7) - Cax"y? + sx’y - axy + 5x - 3) 
= (sx4y? = 3x*y + 7) + (-3x4y?.- 5x”y + day - 5x + 3) 


= sxYy? + (-3x4y?) - 3x*y + (-5x*y) + day - Sx +743 


a 2x"y? = Oxty + any - Sx + 10 


The column form may also be used for subtraction. Here we align the 
like terms and subtract the coefficients. 


saxty? - say 
~ [ax4y? tity +t i e~ 4) 
43 


2xy = 8x“y + dxy - Sx + 10 
@ PROBLEM 142 


Bimplity Sex(ax* - Sbx + > 


Solution; Using the distributive property, 
Sax ax” - Sbx +c) = Sax(ax”) + 3ax(-Sbx) + 3ax(c) 
= 3a7x” - 15abx” + 3acx . 
@ PROBLEM 143 


Expand (x + 5) (x - 4). 


Solution: Distributing the second term: 
(x + 5) (x - 4) = (x + 5)x + (x + 5) (-4) (1) 
Distributing twice on the right side of equation (1): 
(x + 5) (x - 4) = (x + 5)x + (x + 5) (-4) 
= (x? + 5x) + (-4x - 20) 
= x? + 5x - 4x - 20 
= x? + x - 20. 


©@ PROBLEM 144 


Find the product (2x - Sy)(x + 2y). 


Selution; We use the distributive property and simplify. 


(2x - Sy)(x + 2y) = (2x = Sy)x + (2c - Sy)2y Distributive property 


= [x(2x - 5y)]+[2y(2x - 5y)] Commutative property 
of multiplication 


= [x-2x + x-(-Sy)]+{2y-2x + 2y-(-5y)) Distributive 


property 
= 2x* - Sxy + 4xy - 10y” Simplifying 
= 2x? - xy - 10y” Combining like terns 


(x = Sy)(x + 2y) = ax? ~ xy ~ 10y” 


We can use the properties of a field because the algebraic expressions 
represent members of the field of real numbers for any replacement of 
the variables. 


@ PROBLEM 145 


Solution: We can apply the FOIL method. The letters indicate the 
order in which the terms are to be multiplied. 

F = first terms 

0 = outer terms 

I = inner terms 

L = last terms 


Thus, 
(4x - Sue = J) = (Gx) (6x) + (4x) (+7) + (-5) (6x) + (-5)(-7) 
—SS 


= 26x? = 28x - 30x + 35 = 2hx* — 58x + 35. 


Another way to multiply algebraic expressions is to apply the dis- 
tributive law of multiplication with respect to addition. If a,b, and 


¢ are real numbers, then a(b+tc) = ab + ac. In this case let 
a= (4x-5) and b+c = 6x ~ 7. 


(4x - 5)(6x - 7) = (4x - 5)(6x) + (4x - 5)(-7) 
Then, apply the law again. 


(4x = 5) (6x - 7) = (4x) (6x) - (5) (6x) + (4x) (-7) + (-5)(-7) 
(4x - 5)(6x - 7) = 2 - 3x - 28x + 35 


Add like terms. 
(4x = 5) (6x - 7) = 24% - 58x + 35, 


@ PROBLEM 146 


Show that (3x - 2)(x + 5) +15 = 3x? + 13x + 5 is an 


identity. 


Solution: An equation in x is an identity if it holds for 
all real values of x. Thus, the given equation is an 
identity since for each x € R, 


(3x = 2) (x +5) +15 = 3x? + 13x - 10 + 15 


= 3x7 + 13x45 
© PROBLEM 147 


Multiply (2x + 3y)(4x - 5y). 


Solution; Instead of writing one factor beneath the other, we shall 
use the following process to find the product mentally, Multiply the 
two first terms, 2x and 4x, to obtain the first term in the product; 
also, multiply the two last terms, 3y and -Sy, to obtain the last 
term in the product, Thus, we have 8x* and -15y? as the first and 
last terms, respectively. We must now determine the middle term in the 
desired product, This is done by multiplying the two inner terms, 3y 
and 4x, and the two outer terms, 2x and -Sy, and adding these. This 
is shown below, and the middle term is l2xy - 1Oxy = 2xy. 


12xy 


-10xy 


It is to be noted that the final result is written immediately with 
only one intermediate step: the two cross products, l2xy and -1l0Oxy, 
are kept in mind and added mentally to produce the middle term 2xy. 


@ PROBLEM 148 


Simplify (Sax + by) (2ax - 3by). 


Solution; The following formula can be used to simplify the given ex- 
pression: 
(*, + x, = HM, + 5M, 


where NM, and Ny are any three numbers, Note that the distributive 
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property is used in this forma. N, is replaced by Sax and by 
replaces N.. Also, N, 1s replaced'by (2ax - 3by). Therefore: 

(Sax + by) (2ax = 3by) = Sax(2ax - Sby) + by(2ax - 3by) 

Use the distributive property to simplify the right side of the above 
equation: 

(Sax + by) (2ax - 3by) = Sax(2ax) + Sax(-3by) + by(2ax) + by(-3by) 
10a?x* - 1Sabxy + 2abxy - 3b%y? 

= 10a*x® - 13abxy - 3b*y? 


It is often convenient to arrange the two factors vertically as we do 
in ordinary arithmetic. Hence, the problem is an ordinary multiplica~ 
tion problen, 


Sax + by 
X__2ax - 3by 
-15abxy - 3b*y® 
+ _10a*x? + 2abxy 
10a?x? - 13abxy - 3b*y* 
Note that this answer (i.e., product) is the same as the answer obtained 
above, 


@ PROBLEM 149 


Solution; When we enclose a+b in parentheses we may write 
(a+b - 2)? = ((a +) - 2)" 
= ((a + db) - 2][(a + b) - 2) 


Employing our method of polynomial multiplication 
(x + y)(u + v) = xu + xv + yu + yv 


Substituting (a+b) for x and u, and (-2) for y and v we 
obtain 2 2 
{(a +b) - 2)” = (a +b)” - 4(a+b) +4 


Once again employ our method of polynomial multiplication on 
(a + db)? = (a + b)(a +b). 


2 2 


Thus (a+b-2)% = a2 + 2ab+ be - ba - b+ 4 


@ PROBLEM 150 


Solution: It is sometimes convenient to group two or more terms and 
treat them as a single term. x + 3y will be considered as one 
term. Hence, 


(x + By - 5t)® = [(x + 3y) - Se? 
= ((x + 3y) - St] [(x + 3y) - Se) 
Apply the FOIL method: 
(x + By - St)? = (x + 3y)? - 5t(x + 3y) - Stix + 3y) + (-5t)? 
= (x + By)? + 2x + 3y)(-5t) + (-5t)? 
= (x + By) (x + By) + 2(x + 3y)(-5t) + (-50)? 
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= + 3xy + Sxy + 9 + (2x + by) (-5t) + 257 
=< + 6xy + 9y* - 1Otx - 30ty + 25% . 
@ PROBLEM 151 


Solution; By dist 

(x - ye? pee oi vee v(x” + xy +y") q@ 
Now, distribute the right side of equation (1): 

(x - yXx? + xy + y*)= (* + x’y + xy*) - (xy + xy” + y°): 
Combining terms: 

(x - yXx? + xy + y*)= x +s +9? - 4 - f° - 


=x -y + 


@ PROBLEM 152 


Multiply 3x° - Sy*® - xy by 2x - ?y. 


Solution: Write one algebraic expression under the other, and multiply 
c ret expression by each term of the second expression, placing 
similar product terms in the same vertical column, 


3% = Sy” ~ Gy 
2x - dy 
6x? - 10xy” - Bx’y multiplying 3x - 57" - 4xy by 2x 


28xy? -21ey + 35y° multiplying 3x° - Sy* - 4xy by -7y 
6x? + l8xy® - 29@y + 35y> — adding the partial products 
@ PROBLEM 153 


Solution; Multiplication of polynomials can be carried out very much 
the same way we multiply numbers, One polynomial is written under the 
other, and then gultiplied term by term. Like terms in the product 
are arranged in colums and added. 


- sxy+y" 
a&- 7 

- 6x y + 2y 

~ oxy + ee 

~ 8x y + Sxy - y 


3 


We are applying the Distributive Law in the following way: 
(2x" - sxy + y7)@x - r)=(= - Sxy + °Xe)- «* - oxy + aay” 


+ G = ~2r y + 
(ax° - axy + y Qey> ax - Bx’y + Sxy 


© PROBLEM 154 


Divide (37 + 8x? - 4x) by (2x + 3). 


Solution; Arrange both polynomials in descending powers of 


the variable. The first polynomial becomes: bx? - 4x + 37. 
The second polynomial stays the same: 2x + 3. The problem 


is: 2x + wWéex” - 4x + 37. In the dividend, 8x? - 4x + 37, 
all powers of x must be included. The only missing power 


of x is x”, To include this power of x, a coefficient of 0 
is used; that is, ox”. This tern, ox’, can be added to the 
dividendwithout changing the dividend because ox? = 0 (any- 


thing multiplied by 0 is 0). 

Now to accomplish the division we proceed as follows: 
divide the first term of the divisor into the first term of 
the dividend. Multiply the quotient from this division by 
each term of the divisor and subtract the products of each 
term from the dividend. We then obtain a new dividend. Use 
this dividend, and again divide the first term of the 
divisor, and repeat all steps until we obtain a re- 
mainder which is of degree lower than that of the divisor 
or zero. Following this procedure we obtain : 


4x? - 6x +7 


2x + a/ex3 + Ox" - 4x +37 


Bx? + 12x2 
- 12x" - 4x + 37 
- 12x? - 18x 
x + 
l4x + 21 
Te 


The degree of a polynomial is the highest power of the 
variable in the polynomial. 
The degree of the divisor is 1. The number 16 can be 


written as 16x° where x? = 1. Therefore, the number 16 has 
degree 0. When the degree of the divisor is greater than 
the degree of the dividend, we stop dividing. 

Since the degree of the divisor in this problem is 1 
and the degree of the dividend (16) is 0, the degree of the 
divisor is greater than the degree of the dividend. There- 
fore, dividing is stopped and the remainder is 16. There- 


fore, the quotient is 4x? - 6x + 7 and the remainder is 16. 
In order to verify this,multiply the quotient, 


ax? - 6x + 7, by the divisor, 2x + 3, and then add 16. 
These two operations should total up to the dividend 


Gx? - 4x + 37. Thus, 
(ax? - 6x + 7) (2x + 3) + 16 = 


3 


8x? - 12x7 + 14x + 12x? - 18x + 21+ 16 = 


8x? - 4x + 37, 
which is the desired result. 
@ PROBLEM 155 


Divide 3x* - 8x* - 5x’ + 26x* - 33x + 26 by 


x? = 2x? - 4x + 8. 


ameaee To divide a polynomial by another poly- 
nomial we set up the divisor and the dividend as 

shown below. Then we divide the first term of the 
divisor into the first term of the dividend. We 
multiply the quotient from this division by each term 
of the divisor, and subtract the products of each term 
from the dividend. We then obtain a new dividend. Use 
this dividend, and again divide by the first term of 
the divisor, and repeat all steps again until we 
obtain a remainder which is of degree lower than that 
= = divisor or = zero. Following this procedure we 
obtain: 


3x? - 2x + 3 
x?=2x7-4x+8 J3x5 —- Bx* - 5x3 + 26x? - 33x + 26 
3x5 - 6x* - 12x? + 24x? 
- 2x* + 7x3 + 2x? - 33x + 26 
- 2x* + 4x? + 8x? - 16x 
3x* - 6x? - 17x + 26 


3x* - 6x? - 12x + 24 


5x + 2 


Thus, the quotient is 3x? - 2x + 3 and the remainder 
is - 5x + 2. 


@ PROBLEM 156 


Find the quotient and remainder when 3x’ - x* + 3lx* 


+ 21x + 5 is divided by x + 2. 


oe To divide a polynomial by another polynomial 
we set up the divisor and the dividend as shown below. 
Then we divide the first term of the divisor into the 
first term of the dividend. We multiply the quotient 
from this division by each term of the divisor, and 
subtract the products of each term from the dividend. 
We then obtain a new dividend. Use this dividend, and 
again divide by the first term of the divisor, and re- 
peat all steps again until we obtain a remainder which 
is of degree lower than that of the divisor, or which 
is zero. Following this procedure we obtain: 


3x*-7x5+14x°+3x?-6x74+12x-3 
x+2 x’= xX +31x +21x + 


T4x*+3ix* F2ix + 5 ee 
14x5+28x" 


-6x'-12x? 


12x?+24x 


Thus the quotient is 3x® - 7x5 + 14x* + 3x? - 6x? 
+12x - 3, and the remainder is 1l. 


CHAPTER 9 


FUNCTIONS AND RELATIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 90 to 
104 for step-by-step solutions to problems. 


A relation is any set of ordered pairs, for example, the set 
A= {(2, 3), G, 2), (6, 3)} 


is a relation. The set of all first coordinates of set A is called the domain of the 
relation, and the set of all second coordinates is said to be the range of the 
relation. Thus, for relation A, the sets {2, 5, 6} and {3, 2} are the domain and 
range, respectively. 


There are two ways to specify the ordered pairs in a relation. One method is 
simply to list them. The other method is to give the rule (equation) for obtaining 
them. 


One of the most fundamental ideas of mathematics is that of a function. 
There are two essentially equivalent ways of defining the concept. First, a function 
is a relation in which no two different ordered pairs have the same first coordinates. 
The domain and range of a function are the sets of first and second coordinates, 
respectively. For example, the above relation A is a function. On the other hand, 
the relation 


B= {(1, 5), (3, 9), (1, 9)} 


is not a function because the ordered pairs (1, 5) and (1, 9) have the same first 
coordinates. 


The second definition of a function emphasizes that a function is a rule 
(equation) that pairs every element x in a set D with a unique element y in a set R, 
where set D is the domain and set R is the range or image set of x. When a func- 
tion (or relation) is given in terms of a rule (equation), the domain is the set of all 
possible replacements for the variable x. If the domain of a function (or relation) 
is not specified, it is assumed to be all real numbers that do not yield undefined 
terms in the equation. That is, we cannot use values of x in the domain that will 
produce 0 in a denominator or the square root of a negative number. 


The graph of a function (or relation) is sometimes helpful in determining the 
domain and range. Also, the notation, 


y= fx), 


defined to be the value of the function f at x or the value of y associated with a 
given value of x, is useful in determining the domain and range of the function. 


Step-by-Step Solutions to 


Problems in this Chapter, 
“Functions and Relations” 


@ PROBLEM 157 


If x = [1,2,3,4,5,6,7,8} ond y¥ = {2,4,6,8], use f(x) note- 
tion to indicate the image of each element of X in the following 
mapping. 


Set X 1 / x ts 5 a VY 
Set ¥ 
The mapping of an element x in the set X to an element 


y inthe set Y may be written in f(x) notation as f(x) = y when 
f is a function mapping x to y. That is, f: x ~y. Therefore, 


£(1) = 2, £(2) = 2, £(3) = 4, £(4) = 4, £(5) = 6, £(6) = 6, 
£(7) = 8, £(8) = 8 


@ PROBLEM 158 


Find the image of each element in 


A = {1,2,3,4,5,6,7,8,9) 


under the following mapping: 


_[2x, if x<5 
£ (x) 5 ff x25 


Solution; The image of each element in A = {1,2,3,4,5,6,7,8,9) 
under the mapping f(x), is £(1),£(2),£(3),£(4),£(5),£(6),£(7),£(8), 
£(9). £(x) has two corresponding values, depending on the value of 
x. If x <5, £(x) = 2x, thus for 


x=1, £(1) = 203) =2 

x= 2, £(2) = 2(2) = 4 

3, £(3) = 2(3) = 6 

4, £(4) = 2(4) = 8 

f(x) =8, thus for 

£(5) = 8 

6, £(6) = 8 

£(7) = 8 
8 
8 


tf] ve 8 
uw 
- 
® 


a 
~~ 
. 


= 8, £(8) = 
= 9, £(9) = 


x * * KX KR KR KR KR 
4 
w 
. 


@ PROBLEM 159 


[ Find the relation defined by y” = 25 - x, where x belongs to | 


{ D = {0,3,4,5). j 


Solution: x takes on the values 0,3,4, and 5, Replacing x by 
these values in the equation y* = 25 - x we obtain the correspond- 
ing values of y: 


Hence the relation defined by y* = 25 - x where x belongs to 
D = {0,3,4,5} is 


{ (0,5), (0,-5), (3,4), (3,-4), (4,3), (4,-3),(5,0)} . 
© PROBLEM 160 


Find the relation M over set S = {1,2,3} if 


M= ((e,2(x)) : r(x) = 2x - 1) 


Sol : x takes on the values 1,2, and 3. Replacing x by these 
values in the equation r(x) = 2x - 1 we obtain the corresponding values 


of r(x): 


r(x) = 2(1)-1 
=2-1 


Thus the rule of correspondence r(x) = 2x - 1 determines the set of 


ordered pairs 
(a,1), (2,3), (3,5)) 


But the relation must be a subset of SX S. Since (3,5) is not a sub- 
set of SX S (5 is not a member of S) we eliminate this pair. Hence, 


M = ((1,1),(2,3))} 
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@ PROBLEM 161 


Find the relation Q over S x T if S ={1,2,3}, T={4,5}, 
and the rule of correspondence is 


r(x) = x + 2. 


We first find the image of each element in S by 
substituting each element for x in the rule of correspondence 
r(x) = x + 2. 


r(Ql) =1l+2=3 r(2) =2+2=4 
r (3) =3+2=25. 


Thus, the rule of correspondence determines the following 
set of ordered pairs: 


{ (1,3), (2,4), (3,5)}. 


However, the relation Q must be a subset of § x T, which 
equals { (1,4), (1,5), (2,4), (2,5), (3,4), (3,5)}. Therefore 
the point (1,3) won't appear in Q because (1,3) doesn’t ap- 
pear in & x T. Therefore, the relation over S x T deter- 
mined by r(x) = x + 2 is 


Q={( (2,4), (3,5)}. 


We can use set-builder notation to describe the rela- 
tion discussed in the above example. In the example, a set 
of ordered pairs was determined by a rule of correspondence. 
The first component, x, was chosen from the domain, S. The 
second component, r(x), was the corresponding image from 
the range, T. Thus, we can describe the relation Q in the 
following manner: 


Q=f{ xye (x) ): r(x) =x + 2}. 


This notation refers to all ordered pairs [x, r(x)], such 
that r(x) = x + 2. 


© PROBLEM 162 
Which of the following sets are functions of x? 
A = {(5,1),(4,2), (4,3), (6,4)}, 
B= {(x,y) ly = |x|}, 


c= {(x,y) |x = ly|}? 


Solution: A function is a relation having the property 
each member of its domain is paired with exactly 
one member of its range. Thus, set A is not a function, 
for it contains the pairs (4,2) and (4,3) - that is, one 
member of its domain, 4, is paired with more than one 
member of its range, 2 and 3. If each x value has only 
one corresponding y value, any vertical line only inter- 
sects the graph of a function at one point. Thus, from 


Pig. 1 y=|x| Fig. 2 x=|y| 


' pf 
Y 1 


figure 1 we note that set B is a function. Notice that 
a function may contain two pairs with the same second 
member; for example, our function B contains the pairs 
(1,1) and (- 1,1). 


Prom figure 2 we note that a vertical line inter- 
sects the graph of C in two places, thus there are x 
values of C which have more than one corresponding y 
value, and C is not a function. 


@ PROBLEM 163 


Let the domain of M= {(x,y): y = x} be the set of real numbers, 


Is M a function? 


Y y 
Fig. A Fig. B 
y=x 
x 
x 
x=constant 


The range is also the set of real numbers since 
y= = es The graph of y= x is the graph of a line 
(y = mx +b where m=1 and b=0). See fig. A. If for every 
value of x in the domain, there corresponds only one y value then 
y is said to be a function of x. Since each element in the domain 
of M has exactly one element for its image, M is a function. 
Also notice that a vertical line (x = constant) crosses the graph 
y =x only once. Whenever this is true the graph defines a function. 
Consult figure B. 
The vertical line (x = constant) crosses the graph of the circle twice; 
i.e., for each x,y is not unique, therefore the graph does not de- 
fine a function. 


@ PROBLEM 164 


If g(x) = 


Boa Ghats Substitute - 7 for x everywhere in the 
equation: 


g(- 7) = (= 7)? + 5(- 7) - 3 
= 49 - 35-311. 
© PROBLEM 165 


Let £ be a mapping with the rule of correspondence 


f(x) = 3x? - 2x + 1. 
Find £(1), €(-3), £(-b). 


Solution; In order to find £(1), £(-3), f(-b), we replace x by 1, 
(-3), and (-b) respectively in our equation for f(x), f(x) = 3x2 - 2x +1. 
Thus 

f(1) = 3(1)? - 20) +1 


=3-+-2+1 
=l+l 
-2 
£(-3) = 3(-3)? - 2(-3) #1 
= 3(19)+6+1 
= 27+7 
= 3% 
£(=b) = 3(-b)? - 2¢-b) +1 
3(b*) + 2b +1 
= 307 + 2b4+1 


© PROBLEM 166 


If f(t) = 6t + 13, find £(5) - £(4). 


3 To find £(5) we substitute 5 for t every- 
where in the equation, that is: 


£(5) = 6(5) + 13 = 43 


Similarly, £(4) = 6(4) + 13 = 37 
and now subtract £(4) from £(5). Therefore, 


£(5) - £(4) = 43 - 37 = 6. 
@ PROBLEM 167 


If £(x) = (x - 2)/(x + 1), find the function values 
£(2), £0), and £(- 3/4). 


Seduijon;, To find £(2), we replace x by 2 in the given 
ormula for f(x), £{x) = x - 2/x + 1; thus 
£(2) = 272-9 = 0. 


Similarly, £(s) = ts : 


Multiply numerator and denominator by 2, 


= 205-2) | 


+ 


Distribute, = 
-i-4 
3 
= Say Sts 
fi- 3/6) w Shh = 2 


+ 


Multiply numerator and denominator by 4, 


4(- 4 - 2) 
= = > T . 
Distribute, - pH 


= 7278 
- +4 

o = il 
“T 

=- 11. 


@ PROBLEM 168 


If g(x) = x? - 2x + 1, find the given element in the range. 


a) g(-2) b) g(0) c) gla + 1) a) g(a - 1) 


Bebicicns a) To find g(-2), substitute -2 for x in the 
given equation. 


g(x) = g(-2) 
= (-2)? -2(-2) +1 
=4+4+1 
=8+1 
= 9 


Hence, g(-2) = 9 


b) To find g(0), substitute 0 for x in the given 
equation. 


g(x) = g(0) 


= (0)? - 2(0) +1 


=0-0+1 
=1 
Hence, g(0) = 1 


c) To find g(a + 1), substitute a + 1 for x in 
given equation. 


g(x) = g(a + 1) 


(a +1)? -2(a+1) +1 
= (at + 2a¢1) - 2a-2+41 
wat + fh +1l- 2-241 


za +1l-+2¢41 


Hence, g(a +1)=a’. 


a) To find g(a - 1), substitute a - 1 for x in 
given equation. 


g(x) = g{a - 1) 


= (a- 1)? - 2a-2) +1 
= (a7 - 2a +1) - 2a+241 


ate tl -me2e) 


wat - data 


Hence, g(a - 1) = a? -4a+4 
@ PROBLEM 169 


Let f be the function whose domain is the set of all real 
numbers, whose range is the set of all numbers greater than 


or equal to 2, and whoge rule of correspondence is given by 


the equation f(x) = x* + 2. Find 3f(0) + £(-1)£(2). 


The rule of correspondenge in this example is 
expressed by the equation f(x) = x* + 2. To find the number 
in the range that is associated with any particular number in 
the domain, we merely replace the letter x wherever it appears 
in the equation f(x) = x“ + 2 by the given number. Thus 


£(0) = 07+2=2, £(-1) = (-1)7+2814+283, 
96 


£(2) = 27+2=44+2=6, and 
3£(0) + £(-1)£(2) = 3(2) + (3) (6) = 6 + 18 = 24, 
© PROBLEM 170 


Show that f(a) = £(- a) if f(x) = x? + 3. 


x If f(a) = £(- a), one should obtain an 
identity when a and then - a are substituted into the 
equation. For the given equation we have: 


f(- a) = (- a)? +3 = a? +3 = f(a). 


® PROBLEM 171 


Find the domain D and the range R of the function (x.73)- 


Solution: Note that the y-value of any coordinate pair 
(x,y) is Tat” We can replace x in the formula Tat with 
any number except 0, since the denominator, |x| , can not 
equal 0, (i.e. ‘xl # 0) which is equivalent to x # 0. This 
is because division by 0 is undefined. Therefore, the 
domain D is the set of all real numbers except 0. If x 

is negative, i.e. x « 0, then |x| = -x by definition. 


Hence, if x is negative, then === -1. If x is positive, 

i.e.x-0, then jx| = x by definition. Hence, if x is posi- 
a 

tive,then xl” x ~ +. (the case where x = 0 has already been 


found to be undefined). Thus, there are only two numbers -1 
and 1 in the range R of the function; that is, R = {-1,1}. 


@ PROBLEM 172 


Describe the domain and range of the function 


f = (x,y) ly = “9 - x7} if x and y are real numbers. 


3 In determining the domain we are interested in 
the values of x which yield a real value for y. Since 
the square root of a negative number is not a real number, 
the domain is restricted to those values of x which make 
the radicand positive or zero. Therefore x* cannot exceed 
9 which means that x cannot exceed 3 or be less than 
- 3. A convenient way to express this is to write 
- 3 < x < 3, which is read “x is greater than or equal 
to - 3 and less than or equal to 3." This is the domain 
of the function the range is the set of values that y 
can assume. To determine the range of the function we 
note that the largest value of y occurs when x = 0. Then 
y = 49 = 0 = 3. Likewise, the smallest value of y occurs 
when x = 3 or x = - 3. Then y = #9 - 5 = 0. Since this 
is an inclusive interval of the real axis, the range of 
yisO<y<3. 


© PROBLEM 173 


Find the set of ordered pairs { (x,y)} if y =x? = x -3 


and D = {x|x is an integer and 1< x< 4 


Spouses We first note that D={1,2,3,4}. Substituting 
se values of x in the equation 


y=x* - 2x -3, 


we find the corresponding y values. Thus, 


forx=1,y=17-2(1)-3=1-2-38-4 
for x = 2, y = 27 - 2(2) -3=#4-4-3=-3, 
for x = 3, y = 3" - 2(3) -3=9-6-3=0, and 


for x= 4, y= 4° - 2(4) -3=16-8-325, 
Hence { (x,y) } = { (1,-4), (2,-3), (3,0), (4,5)}. 
@ PROBLEM 174 


If f(x) = 3x + 4 and D={x| -1< x< 3}, find the range of 
£ (x). 


wl We first prove that the value of 3x + 4 increases 
en x increases. If X > x, then we may multiply both sides 
of the inequality by a positive number to obtain an equi- 
valent inequality. Thus, 3X > 3x. We may also add a number 
to both sides of the inequality to obtain an equivalent in- 
equality. Thus 


3X + 4 > 3x + 4. 


Hence, if x belongs to D, the function value f(x) = 3x + 4 
is least when x = -l and greatest when x = 3. Consequently, 
since f(-1) = -3 + 4 = 1 and £(3) = 9 + 4 = 13, the range 
ie all y from 1 to 13; that is, 

Re=fy| 1< y<_ 13}. 


@ PROBLEM 175 


Pind the zeros of the function f£ if f(x) = 3x - 5. 


: The zeros of the function f(x) = 3x - 5 are those 
values of x for which 3x - 5 = 0: 


3x -5=0 
3x = 5 


nh 


£(x)=3x-5 


Thus x = 5/3 is a zero of f(x) = 3x - 5, which means that 
the graph of f(x) crosses the x axis at the point (5/3, 0) 
(see figure). 

@ PROBLEM 176 


Find the zeros of the function 


my] Bid, 


10 * 


Solution: Let the function f(x) be equal to weal + caaraad + 2 ‘ 


A number, a, is a zero of a function f(x) if f(a) = 0. A zero of 
f(x) is a root of the equation f(x) = 0. Thus, the zeros of the 
function are the roots of the equation 


2et7, H=5 4 Be. o, 
3 4 10 


The least common denominator, LCD, of the denominators of 5, 4, and 
10 is 20. This is a fractional equation which can be solved by 
gultiplying both members of the equation by the LCD, 


202k 42 4 3-3 4 33) = (20) (0) 


4(2x + 7) + 5(3x = 5) + (2°33) = 0. 


Distributing, 
6x + 28 + 15x - 25 + 66 = 0. 


23x + 69 = 0 
23x = -69 
x =-3 
Hence x= -3 is the zero of the given function. 


@ PROBLEM 177 
For each of the following functions, with domain equal to the 


set of all whole numbers, find: (a) £(0); (b) £(1)3 (c) f£(-1); 
(a) £(2): (e) £(-2). 


(1) £(x) = 2x? - 3x +4 
(2) £(x) = x? +2, 


Solution: In order to find each f(x) value,we replace x by 
he given value in each equation. Thus: 


(1) f(x) = 2x? - 3x + 4 


(a) £(0) = 2(0)? - 3(0) + 4 
=2(0) -0 +4 
=0O+4 
= 4 

(b) €(1) = 2(1)? - 3(1) + 4 
= 2(1) -3+4 
=2-3+4 
= 3 

(c) £(-1)= 2(-1)3- 3(-1)+ 4 
= 2(-1) +344 
=-2+344 
=5 

(a) £(2) = 2(2)3- 3(2)+ 4 
=2(8) -6+4 
=16-6+44 
= 16 

(e) £(-2)= 2(-2) 2+ 3(-2)+ 4 
= 2(-8) +644 
=- 16+ 10 
=-6 

(2) f(x) = x* +1 


(a) £(0) = (0)7+ 1 


(b) £(1) = (1)74 2 


(c) £(-1)= (-1)7+ 1 


(a) £(2) = (2)7+ 2 


(e) £(-2)= (-2)7+ 1 
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24+1 
#5 


Notice that the range is contained in the set of whole 
numbers. 


@ PROBLEM 178 


If y = £(x) = «&? - 2)/ (x? + 4 and x = t + 1, express y as 


a function of t. 


2 
Solution: y is given as a function of x, y = f(x) = i. 


x 
To express y as a function of t, replace x by t + 1 (since 
x = t + 1) in the formula for y. Thus, 


2 
y= f(xy = f(t +1) = H+) =2 
(& +1)° +4 
_ &? +2 +1) -2 


e* + 2t +1) +4 


2 
ot +2t-1 
t” + 2t+ 5 
= g(t). 


Hence, y = g(t); that is, y is now a function of t since 
y has been expressed in terms of t. 


@ PROBLEM 179 


If f(x) = x? - x - 3, g(x) = (&? - 1)/(& + 2), ana 


h(x) = £(x) + g(x), find h(2). 


Solution: 
h(x) = £(x) + g(x), and we are told that £ (x) 
= x? - x - 3 and g(x) = x? - 1/x + 2; thus h(x) = 


(&? - x- 3) + & - 1)/@+ 2). 


To find h(2), we replace x by 2 in the above 
formula for h(x), 


h(2) = [(2)? - 2-3) + [25-44] 


t 
= 4-2-3) 4 (474) 
sens f 
=-j+} 


101 


al 


t 
- 


Thus, h(2) = 
@ PROBLEM 180 


Let f(x) = 2x? with domain De = R (or, alternatively, C) 
and g(x) =x - 5 with D, = R (or C). Find (a) f+g 


(b) f£-g (c) fg (a) =. 


Solution: (a) f + g has domain R (or C) and 


(£ + 9) (x) = (x) + g(x) = 2x? +x - 5 


for each number x. For example, (f + g)(1) = £(1) + g(1) 
=20)7+1-522-4-2. 


(b) £ - g has domain R (or C) and 


(£ = g) (x) = £(x) = g(x) = 2x? - (x - 5) = 2x? - x45 
for each number x. For example, (f - g)(1) = f(1) - g(1) = 
20)? -14+5=2+4=6. 

(c) fg has domain R (or C) and 


(£g) (x) = £(x) + glx) = 2x2~ (x - 5) = 2x? = 10x? 


for each number x. In particular, (fg)(1) = 2(1)3 - 10(1)? 
=2-10= -8. 


(d) & has domain R (or C) excluding the number x = 5 (when 
x = 5, g(x) = 0 and division by zero is undefined) and 


_ 2x? 
( (x) = = x5 


for each number x # 5. In particular, (§)m 7 as 


@ PROBLEM 181 


If D={x|x is an integer and -2< x< 1}, find the function 


{ &, £(x)) |£(x) = x? - 3 and x belongs to D). 


Solution: D ={-2,-1,0,1}. Substituting these values of 


x in the equation f(x) = x? - 3, we find the corresponding 
£(x) values. Thus, 


102 


£(-2) = (-2)? =8 - 3-1) 


' 
w 
a 


f(-1) = (-1)? 


£(0) © 0° -380-3=-3 


' 
w 
\] 


-l-3=-4 


3301-3 © 2. 


and f(1) =1 
Hence, f= {(x,2(x)| £(x) = x? - 3 and x delongs to D} 
= {(-2, -11), (-1,-4), (0,-3), (1,-2)} 


©@ PROBLEM 182 


Let f be the linear function that is defined by the equation 
f(x) = 3x + 2. Pind the equation that defines the inverse 


function f°. 


Solution: To find the inverse function e}, the given equa- 
tion must be solved for x in terms of y. Let x = tliy). 


Solving the given equation for x: 
y = 3x + 2, where y = f(x). 
Subtract 2 from both sides of this equation: 


y-2=3x+-¥ 


or x=%f- 


Hence, the inverse function £7) is given by:: 
x= ely) = ¥- 3 
orx = fly) = y - 3. 


Of course, the letter that we use to denote a number in the 
domain of the inverse function is of no importance whatsoever, 


so this last equation can be rewritten f2(u) = x - $e or 
t71(s) = i _ 2 and it will still define the same 


103 


function £72, 
@ PROBLEM 183 


Show that the inverse of the function y = x + 4x - 5 is not a 
function. 


So ; Given the function f such that no two of its ordered pairs 

ve the same second element, the inverse function f-l is the set of 
ordered pairs obtained from f by interchanging in each ordered pair 
the first and second elements. Thus, the inverse of the function 


yeX+hx-5 ts xe ¥ tdy-5. 


The given function has more than one first component corresponding 
to a given second component. For example, if y = 0, then x = -5 or 
1. If the elements (-5,0) and (1,0) are reversed, we have (0,-5) and 
(0,1) as elements of the inverse. Since the first component 0 has 
more than one second component, the inverse is not a function (a fun- 
ction can have only one y value corresponding to each x value). 
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CHAPTER 10 


SOLVING LINEAR EQUATIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 105 to 
129 for step-by-step solutions to problems. 


When solving a linear equation, the object is to simplify the equation using 
one or more of the four fundamental operations such that the equation has as its 
final form 


variable = constant. 
The constant is the solution. 
TYPE I: Linear equations with the unknown in the numerator. 


This category of linear equations consists of a number of general forms and 
variations. Three of these forms are the equations 


ax+b=c, ax+b=dric, and a(x+e)=f. 
When solving an equation of form 
ax+b=c, 


where a » 0, the first step is to add the opposite of the constant b to each side of 
the equation and simplify. If coefficient a = 1, then the final equation is in the 
form variable = constant which is the solution. On the other hand, if coefficient 
a= 1 anda 0, then the next step is to remove the coefficient from the variable 
by multiplying each side of the equation by the reciprocal of the coefficient or 
dividing each side of the equation by the coefficient and simplify. If coefficient a 
and other constant terms in the equation involve fractions, then it may be easier 
to multiply both sides of the equation by the LCD and simplify. In any case, the 
result is the form variable = constant which is the solution. 


To solve an equation of form 
ax+b=dr+c, 


where a and d are not zero, the beginning strategy is to rewrite the equation so 
that only one variable term exists in the equation. This is done by adding the 


opposite of the variable term on the right-hand side to both sides of the equation 
and simplifying. With only one variable term, the next step is to add the opposite 
of the constant term on the left-hand side of the equation to both sides and 
simplify so that only one constant term remains. Finally, multiply each side of 
the equation by the reciprocal of the coefficient of the variable and simplify. The 
result is the equation variable = constant which is the solution. 


When solving an equation involving one or more sets of parentheses, (e.g., 
a(x+e)=f, 


where a and e are not zero), the first step in the solution procedure is to apply the 
distributive property to remove the parentheses. The remainder of the solution 
procedure is as indicated for the equation of the form 


ax+be=c. 


TYPE II: Linear equations with the unknown in the numerator and/or denomina- 
tor. 


A typical form of Type II linear equations is as follows: 
ax+b e 


cx+d fx+g’ 


where a, c and constant terms are not zero. The beginning strategy for this and 
other variations of the equation is to remove or eliminate the denominators by 
multiplying both sides of the equation by the LCD and simplify. The resulting 
equation will conform to one of the forms in Type I linear equations. Thus, the 
remainder of the solution procedure follows what is indicated for Type I equations. 
However, a critical final step in the procedure must be observed. It is necessary 
to check the final constant value of the variable by substituting it in the original 
equation to determine if it really is the solution. 


TYPE Ill: Linear equations with the unknown under a radical sign. 


The property of squaring both sides of an equation is used as the first step in 
the solution procedure of this type of linear equation. When the result is simplified, 
this step should have eliminated all radical signs from the variable in the equa- 
tion. However, if all of the radical signs are not removed from the variable, then 
usually it is necessary to rewrite the equation by transposing appropriately and 
again squaring both sides of the equation and simplify. Once the radical signs are 
removed, then the remainder of the solution procedure follows what is given 
above in Type I equations. It is necessary to check the final result in the original 
equation to determine if it is a solution. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Solving Linear Equations” 


UNKNOWN IN NUMERATOR 
@ PROBLEM 184 


Solve 3x - 5 = 4 for x. 


selec Since this equation is to be solved for x, place 
term x on one side of the equation, 3x - 5 = 4, 
Add 5 to both sides of the omeentes 

3x -5+524+ (1) 


Since -5 + 5 = 0 and 4 + 5 = 9, Equation (1) reduces to: 

3x = 9. (2) 
Since it is desired to get the term x on one side of the 
equation, divide both sides of Equation (2) by 3. 

= 3 (3) 

i a 
Since x reduces to 1x and since $ reduces to 3, Equation(3) 
becomes: lx = 3. Since lx = x, x = 3. Therefore, the 
equation has been solved for x. 


Check: By substituting x = 3 into the original equation 


we have ? 
3(3) -5=24 
9-sia 
4=4. 


Note that, upon substitution of the solution into the 
original equation, the equation is reduced to the identity 
4= 4, 


© PROBLEM 185 


Solve the equation 6x - 3 = 7 + 5x. 
Soiueiens To solve for x in the equation 6x - 3 = 7 + 5x, 
we wis obtain an equivalent equation in which each 


term in one member involves x, and each term in the other 
member is a constant. If we add (- 5x) to both members, 
then only one side of the equation will have an x term: 
6x - 3 + (- 5x) = 7 + 5x + (= 5x) 
6x + (= 5x) - 3=7+0 
x-32#7 
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Now, adding 3 to both sides of the equation we obtain, 
x-3+3=7+3 
x+0-= 10 
x = 10 
Thus, our solution is x = 10. Now we check this value. 
Check: Substitute 10 for x in the original equation: 
6x - 3 = 7 + Sx 
6(10) - 3 = 7 + §(10) 
60 - 3 = 7+ 50 
57 = 57. 
© PROBLEM 186 


Solve the equation 4x - 5=x+ 7. 


Solution: The problem here is to list the elements in the set 
s = {x|4x - 5=x+7) 


To find these elements, use the additive principle and the multiplica- 
tive principle. By using these principles, convert the description of 
S to the form S = {x|x = ...}. 

The computation can be arranged in the following manner: 


4x-5=x+7 Original equation 

4x-5+5ex4+7+5 Adding 5 to both sides 
4x =x +12 

4x + (+x) = x + 12 + (+x) Adding -x to both sides 
3x = 12 

$(3x) = $(12) Multiplying both sides by $ 
x=4 
Hence the solution set is S$ = {x|x = 4) = {4}. 


@ PROBLEM 187 


Solve, justifying each step. 3x - 8 = 7x + 8. 


Solution: 3x - 8 = 7x + 8 
—_—_—_— 

Adding 8 to both members, 3x - 8+8 = 7x +8+8 
Additive inverse property, 3x + 0 = 7x + 16 


Additive identity property, 3x = 7x + 16 

Adding (-7x) to both members, 3x - 7x = 7x + 16 - 7x 
Commuting, ~4x = 7x - 7x + 16 
Additive inverse property, -4x = 0 + 16 

Additive identity property, -4x = 16 
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Dividing both sides by -4, 


Check: 


3x - 8 
3(-4)- 8 
- 12-8 

-20 


x =-4 


= 7x + 86 
= 7(-4)+ 8 
=- 28+ 8 
=- 20 


Replacing x by -4 in the original equation: 


@ PROBLEM 188 


Solve for x: 2x +5=7=- x. 


Solution: 
Combine terms: 


Add x to both sides: 


Subtract 5 from both sides: 


Combine terms: 


Divide both sides by 3: 


2x 


+ 
+ 
+ 
= 


S5+x=7-x+t+x 
5=7 


© PROBLEM 189 


Solve for x: 7x - 3 = 2(x + 3). 


Solution: 


Distributing, 


ix- 3 


Ix - 3s 


Adding (-2x) to both sides, 


Combining terms, 


Adding 3 to both sides, 


Combining terms, 


Dividing both sides by 5, 


Check: Replacing x by * in 


7x - 3 
72) ~ 3 
63 | 


vls ole uli 


2(x + 3) 


2x + 6 
7x - 
3=6 
Sx =6+3 


Sx = 9 
9 
5 


5x - 


x= 


" 
N 
~ 
“ 
+ 
w 
~ 


a 
N 
“ae 


3=- 2x = 6 


© PROBLEM 190 


Solve each equation (find the solution set), and check each 


solution, 
(a) 4(6x + 5) - 3(x - 5) = 0, (b) 8 + 3x = -4(x = 2), 


Solution: (a) 4(6x + 5) - 3(x - 5) = 0 
distributing, 24x + 20 - 3x+1520 


combining like terms, 
2ix+35=0 


adding (-35) to both sides, 
2lx = -35 
dividing both sides by 21, 


Therefore the solution set to this equation is {3} . 


Check: Replace x by = in the equation, 


4(6x + 5) - 3(x - 5) = 0 


(4-3)+ 5] - [3-5-0 


~30 -5 15 
=P +s)-{$-4)=0 


4(-10 + 5) - (= =0 


4(-5) + 2=0 
-20+2=0 
o=0 


(b) 8 + 3x = -4(x - 2) 
distributing, 8 + 3x = -4x +8 
adding 4x to both sides, 


8+7x=8 
adding (-8) to both sides, 
7x=0 
‘ 
dividing both sides by 7, *=0 


Therefore the solution set to this equation is {0}, (not to be con- 
fused with the null set { }). 


Check: Replace x by O in the equation, 


8 + 3x = -4(x - 2) 
8 + 3(0) = -4(0 - 2) 
8 +0 = -4(-2) 
8=8 


@ PROBLEM 191 


Solve the equation 2(x + 3) = (3x + 5) - (x - 5). 


Selutscn: We transform thegiven equation to an equivalent 
equation where we can easily recognize the solution set. 


2(x + 3) = 3x +5 - (x - 5) 
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Distribute, 2x +6 = 3x +5-x +5 
Combine terms, 2x + 6 = 2x + 10 


Subtract 2x from both 
sides, 6 = 10 


Since 6 = 10 is not a true statement, there is no 
real number which will make the original equation true. 
The equation is inconsistent and the solution set is $, 


the empty set. 
© PROBLEM 192 


Solve the equation 3x + z +1l=0, 


Solution: There are several ways to proceed. First we 


observe that 3x + ; + 1 = 0 is equivalent to 


jx + ; + 3 = 0, where we have converted 


1 into ; - Now, combining fractions we obtain: 
ix + 4 = 0 
Subtract a from both sides: 


3... -15 
a*" 3 


Multiplying both sides by 4: 


(3) a - (RE 


Cancelling like terms in numerator and denominator: 


A second method is to multiply both sides of the 
equation by the least common denominator, 8: 


8 [ix+d+ 1} = 8(0) 
Distributing: 8 (3) +8 (3) +8+1=0 


(2 + 3)x+7+8=0 


6x +15 =0 
Subtract 15 from both sides: 6x = - 15 
Divide both sides by 6: x= af 
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=:5. 


Cancelling 3 from numerator and denominator: x = z 


© PROBLEM 193 


Solve the equation 2(Fy + 5) + 2(y + 5) = 130. 


ae The procedure for solving this equation is as 
ollows: 


yy + 10+ 2y + 10 = 130, Distributive property 


4 + 2y + 20 = 130, Combining like terms 
v 


yv + 2y = 110, Subtracting 20 from both 
sides 
y + by = 110, Converting 2y into a fraction 
with denominator 3 
10 
—3Y = 110, Combining like terms 
y= 110+ y= 33, Dividing by = 


Check: Replace y by 33 in our original equation, 
2 (Fras + 5] + 2(33 + 5) = 130 


2(22 + 5) + 2(38) = 130 
2(27) + 76 = 130 
54 + 76 = 130 
130 = 130 
fherefore the solution to the given equation is y=33. 


® PROBLEM 194 


Solve the equation 
1 


ae eee” 
Pa eS 


; Since 2, 3, 4, and 6, the denominators of the 
fractions, are all factors of 12, and there is no smaller 
number which contains 2, 3, 4, and 6 as factors, 12 is 
the least common multiple (LCM). We may therefore multiply 
both sides of the given equation by 12 to eliminate the 
fractions. 


(3« + 3)12 = (i - §}22 
Distribute, (3x]22 + (3)22 . [§x]a2 - (3) (12) 
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6x + 8 = 3x - 2 
Add ({- 3x) to both sides, 
6x + 8 + (= 3x) = 3x - 2 + (= 3x) 
6x + (= 3x) + 8 = 3x + (= 3x) - 2 
3x +8 =- 2 
add (- 8) to both sides 
3x +8 + (- 8) = - 2 + (- 8) 
3x = - 10 


Divide both sides by 3, x= - 4 


Thus, the solution is x = - 10/3, and we have 


{>| + Q = ix - i a {a9 To verify this 


statement we perform the following check: 
Check: Replace x by - 10/3 in the original equation, 


Convert each fraction into a fraction whose de- 
nominator is 12. Here we are using the fact that 12 
is the least common denominator (this is an alternative 
method to multiplying both members by the LCM 12). Thus 


5 (=e) + a3] - 2 - 3) 


~20, 8 _-10_ 
iz °° iz ~ 


-lzel}l 
Since substitution of x by (- 10/3) results in this 
equivalent equation which is always true, - 10/3 is 
indeed a root of the equation. 


@ PROBLEM 195 


lll 


Solution: The Least Common Denominator is 6, Multiply both members 


of the equation by 6: $+z = 6(12). 
Use distributive law: 3x + 2x = 72, 
Collect terms: Sx = 72, 
Divide by 8: Tnerefore, x= 142. 
Caeck: Substitute u2.2 for x in the given equation: 
72,72 
4+ +-u 
2 2 21 
os +@é = 12 
fo Heu 
2-12 
12 = 12 


© PROBLEM 196 


Find the set indicated by 
3 1 


{alm = $= io 3} 


Solution: The set indicated by { x|4x - § = 2x + a} 
is the set of all x such that x makes the statement 

wide 
true. Hence to obtain the required set, we must solve 
the equation 

kx = 3 = ix + a . 

Since 2, 3, 4, and 12, the denominators of the 
fractions are all factors of 12, we may multiply both 
sides of the equation by 12 to eliminate the fractions. 


Therefore, 12 is called the least common multiple (LCM). 
Thus, 


raf - 3J= a2 (x + 
Distribute, 12(4x) - 12(3] - 12{}x] + 12(33] 


6x - 8 = 9x +1 
Add (-9x) to both sides, 6x - 8 + (-9x) = 9x + 1+ (=9x) 
commute, 6x + (= 9x) - 8 = 9x + (= 9x) +1 
- 3x-8=1 
Add 8 to both sides,- 3x -8+8=1+8 
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- 3x=9 
Divide both sides by - 3 to obtain, 
x= - 3. 
Thus, our solution is x = - 3, and the set indicated by 
{ x) ax - g = ix + a} is {x|x = - 3}.Now, we check this 
solution. 


Check: Substitute (- 3) for x in our original equation, 


wx - Fe + 


WE 9 -F-7F ECD +G 
_2 
3 


- 3 
Tae 


- 9 1 
"7 *T 


Convert each fraction into a fraction whose denominator 
is 12. Here we are using the fact that 12 is the least 
common denominator (we could also multiply both members 
by the LCM 12 as before). Thus, 


a2} - af) 34) +2 


-18_ 8 [- 27, 21 
“ae. de “Iz” * 12 
- 26 _ - 26 


Since substitution for x by (- 3) results in this 
equivalent equation, which is always true, (- 3) is 
indeed a root of the equation. 


@ PROBLEM 197 


Solve the equation 3x - g = 2x +1. 


A Subtract 3x from both sides of the given 
equation: 
~$- Yeo mesa de 


2 4 3 


seers 
$= heel 
je F+1 


Subtract 1 from both sides of this equation: 
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Multiply both sides of this equation by 2: 
5 x 
2(-§) - A) 
= 48 =x 
Thus the solution set of our given equation is the set 


{+3}. 


@ PROBLEM 198 


1 
Solve 5x bad Ie = x’ 
In order to rid an equation of fractions we 
ply both sides by the least common multiple. In this 
case our L.C.M. is 16x: 
16x (3 - x2} = 16x (3] 
Distributing, 16x (3) - 16x (x3) = 18% 


Cancelling out like terms in numerator and denominator: 
8 - 5x = 16 
Subtracting 8 from both sides: 
- 5x= 16-8 
- 5x = 8 
Dividing both sides by - 5: 


Check: 


ale 
nie 


Substitute a for x in xt = 
aa: ae xt ve 1 

8 o 
2 (- 5) F 3) 


14 


Since division by a fraction is equivalent to multiplication 
by the reciprocal 


ai 1+ (-$r]- 3 
5 
and 7+ -1- (3) -3 
[3] 
Hence, B-g-: 
-10,-5 
“Te ~~ 8 
=5.28 
8 8 


@ PROBLEM 199 


Solve A = 5(b+ B) for h. 


So : Since the given equation is to be solved for h, 
obtain h on one side of the equation. Multiply both sides 


of the equation A = Fb + B) by 2. Then, we have: 
2(A) = 2[Fi + 2]. 
Therefore: 2{A) = Po + B) 


2A =h(b + B). ql) 


Since it is desired to obtain h on one side of the equation, 
divide both sides of equation (1) by (b + B). 


wey” est 


Therefore: ote =h. 


Thus, the given equation, A = Pip + B), is solved for h. 


Tnis is the form of the formula used to determine values 
of h for a set of trapezoids, if the area and lengths of the 
bases are known. 


@ PROBLEM 200 


To solve for a we must obtain a alone on one 
side of the equation, 


Rete (yy 
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To do this we proceed as follows: Multiply Equation (1) 


by Rab. Then, 
1 A 
rab 3} all ra (i + i}. 


Therefore: ke . me + os 


Therefore: ab = Rb + Ra. (2) 
Subtracting Ra from both sides of Equation (2), we obtain: 
ab - Ra = Rb + Ra - Ra, 

Therefore: ab ~- Ra = Rb. (3) 


We can now factor a trom both terms of the left side of 
Equation (3), obtaining: 


a(b - R) = Rb. (4) 
Now, we divide both sides of Equation (4) by (b - R): 
a(b- iH = —Rb V 
We Tb - R) 
Thus, we find a = = ° 


@ PROBLEM 201 


Solve the equation a(x +b) = bx+c for x if a#b, 


Solution: ax + ab= bx +c Distributive property 
ax + ab + (-bx) = bx + c + (-bx) adding (-bx) to both sides 
ax + (~bx) + ab = bx + (-bx) + c commutative law of addition 


ax + (-bx) + ab=O+c additive inverse property 

ax + (-bx) + ab=c additive identity property 

ax + (-bx) + ab + (-ab) = c + (-ab) adding (-ab) to both 
sides 

ax + (-bx) + 0 = c + (-ab) additive inverse property 

ax - bx = c - ab additive identity property 

(a - b)x = c - ab factoring out x 

x= $= if add Dividing by (a - b) 


If a«=b the denominator of this fraction is zero, and thus the 
fraction has no meaning. 


Pind a solution of the equation 


3x + 4y + 52 = 13 


Soames The above equation is linear in x, y, and z. 
Any ordered triple (x, y, z) which satisfies it is a 
solution. If we chose x = 2, and y = 3, by substitution 
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6+ 12 + 52 = 13 
z=-1l 
The one solution of Equation{ is x = 2, y = 3, and 
ze=-l. 
Obviously, the number of solutions is unlimited, 
since any choice of values for two of the variables will 
determine the value of the third variable. 


UNKNOWN IN NUMERATOR AND / OR DENOMINATOR 
@ PROBLEM 203 


4x -7 
x-2 


Find the solutions of the equation 


Solution; Assume that there is a number x such that 


4x -7. 1 
x- 2 Sa | 


In order to eliminate the fractions multiply both sides of the equation 
by x- 2 to obtain 


&-2) B22. (+b )a-n 


Thus 
fx - 7 = 3(x - 2) +224 
4x - 7 = 3(x - 2) +1 
4x-7= 3x -64+1 
4x-7= 3x-5 

Add (-3x) to both sides, 4x - 7 + (-3x) = -5 
x-7=-5 

Add 7 to both sides, x= -5+7 


and hence x = 2. 
We have shown that if x is a solution of the equation 


4x-7. 1 
x-2 * x-2° 
then x = 2, But if we substitute x= 2 in the right-hand member of 
the equation we obtain 1 
3+ ° 


and we know that we cannot divide by zero. Hence 2 is not a solution. 


Before we analyze the process which led to the conclusions that 2 
was a possible solution to our equation, let us see exactly why our 
equation has no solution. To do this, we note that 


34 tn 3, 222, L_, 3 - 2td , Be - 6th, K-35 
x-2 x-2 > x-2 x-2 


z-2 x-2 
and hence that the original equation is equivalent to 
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4e-7, 6-5 a) 


x-2 x-2 


Now we know that two fractions, = and § are equal if and only if 


b 
ad = be. Thus (1) holds, providing that x # 2, if and only if 
(x = 2)(4x - 7) = (x = 2)(3x = 5) (2) 


holds. But, since x #2, x- 290, and we can divide both sides of (2) 


by x-2 and have 
4x-7*3n-5 


which gives x = 2, @ contradiction, In other words, the only possible 
solution is a number which we knew in advance could not be a solution, 
and hence there are no solutions to our given equation. 


@ PROBLEM 204 


Solve the equation 


x ,5-2 5 +3 
x+1I°8 2+ "4 


: Since (x +1), 8, 2{x + 1), and 4, the de- 
nominators of the fractions, are all factors of 8(x + 1), 
and there is no smaller number which contains (x + 1), 

8, 2(x + 1), and 4 as factors, 8(x + 1) is the least 
common multiple (LCM). We may therefore multiply both 
sides of the given equation by 8(x + 1) to eliminate the 
fractions. 


B(x + [psy + 3] = 8(x + w (sent i] , 


Distribute, 


B(x + 1) oy + B(x + » (3) 


= B(x + » [se] + B(x + 1) [3] 
Cancel like terms, 8x : 5(x + 1) = 4(5) + 6(x + 1) 
Distribute, 8x + 5x + 5 = 20 + 6x + 6 
Combine terms, 13x + 5 = 26 + 6x 
Add (- 6x) to both sides 
13x + 5 + (-6x) = 26 + 6x + (- 6x) 


yx +5 = 26 
Add (- 5) to both sides 


7x +5 + (- 5) = 26 + (- 5) 
7x = 21 
Divide both sides by 7, x= 3. 
Thus, our solution is x = 3, and we have 
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x SS 5 3). 
{x|e$4 + § = reday+ Fe ©. 
To verify this statement we perform the following check. 
Check: Replace x by 3 in the original equation, 


Since substitution of x by 3 results in this equi- 
valent equation, which is always true, 3 is indeed a 
root of the equation. 


@ PROBLEM 205 


Solve the equation 


Ss 1 3 
x- 1 *i-x"*&-6 ° 


See By factoring out a common factor of -2 from 
denominator of the term on the right side of the given 


equation, the given equation becomes: 


5 » 3 - 3 3 
x- 1* T-3x =2(-3x + 4) -2(4 - 3x) = “204 - 3x) 


Hence, 
S44 1 aa 3 
x- 1 a - 3x 214 = 3x) 
Adding = to both sides of this equation: 


5 1 3 

x- 1 * T- 3x * Tae - oxy =O (2) 

Now, in order to combine the fractions, the least common 
denominator (l.c.d.) must be found. The l.c.d. is found 

in the following way: list all the different factors of 
the denominators of the fractions. The exponent to be 
used for each factor in the l.c.d. is the greatest value 
of the exponent for each factor in any denominator. There- 
fore, the l.c.d. of the given fractions is: 


22x - 1)2(¢4 = 3x)2 = 2(x - 1) (4 - 3x) 
Hence, equation (1) becomes: 
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2) (4-3x) (5 2) (x-2) (1 x-1) 3 u 
Simplifying equation (2): 


10(4 ~ 3x) + 2(x - 1) + 3(x- 1) . g 


2(x = 1) (4 = 3x) 


40 ~ 30x + 2x - 2+ 3x -3.. 4 
x= - 3x 


-25x + 35 = 0 
x- = 3x) 


Multiplying both sides of this equation by 2(x - 1)@ - 3x): 


2 (x RHA = 3x) 7 PBR ee = 2x = 194 = 3x) (0) 
-25x + 35 = 0 
Adding 25x to both sides of this equation: 
-25x + 35 + Mix = 0 + 25x 
35 = 25x 
Dividing both sides of this equation by 25: 


f- B 

ex 
Therefore, the solution set to the equation r+ ds 
as is: Z}. 


@ PROBLEM 206 


Solution; The required set is the set of all x such that 
—aaee 


2 -3 24% +8 
x71 e471 


Multiplying each member by (x + 1) to eliminate the fractions, we 
obtain 2 (a 6 
(«+ XAez- 2) = SHH) +2) 


Distributing, ¢. , ye ~ (+13 = 4x46 


2- (3x + 3) = 40 +6 
2-3x-3 = 44+6 
-l- 3x = 4x +6 


Adding (-4x) to both sides, 
~l- 3x- &=6 


-l- 7x=6 
Adding 1 to both sides, 


-Ix=7 
x=-l 
If we now substitute (-~1) for x in our original equation, 
2 -3=4%+5 
xi xe 
2 -~324C1+6 
Tri 1 +1 
2 -3 «24+8 
3 ~~ oT 


Since division by zero is impossible the above equation is not defined 
for x =-l. Hence we conclude that the equation has no roots and 


2 4x +6 
{s| 2, -3-S+ = 6, where 6 is the empty set. 


@ PROBLEM 207 


es 5 
(x - l)(x- 2) ° 


Solution: First we will eliminate the fractions by 

ng the least common denominator, LCD. This is done 
by multiplying the denominators and taking the highest 
power of each factor which appears, only once. 

(x ~ 1) (x - 2) {x - 1) (x - 2) 

LCD = (x - 1)({x - 2) 

Multiplying both sides of the equation by the 
LCD will remove the fractions and give: 


(x - l) (x - a[/=2, ++] 


tetera creer (x = 1) (x - 2) 
3(x - 2) + (x - 1) #5 
3x -6+x-1l#5 
4x-725 


4x = 12 


x= 3 


Substituting x = 3 into the original equation 
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we find x = 3 satisfies the original equation. 
@ PROBLEM 208 


: First we obtain the Least Common Denominator, 
LCD, by multiplying the denominators, 


«& - 1) «+2? - 2), or 


(x = 1) (x + 1) L(x - 1) (x + 1)], and taking each 
factor’s highest power once. 


tep = (x - 1)(x +1) = (x? - 2) (1) 


Then multiply both sides of the equation by the 
LCD to remove the fractions and obtain: 


(x - 1) (x + 1) ai + sor 


= [pig] @ een 
x? -1 


(2) 


3(x + 1) + 2(x - 1) = 


3x +3 + 2x -2= 


6 

6 

5x +1=6 
5x = 5 

1 


x= 


Substituting x = 1 into Equation 2, we can readily 
see that it is a solution of that equation. However, 
x = 1 is not an admissible value of x for Equation l, 
because division by 0 is undefined; therefore,x = 1 is 
not a solution of Equation 1. It is an extraneous root 
that was introduced by the multiplication by the LCD. 
The original equation does not have a solution. 


@ PROBLEM 209 


Solve the equation 


2x 3+x x? 


ics = "Sa -e* 


lution: In order to eliminate the fractions in this equation we 
multiply both members of the equation by the Least Common Denominator 
(the LCD). Our denominators sre (3 + x),3, and 3(x- 3). Thus the 
cD is 3(3 + x)(x- 3). Therefore 


2 
(33 + x)(x - of =+ 3 : =) = [3(3 + x)(x - als + T= | ° 


Distribute: 
[3(3 + x)(x - fs] + [303 + x)(x - [3] 


2 
= [3(3 + x)(x - 3)](2) + [3(3 + x)(x - oa - | i 


Cancelling like terms in numerator and denominator, 
3(x ~ 3)(2x) + (3 + x)(x - 3)(3 + x) = 3+2(3 + x)(x - 3) 
2 
+ (3 + x)x 
Pactoring both sides of the equation, 


6x(x - 3) + (9+ 6x + x" - D = 6Gx. x - 9 - 30) + Gx? +x°) 
6x - 3) +(9 + 6x + x")& - D = 6@? - 9) + (3x7. x*) 
Distributing the two terms on the left side and the one term on the 
right side of this equation, 


(6x? - 18x) + (9x + 6x" + x°)- (27 + 16x + 3x”) = ( 6x” - 54) +(3x" + x) 
Grouping terms and simplifying, 


6x” - 18x + 9x + 6x? + x9 - 27 - 18x - 3x7 = 6x? - 544 3x74 x" 


x + 9x? = ate 27 = x + 9x" - 54 
Subtract x from both sides of this equation: 


x? + ox? - ave - at - x oe xs ox? - 54- 


ox? = 27x - 27 = 9x" - 54 
Subtract ox? from both sides of this equation: 
ox? - 27x - 27 - 9x” = 9x" - 54 - 9x" 
-27x - 27 = -54 
Add 27 «to both sides of this equation: 
-27x - 27 + 27 = -54 + 27 


2?x = -27 
Divide both sides of this equation by ~-27: 


-27x 27 
TH" =H 
Therefore, x = 1, 


To verify that x= 1 is the solution to our problem, we perform the 
following check, 


Check: Replace x by 1 in our original equation, 


2+ 
Tes 3) 


3S+x_ 


2x 
as a a 


2 
2) 3+1 q@) 
39, 4s tess 
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= 2-4 
Multiplying both members by LOD, 12: 

103 + 4): 12(2 - 2) 

143) + 10($) = 20(2) - 192) 


6+16= 24-2 
22 = 22 
Hence, x = 1 is our solution, and our solution set is {1}. 


UNKNOWN UNDER RADICAL SIGN 
@ PROBLEM 210 


Square both sides of the given equation to 


aa - 2 
note (Ya)? = Va + Ya= “a> a= Ja? = a; thus 
(ve)? = x - 3, and we obtain: 
x- 32 16 
x= 19 


tain: 


Check: Substitute 19 for x in the original equation, 
x-3=4 
VIS -3=4 
YTé = 4 
4=4 
@ PROBLEM 211 


Solve the equation /3x +1 = 5. 


Solution: Square both members: 
3x +1 = 25, 
Solve for x: x= 8, 
Check: /3(8) +1 = /35 = 5, 
It should be recalled that /275 = +5, and does not 


§ 


equal +5; that is, when no sign precedes the radical the 
positive value of the root is to be taken. If both 
positive and negative roots are meant, we shall write both 
signs before the radical. 


© PROBLEM 212 


Solve J5x + J3 = J3x - J5 . 
Solution: Add ~/3x to both sides of the given equation, 
Vix +J3 - Jax = J3x - J5 - Six . 
Commute terms and add V3 to both sides, 
Vx - Jix+ A- B= Je - fx -J5-f 
ix - fix=-/5- 3. 
Using the distributive law, 
1G - Ie 5 - 
,- A 
BA 
Factor (-1) from the numerator: 
- + 
B- 3 
To rationalize the denominator, we multiply numerator and denominator 
by the conjugate G3 + RE) of the denominator; hence: 


a WE + BYE + /5) 
(5 - XS + 43) 
*° Ba + BB - BA - BB 
Note Jans = Jab » therefore: 


x= ech 

x= 2642/5 + 3) 
5-3 

x = G+ 2/3) 

2 

xo 224+.) 

- -G+/9 

= -4 - J15 


@ PROBLEM 213 


Solve the equation 


xX=7+ K-77 


Solution: Squaring both sides of the given equation, 
x= 49414 K-T+x-7 
Simplifying 
- 42214 K-77 
- 32 %-7 (1) 
Squaring both sides of equation (1), 
9=e=x-7 
x= 16 


Checking the root by substitution in the given 
equation: 


vié ¥ 7+ /i6-7 
477+ 3 
Clearly x = 16 does not satisfy the given equation, and 


therefore the equation has no roots. The fact that the 
given equation has no roots could have been anticipated 


from equation (1), - 3 = “x - 7, since the positive root 
is indicated in the original equation. 


® PROBLEM 214 


Solve /2x - 2 = 2x - /2. 
Solution: Add (-2x) to both sides of the given equation: 
¥2x - 2 - 2x = -/2 
Now, add 2 to both sides: 
V2x - 2x = 2 - 7 
Use the distributive law: 
x(¥2 - 2) =2- 7 


x=2- 7 
¥%- 2 
Multiply both sides by (-1): 


-x = -(2 - 72) 


@ PROBLEM 215 


Solve “ix +5 + 2¥%x-3 = 17, 


Solution: Transpose: 
—a ae 
Wx + 5 - 17 = -24%% - 35. 
Square: 4x + 5 - 3474x + 5 + 289 = 4(x - 3) 
4x +5 - 347%x + 5 + 289 = 4x - 12, 
Transpose: -34/ax + 5 = 4x - 12 - 4x - 5 = 289, 


Simplify: -34¥ix +5 = -306 
Vix+5 = 9, 

Square: 4x +5 = 81, 

Solve for x: x = 19, 


Check: Y@(I5) + 5 + 2/715) - 3 2 17 


YBI + 2vte 2 17 
9+ 2(4) 247 
17 = 17, 


Sol.: x = 19. 
@ PROBLEM 216 


Solution: “x -2- xKF3=1 
wx > 2= et 5+, Transpose vx + 3, 
x-2=x+3+ 24 43 +1. Square both sides 
of equation, 
x-2-x- 3-12 24% +3. Transpose and combine terms. 
-6 = 24 +35 
-3= K+ S 
9 =x +3. Square both sides of equation. 
Solving gives x = 6. 
Check: YE=>2- F321 
a-% 24 
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2-371 


“141 
Therefore x = 6 is not a solution. x = 6 is an extraneous 
root. The two expressions are not equal for any value of 
the unknown. 


© PROBLEM 217 


Solve the equation 


K+1+vY¥x-i1 =~ 4x-1 
m+il- &x-TI 


Setar We can use the following law to rewrite the 


given proportion: If 


r= $ , then 2 o= 2 = = + ¢. Applying this law we have: 


Ye+ 1+ Ye = 1+ (Vx +1 - *%-1) L 4x -1+ (2 or, 
ee en ae 


2x +1_ 4x+21 
2 x =T 3 


Ye +I _ 4x+1 
at 2S 


wees both sides of the equation gives us, 


= - (R44) (4eFT)? © (4x + 1)? — 
feat) ~ (@=1)? (x - 3)? 


Finding the above squares we obtain: 


- Eliminating 3 we have: 


x+1. 16x? + 8x +1 
x= T lex? - 24x + 9 


We can again rewrite this new proportion as: 


x +1 + (x - 1) © 
xtil- {x= 


2 2. 
16x* + 8x +1 + (16x 24x + 9) or, 


16x? + 8x + 1 - (A6x? - 24x + 9) 


2% , 32x’ -_réx + 10 


x - ; 


therefore, x = 


32x? - 16x + 10 | 2(16x? - 8x +5 
Jax - 8 x - 


2. 
thus, x = SE 


and multiplying both sides of this equation by (16x - 4) 
we have, 


128 


x(16x - 4) = 16x? - 8x + 5 or, 
16x? - 4x = 16x? - 8x + 5. 
Now, combining similar terms we obtain: 
16x? - 16x? - 4x + 8x = 5 or 

4x = 5. 


Therefore, x = 3 ° 
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CHAPTER 11 


PROPERTIES OF STRAIGHT LINES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 130 to 


152 for step-by-step solutions to problems. 


Any equation that can be put in the standard form 
ax + by =c, 


where a, b, and c are real numbers and a and b are not both 0, is defined to be a 
linear equation in two variables. The graph of this form is a straight line. In order 
to graph a linear equation in two variables, we simply graph its solution set. This 
means that we draw a straight line through all the points whose coordinates 
satisfy the equation. 


Two important points on the graph of a straight line, if they exist, are the x- and 
y-intercepts or the points where the graph crosses the axes. The x-intercept of the 
line is the x-coordinate of the point that the line has in common with the x-axis, and 
the y-intercept is the y-coordinate of the point that the line has in common with 
the y-axis. Since any point on the x-axis has a y-coordinate of 0, we can find the 
x-intercept by letting y = 0 and solving the equation for x. Similarly, we can find 
the y-intercept by letting x = 0 and solving for y. For example, the x-intercept and 
y-intercept of the equation 


3x + 4y = 12 
are given by 

3x + 4(0) = 12 
orx=4 and 

3(0) + 4y = 12 
or y = 3, respectively. 


Graphing straight lines by finding the intercepts works best when the coeffi- 
cients of x and y are factors of the constant term in the equation. 


A linear equation or linear function, whose graph is a nonvertical straight 
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line, has a slope. The slope, m, of a line is a measure of the steepness of the line 
in that it is the ratio of the vertical change (difference of ordinates) between any 
two points, (x;, y;) and (x2, y2), on the line to the horizontal change (difference of 
abscissas) between the two points. Thus, the most popular procedure for finding 
the slope of a line is given by the formula 

mot. 


mm" 
where x, is not equal to x2. 

When calculating the slope using this formula, it does not matter which point 
is designated as the “first” point and which is designated as the “second” point. 
The only warning is that once the points are designated then they must not be 
changed throughout the problem. Geometrically, a straight line that gets higher as 
it goes from left to right has a positive slope; a line that gets lower as it goes from 
left to right has a negative slope; a horizontal line has a slope of 0; and a vertical 
line has an undefined slope. 

If a linear equation can be written in the form 

y=mx+b, 


then the m represents the slope of the graph of the equation and the b is the y-in- 
tercept. 
Some techniques for determining the equation of a line, when given certain 
facts about the line, are as follows: 
(1) A procedure for finding the equation of a line having a slope of r and 
containing a point (c, d) includes first using the slope formula, 
zn 


oa y-y = m(x-%), 


and substituting r for m, d for y,, and c for x,. Then write the resulting 
equation in the form 
ax + by=c. 


(2) The procedure for finding the equation of the line having a slope of r 
and y-intercept of c includes the use of the slope-intercept form of the 
equation, 


y =me+b, 
Then, substitute r for m and c for b in the equation. 


Of the various graphing techniques for a linear equation, the most obvious 
way is to calculate any two ordered pairs that satisfy the equation, plot the points, 
and draw a straight line through them. Depending on how the equation is ar- 
ranged, there may be faster and more convenient ways to obtain the graph. 
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If the graph of a line is in slope-intercept form, then the graph can be ob- 
tained by marking the y-intercept and using the slope to move from that point to 
the second point on the line. One must remember that the slope is the ratio of 
how much the line moves up or down compared to how much the line moves 
right or left. If the equation of a line is in intercept form, then it is easy to mark 
the two intercepts and draw the straight line through them. 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Properties of Straight Lines” 


SLOPES, INTERCEPTS AND POINTS ON GIVEN LINES 
© PROBLEM 218 


Find the slope of f(x) = 3x + 4. 


Solution; Two points on the line determined by f(x) = 3x +4 are 
A(O,4) and B(1,7). 
difference of ordinates 7 7-4 =3 
difference of abscissas 1-0 


Note that the ordinates are the y-coordinates and the abscissas 
are the x-coordinates. The slope determined by points A and B 
is 3. Hence, the slope of f(x) = 3x + 4 is 3. In general, the 
slope of a linear function of the form f(x) = mx + b is m. 


@ PROBLEM 219 


Show that the slope of the segment joining (1,2) and (2,6) 


is equal to the slope of the segment joining (5,15) and 
(10,35). 


Ss tion: The slope of the line segment, m, joining the 
points %) +¥y) and 5 Yo) is given by the formula 


— Y2 ba ¥,) 
& - %3) 
Therefore,the slope of the segment joining (1,2) and (2,6) is 


Ssi-t-4 
The slope of the segment joining (5,15) and (10,35) is 


35-15 | 20, 
Io - 5 “Ss . 


Thus, the slopes of the two segments are equal. 
@ PROBLEM 220 


Determine the constant A so that the lines 3x - 4y = 12 and 


Ax + 6Gy = -9 are parallel. 


Solution; If two non-vertical lines are parallel, their slopes are 
equal, Thus the lines Ax + By +C=0 and Ax+By+D=0O are 
parallel (since both have slope = - A/B). We are given two lines; 


3x ~- 4y = 12 q) 
Ax + 6y = -9 (2) 


We must make the coefficients of y the same for both equations in 
order to equate the coefficients of x, Multiply (1) by -3/2 to 
obtain 
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Josx - 47) = - 502) 


- = + 6y = -18 (3) 

Ax +6y =-9 (2) 
Transpose the constant terms of (3) and (2) to the other side. 
Adding 18 to both sides , } + Gy +18=0 (4) 
Adding 9 to both sides. Ax + 6y+9=0 (5) 


(4) and (5) will now be parallel if the co- 
efficients of the x-terms are the same, Thus the constant A is 
-9/2 , Then equation (5) becomes -9/2x + 6y + 9 = 0, We can also 
express (5) in its given form, Ax + 6y =-9 or - 9/2 x + 6y = -9, 

We also can write it in a form that has the same coefficient 
of x as (1), which clearly shows that they have equal slopes. 


3x- 4y = 12 qa) 
- 3x + 6y = -9 
Multiply the second equation by - 2/3 to obtain a coefficient of x 


equal to 3, 7 4-3. F ®) = . 3-0) 


3Sx- 4y = 6 


Now equations (1), 3x - 4y = 12, and the equation 3x - 4y = 6 are 
parallel since the coefficients of x and y are identical, 


© PROBLEM 221 


Find the slope and Y-intercept of the following lines. 


(a) y = 3x -1 (b) y= 1 - & (c) 2y = 4x +7 


Solution: a) The equation of a line is: y= m+b, where m is the 
slope of the line and b is the y-intercept of the line. Hence, the 
line y = 3x - 1 has slope = 3 and y-intercept = -1. 


b) The line y = 1 - 4x can be rewritten, using the commutative law, as 
y = -4x +1. Hence, the slope of this line = -4 and the y-intercept = 1. 


c) The line 2y = 4x + 7, after dividing both sides by 2, can be rewrit- 


ten as: 
ay - 4xn+7 
2 2 


. Z 
yr xt 


Hence, the slope = 2 and the y-intercept -i ° 


Find the slope, the y-intercept, and the x-intercept of the 
equation 2x - 3y - 18 = 0, 


tion; The equation 2x - 3y- 18 = 0 can be written in the form 
of the general linear equation, ax + by = c, 


ax - 3y-18=0 
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2x - 3y = 18 


To find the slope and y-intercept we derive them from the formula of 
the general linear equation ax+by =c. Dividing by b and solving 
for y we obtain: 


a c 

Btyes 
c a. 
y°5- 


where aa = slope and 5 = y-intercept, 


To find the x-intercept, solve for x and let y = 0: 
c b 
wit iar od 
xa 
a 
In this form we have a= 2, b =-3, and c= 18, Thus, 


a 2 2 
slope =-F=-=3 5G 
y-intercept =< = = -6 


18 
3 
Hee 


x-intercept = ‘ = 


© PROBLEM 223 


The equation PF = 2 C + 32 relates the Fahrenheit and 


centigrade temperature scales. What do the numbers z 
and 32 represent? 


lution: An equation in the form y = mx + b is a linear 
equation with slope m and y-intercept b. Thus, with F = 
9/5 C + 32,32 is the y-intercept and 9/5 is the slope. 
That is, the number 32 tells us that when the centigrade 
thermometer reads 0, the Pahnrenheit thermometer reads 
32. The number 9/5 is the slope of the line we would 
obtain if we graphed our equation in an axis system in 
which centigrade temperatures are measured on the horiz- 
ontal axis and Pahrenheit temperatures are measured on 
the vertical axis; that is, the number 9/5 is the number 
of units of Fahrenheit temperature rise per unit of 
centigrade temperature rise. If a body’s temperature 
increases 1°, then it increases 9/5°F. If a body's 
temperature increases -10° (decreases 10°) c, then it 
increases 9/5({-10) °= -18°F. 


@ PROBLEM 224 


The slope and one point of a line are given. Is the Y-intercept 
positive or negative? 


(a) a= 2 ,a,m (b) m = /2, (1,1.414) 


Solution: #) The equation of a line is: y = mx +b, where m is the 
slope a b is the y-intercept. Given the slope m and one point of 
the line, the y-intercept b can be found. Thus it can be determined 
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whether the y-intercept b is positive or negative. For the line with 
slope m= 22/7 and which contains the point (1,™): 


y=mt+b 


n= 22a) +b 

nar a) 
Since " is approximately z, equation (1) becomes: 

22. 22 +b 


7 7 
Subtract 22/7 from both sides to obtain: 


Bo Rae 
Oo = b 


Hence, the y-intercept b is neither positive nor negative, since the 
y-intercept b=0 


b) For the line with slope m= J2 and which contains the point 
(1,1.414): 
you t+d 


1.414 = /2(1) +b 
1.414 = /2 +b (2) 
Since 2 is approximately 1.414, equation (2) becomes: 
1.414 = 1.414+b 
Subtract 1.414 from both sides to obtain: 
1.416 = 1.416 = 12s +b = 1S 
O=b 
Again, the y-intercept b is neither positive nor negative, since b = 0. 


Show that the slope of the segment joining (1,2) and (3,8) is 
@qual to the slope of the segment joining (4,11) and (8,23) 


Solution: The slope of the segment joining (1,2) and (3,8) is 


$i3 -§ «3. 
The slope of the segment joining (4,11) and (8,23) is 
23-11 (12. 3 
= 7 : 


Therefore, the slopes of the two segments are equal. 


FINDING EQUATIONS OF LINES 
© PROBLEM 226 


The two points P, (1,-2) and Pi (4,1) determine a line. What 


is the equation of the line? 


Solution: The slope of the line segment connecting the 
two points is 


dy , 2 ~ ¥2 . 1 - (-2) . 3 
=? i % > *y = zc. 


Now we know the slope and at least one point on the line, 
Therefore, let P{x,y) be any point on the line. Then the 
slope between the points P and Py (or, alternatively, be- 


tween P and Po) must be 1. Therefore, 


oe er Ga 


x- 1=y+2 = by cross multiplying 
y=x- 3 by solving for y. 


The required equation is y = x - 3. Note that both of the 
given points satisfy this equation. 


for P,(1,-2): for P,(4,1): 
y=x-3 y=x-3 
221-3 124-3 
-2 = -2 l=1. 


© PROBLEM 227 


Pind the equation for the line passing through (3,5) and 


(-1,2). 


Solution A: We use the two-point form with (x) +¥)) = (3,5) 
and (x5,y,) = (-1,2). Then 


Y2-~%1_ 2-5 -5_-3 
x > % =x 7 «thus i > =< 
Cross multiply, -4(y - 5) = -3(x - 3). 
Distributing, -4y + 20 = -3x + 9 

3x - 4y = -1l. 


Solution B: Does the same equation result if we let 
%¥,) = (1,2) and (xj,y2) = (3,5)? 


Y2 ~ ¥1 5-2 -2.3 
x >, 7- IT thus x ee 


Cross multiply, 4(y - 2) = 3(x + 1) 
3x - 4y = -ll. 
Hence, either replacement results in the same equation. 


@ PROBLEM 228 


Write the equation of the lines that contain the following points: 


(a) (1,2) and (3,4) (b) (-2,1) and (2,3) 


Solution: a) The equation of a line is: y = mx +b, where m= slope 
b = y-intercept. The slope, m, of any line can be found by using 
the equation: 


= ~ 27} : 
ae | 


where (*»%1) and (*°¥2) are two points. After the slope m is 


found, the y-intercept b can be found by substituting one point of the 
line and the value of the slope m into the equation of the line. Hence, 
for the line that contains the points (1,2) and (3,4) where (#71) = 


(1,2) and (3,4) = (2»¥2)' 
wm 42 
slope:m 721 
= 2/2 
=l1 
Using m= 1 and the point (1,2) to find the y-intercept b we have: 
y=mtb 
2#1(1) +b 
2=1+b 
1=b 
Therefore, the equation of the line that contains the points (1,2) and 
(3,4) is: 


y=lix+1 
or 
y=xt+l. 


b) For the line that contains the points (-2,1) and (2,3), where 
(x91) = 241) and (xpo¥g) = (2,3): 


Using m= 1/2 and the point (2,3) to find the y-intercept b we have: 
yuortbdb 
3=4(2) +b 


2 
3 atb 
3e1l+b 


b=2 
Therefore, the equation of the line that contains the points (-2,1) and 


(2,3) is: 


yodxs2. 
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@ PROBLEM 229 


Find the equation of the line which passes through the points 
(-3,1) and (7,11). 


Solution: The general equation for a line is y = mx +b, where a is 
the slope of the line and b is the y-intercept. Replacing (-3,1) 
and (7,11) for x and y in this equation, we obtain the equations 

1 = m(-3) + b, and 11 = m(7) + b; or: 


1 = -3m+b ql) 


and 
ll = 7m+b (2) 


Thus, we solve equations (1) and (2) for m and b. 
Subtracting equation (2) from (1): 


1 = -in+b 


- Gl = 7m +b) 
“10 = -10m 


m=1 
Replacing m by 1 im equation (1) we solve for b: 
1 = (-3)(1) +b 


l=-3+b 
b=4 


Hence the equation of the line passing through (~3,1) and (7,11) is 
y= (1)x+4 or y= xt, 


® PROBLEM 230 


(a) Find the equation of the line passing through (2,5) with slope 3, 


(b) Suppose a line passes through the y-axis at (0,b). How can we 
write the equation if the point-slope form is used? 


Solution: (a) In the point-slope form, let x, = 2, y= 5, and 


m= 3, The point-slope form of a line is: 
y-y, =@- x) 


y- 5 = 3(x - 2) 
y-5=3- 6 Distributive property 
y=3x-1 Transposition 

(b) y- bam (x - 0) 


yrom+b. 
@ PROBLEM 231 


Pind the equation of the line through (-1,2) and (3,1). 


Solution: The equation of a line is in the form y = mx + b, 
where m is the slope of the line, and b is the y-intercept. 
Given 2 points on a line, (x, -¥)) and (x4+¥5)+ we can deter- 


mine the slope of the line by means of the formula 
(¥2 - ¥:) 


mR ey 
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Therefore 1-2 -1 
vat OU kee 

[Observe that it makes no difference which point is consider- 
ed as (x, -¥,)-) 

To determine the y-intercept, we replace (x,y) by either of 


the given points, and m by -1/4 in the equation y = mx + b. 
Thus, using (-1,2) and solving for b: 


2=-}(-1) +b 
1 
2=7+b 
1 8 1 7 

Bee Ee agree Ss 
Therefore, the equation of the line through (-1,2) and (3,1) 
is 

yo-Gx+]. a) 


We may multiply both members by 4 to obtain an equivalent 
equation to equation (1): 


Distributing, ioe th (= ie i) 
4y =- lx +7 
4y e«-x+7 

Adding x to both sides of this equation: 
4y+xe-x+7+x or x + 4y= 7. 


What is the equation of the line through the point (3,5) 


whose slope is 2? 


Solution: Let P({x,y) be any point on this line other than 
r2)e sing the definition of slope we have 


a= aeEs$ 


2x -6="=y- 5 by cross-multiplying 
y= 2x -1 by solving for y. 


This equation is satisfied by the coordinates (3,5) and 
represents a line with a slope of 2. 


GRAPHING TECHNIQUES 
© PROBLEM 233 


Construct the graph of the function defined by y = 3x-9. 
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An equation of the form y = m + b is a linear 
equation; that is, the equation of a straight line. 


A straight line can be determined by two points. Let us 
choose the intercepts. The x-intercept lies on the x-axis 
and the y-intercept is on the y-axis. 


We find the intercepts by assigning 0 to x and solving 
for y and by assigning 0 to y and solving for x. It is 
helpful to have a third point. We find a third point by 
assigning 4 to x and solving for y. Thus we get the fol- 
lowing table of corresponding numbers: 


Solving for x to get the x-intercept: 
y = 3x-9 
y+9= 3x 


x= >? 


When y = 0, x = 2. 3. The three points are (0,-9), 
(4,3), and (3,0). Dr&w a line through them (see sketch). 


©@ PROBLEM 234 


Graph the constant function 2y = 4, 


Solution; First rewrite 2y = 4 in y-form, If 2y = 4, then y = 2, 
Hence, «= {(x,y): y = 2}. 


For all values of x, y is equal to 2, The graphof g iss 
straight line with slope © and y-intercept (0,2), 


@ PROBLEM 235 


Graph the function 3x 


Solution: Let y = 3x - 5; then assign values to x and compute the 
corresponding values of y, the results being conveniently arranged 
in a table. 


y = 3(2)-5 
=6-5 


y = 3(3) - 5 
=9-5 
=4 


The various points (x,y) are then plotted and joined by a smooth curve, 
which turns out to be a straight line. See the accompanying figure. 


Find the equation of the line passing through the points (2,5) and 
(6,2). Check the results graphically. 
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lution: The general equation for a line is y = mx +b, where = is 
the slope of the line and b the y-intercept. Replacing (2,5) and (6,2) 
for x and y in this equation we obtain 


5 = m(2) +b qa) 
and 

2 = m(6) +b (2) 
Thus, we solve 5 = 23 +b and 2= 6m +b for m and b: 
subtracting equation (2) from (1): 


5 = a+b 
- (2 = Gm + b) 


4 
Replacing m by 3 in equation (1) we solve for b: 
5 = ()@) +» 
S =< =& +b 


4 


6_ 20, 6_2 13 
baS4+9255+9"* 4°34 


Hence, the equation of the line passing through (2,5) and (6,2) is 


This result is shown graphically in the accompanying figure, 
@ PROBLEM 237 


Graph the function defined by 3x - 4y = 12. 


Solution: Solve for y: 3x - 4y = 12 


~4y = 12 - 3x 
“3+ ix 


y= ix - 3. 


The graph of this function is a straight line since it is 
of the form y = mx +b. The y-intercept is the point 
(0, -3) since for x = 0, y= b= -3. The x-intercept is 


“¢ 
a 
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the point (4, 0) since for y = 0, 
x= (y+ 3)+$= (0+ 3)*$= 4. These two points, (0,-3) 


and (4,0) are sufficient to determine the graph (see the 
figure). A third point, (8,3), satisfying the equation of 
the function is plotted as a partial check of the inter- 
cepts. Note that the slope of the line is m = i This 


means that y increases 3 units as x increases 4 units any- 
where along the line. © PROBLEM 238 


If £(x) = -2x - 5, find the (a) slope, (b) x-intercept, 


and (c) y-intercept. (d) Graph the function. 


solution: f(x) = mx + b is called a linear function where 
Mm an are constants. m is the slope of the line and b 

is the y~intercept of the line. In this case, f(x) = -2x - 5, 
m= -2 and b= -5. Therefore, 


(a) slope: m= -2 


The x-intercept is located on the x-axis where f(x) = 
= 0. Then we solve for x. 


£(x) =m +b=0 


mx = -b 
x= 2 = x-intercept 
Hence, 
- ¢ xb — = =5 = 5 =5 
(b) x-intercept: = = at 


{c) y-intercept: b = -5 


({d) We can graph the function by locating the points 
where the graph crosses the y-axis, (0, -5), and 


the x-axis, G. 0). Recall again that (0,b) is 
the y-intercept and that =>, 0) is the x-intercept. 


© PROBLEM 239 


Graph the function y = 9 - > 


Solution: Writing the function as y = wx + 9, we see that 
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it is a straight line since it is of the form y = mx + b. 
The y-intercept of the graph is (0,b), i.e., (0,9). The 


slope ot the line is m = +. This means that y decreases 


1 unit as x increases 2 units anywhere along the line. To 
see this, choose even values ot x in the interval 
0 <x < 10. Determine the ordered pairs listed in the fol- 


lowing table using the equation y = 9 - a 


x 0 2 4 6 8 10 
y 9 8 7 6 5 4 


Plotting these points, as illustrated in the figure, the 
graph is a straight line passing through the first, second 
and fourth quadrants. Although we have plotted a limited 
number of points, the coordinates of each point on the line 


will satisfy the equation y = 9 - 5 and, conversely, each 


ordered pair which satisfies the equation will determine 
a point on the line. 


@ PROBLEM 240 


Write the equation in slope-intercept form; specify the 
slope and the y-intercept of the line. Sketch the graph 
of the equation. 


2x - 3y = 5 


{0,-S/3 


i The equation y = mx + b is the slope-intercept 
orm of a line in which m is the slope of the line and b is 
the y-intercept of the line. If the given equation is 
solved for y, then the slope-intercept form of a line will 
be obtained. Thus, adding 3y to both sides of the given 
equation: 
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2x - BY + B¥ = 5 + 3y 
2x = 5 + 3y 
Subtracting 5 from both sides of this equation: 


2x -5= 3+ 3y - 3 
2x - 5 = By 


Dividing both sides by 3: 


ee 


2x - 5 
a eld | 


2 5 
aie Chale J y = $x- F (1) 


or 
Equation (1) is an equation in the slope-intercept form of 
a line. Comparing equation (1) with the slope-intercept 


form, y = mx + b, slope = m3 and y - intercept = b = - :. 
To graph this equation it is sufficient to find one more 

point besides the y - intercept @, - $) which lies on the 
line (since two points determine a line). We can find the 


x - intercept by solving for x in the given equation, and 
use this as our second point on the line. Thus, 


2x - 3y = 5 
2x = 3y + 5 
x= 3y+ 5 
and 5 is the x - intercept. Thus, the point G: 9) is 


on the line (see figure). 


@ PROBLEM 241 
The following table was constructed by reading the coordin- 
ates of selected points on a graphed line. Determine the 
equation of the line. 


x =2 -1 


y 5 3 


The equation of the line is of the form y = mx + b 
where m represents the slope and b represents the y~intercept. 
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Por each interval in the table, as x increases 1 unit, y de- 
creases 2 units. Therefore, the slope of the line connecting 


these points is m = ek ~ f = -2, The y-intercept is given 


as (0,1) since for x = 0, y = 1 as given in the table. The 
required equation is one which represents a straight line 
with a slope of -2 and y-intercept of 1, that is, 

y = -2x +1. It can be verified that each listed ordered 
pair will satisfy this equation. © PROBLEM 242 


Use the intercept form to graph 3x + 4y = 12. 


y 
4 
(0,3) 
(4,0) 
4 
Solution: To find the x intercept substitute y= 0 in the 
expression and solve for x. 
3x+O0212 
3x = 12 
x=4 


The x intercept is (4,0). 


Find the y intercept by substituting x= 0 in the expression and 
solve for y. 


0+ 4y= 12 
4y = 12 
y=3 
The y intercept is (0,3). 


Locate the points (4,0) and (0, 2 and join them with the re- 
juired straight line. See the re. 
bs 7 - © PROBLEM 243 


a) Find the zeros of the function f if f(x) = 3x - 5. 
b) Sketch the graph of the equation y = 3x - 5. 
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Sedubion: a) The zeros of a function are the numbers for 
ich the value of the function is 0. Therefore, let 
f(x) = 3x - 5 = 0. Solving this equation: 


3x -5= 0 
Add 5 to both sides of this equation. 
3x -5+5=0+5 
3x = 5 
Divide both sides of this equation by 3. 


= a 
KJ 
x= ¥ 
This number is the only zero of f (see the graph of f in 
the figure). 


b) Note that the equation of a line is: y = mx +b 
where m is the slope of the line and b is the y-intercept. 
Since the given equation is in this form, the graph is a 
line. It is only necessary to find two points of the graph 
in order to draw it. Let x = 1. Then f(x) = £(1) = 
= 3(1) - 5 = 3-5 = -2, Hence, one point is (1,-2). Let 
x= 2, Then f(x) = £(2) = 3(2) -5=6-52= 1. There- 
fore, (2,1) is the other point. These two points deter- 
mine the straight line shown in the figure. 


@ PROBLEM 244 


Di ss the graph of the function y = -3x + 4, 


: The graph is a straight line since it is of the 
orm y = mx + b. The line intersects the y-axis at the 
point (0,4). That is, when x = 0 then y = 4. The y- 
intercept in this example corresponds to b = 4, The slope 
of the line is m= -3. This means that y decreases 3 units 
as x increases 1 unit, anywhere along the line. 


@ PROBLEM 245 


Are the following points on the graph of the equation 3x-2y=0? 


(a) point (2,3)? (b) point (3,2)? (c) point (4,6)? 


The point (a,b) lies on the graph of the equation 
x - 2y = 0 if replacement of x and y by a and b, respective- 
ly, in the given equation results in an equation which is true. 
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(a) Replacing (x,y) by (2,3): 


3x - 2y =0 
3(2) - 2(3) = 0 
6-6 =0 


0 =0, which is true. 
Therefore (2,3) is a point on the graph. 


(b) Replacing (x,y) by (3,2): 


3x - 2y =0 
3(3) - 2(2) = 0 
9-4 #0 


5 #0, which is not true. 
Therefore (3,2) is not a point on the graph. 


(c) Replacing (x,y) by (4,6): 


3x - 2y = 0 
3(4) - 2(6) = 0 
12-12 =0 


0 =0, which is true. 
Therefore (4,6) is a point on the graph. 


This problem may also be solved geometrically as follows: 
draw the graph of the line 3x - 2y = 0 on the coordinate 
axes. This can be done by solving for y: 


3x - 2y =0 
- 2y =- 3x 
y = = x= a Xe 
and plotting the points shown in the following table: 


(See accompanying figure.) 
Observe that we obtain the same result as in our 


algebraic solution. The points (2,3) and (4,6) lie on the 
line 3x - 2y = 0, whereas (3,2) does not. 


© PROBLEM 246 


Show that the graphs of 3x - y = 9 and 6x - 2y + 9 = O are 


parallel lines. 


Selutions If the slopes of two lines are equal, the lines 
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are parallel. Thus we must show that the two slopes are 
equal. In standard form the equation of a line is y = mx +b, 
where m is the slope. 

Putting 3x - y = 9 in standard forn, 


-y = 9 - 3x 
y=-9 + 3x 
y=3x- 93. 


Thus the slope of the first line is 3. Putting 
6x - 2y + 9 = 0 in standard form, 


-2y + 9 = -6x 


-2y = -6x - 9 
y= 3x + 3 

Thus the slope of this line is also 3. The slopes are equal. 
Hence, the lines are parallel. 

To graph these equations pick values of x and sub- 
stitute them into the equation to determine the correspond- 
ing values of y. Thus we obtain the following tables of 
values. Notice we need only two points to plot a line (2 
points determine a line). 

6x - 2y+9=0 3x -y=9 


y= 3x + 5 y= 3x-9 


Ea 
TH] Gee 


(See accompanying figure) 
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@ PROBLEM 247 


Determine whether there is a point of intersection of the 
graphs of 2x - 3y = 5 and 6x - Sy = 10. 


Geometric discussion. Rewriting the given 
near equations in standard form, y = mx + b, the slope, 
m, can be read directly. 


2x - 3y = 5 6x - 9y = 10 
- 3y = 5 - 2x - Sy = 10 = 6x 
2 5 6 10 
¥° 3-3 ee tam 
2 6 2 
a3 peta Heats | 


Recall that if the slope, m, of two lines are equal, the 
lines are parallel. This can be seen in the figure. 

The graph of the first equation is the line AB through 
the point (1, -1) with slope 3, and the graph of the 
second equation is the line CD through the point 2,22), 
with slope 3. The lines are parallel, hence there is no 
point of intersection and the equations are inconsistent. 

Algebraic discussion. If the members of the first 
equation are multiplied by 3, and if the members of the 
resulting equation are subtracted from the corresponding 
members of the second equation, we obtain 

3(2x - 3y) = 3(5) 

6x - 9y = 15 


Then, 6x - 9y = 


10 
15) 


-(6x - Sy = 


Oo= 


The steps that were taken 
that the given equations had a 


-5, which is impossible. 


were based on the assumption 
solution. The fact that an 


impossible conclusion results proves that the assumption 


was false. 


In other words, the two equations have no com- 


mon solution, and are therefore inconsistent. 
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@ PROBLEM 248 


Find the point of intersection of the gr: 


and 9x - 3y = 15. 


Solution; (1) 3x-y = 5 
(2) 9x = 3y = 15 


Divide the second equation by 3 to obtain: 
(Q) 3e-y=5 


Thus any pair of values (x,y) which satisfies the first equation also 
satisfies the second equation. Hence the same straight line is the 
graph of both equations. It follows that there is no unique solution, 
but rather that every point on the common line is a solution. The two 
equations are dependent. 

To solve the pair of dependent equations algebraically it is sufficient 
to assign an arbitrary value to x (or y), and then to solve for y 

(or x) in either equation. 


3x -y=5 
“y= 5- 3x Add -3x to both sides, 
yo 3x-5 Multiply by -1l. 


To graph this equation, choose values of x and obtain their correspond- 
ing values of y from y = 3x - 5. The following table is constructed, 


We then plot the points found in the table and draw a smooth curve 
(which turns out to be a straight line) through them. 


© PROBLEM 249 


Sketch the graph of the function H = {(x,H(x))|H(x) = 6). 


Solution: H(x) = 6 can be expressed in the form H(x) = m + b, for 
in this particular example m= 0; hence H(x) = 6 can be vritten as 
H(x) = O-x + 6. From this, regardless of the choice of a value for x, 
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H(x) 


b,s{al2 real numbers) 


R,=(6} 


the corresponding value for H(x) will be 6. When there is no domain 
set given, it is taken to be the largest subset of the real numbers for 
which the corresponding H(x) value is aleo real. Hence the domain of 
H is {all real numbers} and the range is {6}. The graph of H is a@ 
horizontal line, i.e., has slope=m*=0 and H-intercept = b = 6, 

The graph is sketched in the figure. 


©@ PROBLEM 250 


Given the function f defined by the equation 


y= ty) = tt, @ 


where the domain (and the range) of f{ is the set R of all real 


Find the equation x =g(y) = £"(x) that defines £7 . 


Show that 2 ¢(t(x)) =x. 
Show that t(¢2(x)) = y. 


3x_+ 4 
H——y=f(x)= 5 


(-2,-2/5) 


x=gly) <A 


ane (a) The definition of a function f~ is a set of ordered 
pairs (x,y) where 

1) x 1s an element of a set X 

2) y is an element of a set Y, and 

3) no two pairs in f have the same first element. 
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By definition, f£ is the infinite set of ordered pairs 


{(. 3x_+ =), € x}, 


which includes (0;4/5) i? 2) (7, (7.5) 1{22,8) 78). (-3.-1), ¢ etc, Furthermore, 
no two ordered pairs ha » That is, a each 
element of X a unique th re Y *Y is pd St gg ae example, if 
x = 0, we obtain only one y value,4/5. 

We construct the following table to calculate the x and correspon- 
ding y values. Note that x is the independent variable and y is 
the dependent variable. 


the accompanying figure, which shows the ¢ of the function f 
(snscn is also the graph of the equation y = —): We can say that 


f carries (or maps) any real number x into the number sl 


fi: x7 = : : . 
Now to find the inverse function, we sust find a function which takes 
each element of the original set Y and relates it to a unique value 
of X. There cannot be two values of X for a given value of Y in 
rder for the inverse function to exist. That is, if this is true: 
(x,:) and (x7); then there is no f™“, 


To find x = g(y), we solve for x in terms of y. 


Given: y= ax $ 4 

Multiply both sides by 5, 
Sy = 3x +4 

Subtract 4 from both sides, 
Sy -4= 3x 


Divide by 3 and solve for x, 


xe Bote tw e-em. 


Choose y values and find their corresponding x-values, as shown in 
the following table. Note that y is the independent variable and x 
is the dependent variable. 
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See graph. Since there is only one value of x for each value of x, 
this equation defines the inverse function f~ The graph of fl is 
the image of the graph of f in the mirror y = x, 


(b) Given f(x) = ait =y. 


Then perform the operation of ie on y= f(x) where 
tl = ait . That is, substitute for y: 2 ; ss 
s(+ + ii wie “4 15x + 20 


rX(tw)«¢ (eit + Sr . : 


15x + 20 - 20 


-4 


=x, or 


3x +4 


t (eq) - S—4 pas oe =x 


(c) We now perform the operation of f on tha. Substitute 


for t 4 (x): ae x. Note f(x) = 2=+4 
CAz-+) « 


3 
(27 (x) « (2254) a 
- Set SY y = £(x) 


Comment. Since f = {(. 3x + x4), this function f£ may be thought 


of as a sequence of directions listing the operations that must be per- 


formed on x to get +8, These operations are, in order: take 


any number x, multiply it by 3, add 4, and then divide by 5. The 
inverse function 


-1 -4 
= {¢. 2} 
tells us to multiply by 5, subtract 4, and then divide by 3. This 
"undoes," rj reverse order, the operations performed by f. The 


function i could be called “the undoing function” because it undoes 
what the function f has done. 
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CHAPTER 12 


LINEAR INEQUALITIES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 153 to 
176 for step-by-step solutions to problems. 


There is a wide variety of techniques for solving different kinds of inequali- 
ties. The most basic technique is the use of the properties of inequality. The 
properties can be summarized by saying that, except in two cases, if a certain 
inequality originally exists between two quantities and the both quantities are 
changed in the same way (by one of the four fundamental operations), then the 
same kind of inequality exists between the resulting quantities. The two excep- 
tions are that whenever you multiply or divide both sides of an inequality by the 
same negative number, the direction of the inequality is reversed. An example of 
applying the basic technique is as follows: 


-3x+5>-7 
-3x+5+(-5) > -7+(-5) 
-3x > -12 


-3xK(- 3) < -12/(-3) 
x<4 


The procedure for graphing inequalities involving one variable includes the 
following steps: 


(1) Solve the inequality as shown in the above example. 


(2) If the equation is of the form x < a, draw a number line and draw the 
endpoint a as an open circle to show that it is not a part of the graph. 


(3) Draw asolid tine from the open circle to the left to show the numbers 
included in the graph. 


If the form of the solution is x > a, then a solid line is drawn from the open 
circle to the right. If the form of the solution of the inequality is x < a or x = a, then 
the only change from the above procedure is a closed or solid circle in the 
respective graphs. 
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The procedure for graphing a compound inequality, that is, two inequalities 
connected by “and” and “or,” begins by graphing each inequality separately. If 
the two inequalities are connected by the word “or,” then we graph the union of 
all points on either graph on a real number line. If the two inequalities are 
connected by the word “and,” then we graph their intersection, or the parts they 
have in common, on a real number line. 


The procedure for graphing a linear inequality in two variables involves the 
following steps: 


(1) Replace the inequality symbol with an equal sign. The resulting 
equality represents the boundary for the solution set. 


(2) Graph the boundary found in Step 1 using a solid line if the boundary 
is included in the solution set (that is, if the original inequality symbol 
was either < or =). Use a broken line to graph the boundary if it is not 
included in the solution set. (It is not included if the original inequality 
was either < or >.) 


(3) Choose any convenient point not on the boundary and substitute the 
coordinates into the original inequality. If the resulting statement is 
true, the graph (shaded) lies on the same side of the boundary as the 
chosen point. If the resulting statement is false, the graph (shaded) lies 
on the opposite side of the boundary. 


To solve an inequality that involves absolute value, one first isolates the 
absolute value on the left side of the inequality symbol. Then, rewrites the abso- 
lute value inequality as an equivalent continued or compound inequality that does 
not contain absolute value symbols. In general, if a is a positive number, then | x | 
<a is equivalent to - a <x <a and |x| > a@ is equivalent toa <-xorx >a. 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Linear Inequalities” 


SOLVING INEQUALITIES AND GRAPHING 
@ PROBLEM 251 


Solve the inequality 2x +5> 9. 


Solution: 2x + 5+ (-5) >9+ (-5) . Adding -5 to both sides. 


2x +0>9+ (-5) Additive inverse property 

2x > 9 + (-5) Additive identity property 
2x >4 Combining terms 

(2x) > & + 4 Multiplying both sides by 4. 
x>2 


The solution set is 
XK = {xlax +5 > 9} 


= {x|x > 2} 
{that is all x, such that x is greater than 2). 


® PROBLEM 252 


Determine the values of x for which 3x + 2 < 0. 


SEE We may add - 2 to both members, to give 
x <= 2, We may then multply both sides of the in- 


equality by 1/3; hence x < - 2/3, which is the solution. 
In other words, the solution consists of the set of all 
numbers which are less than - 2/3, and can be expressed 


in solution set notation: {x : x < - 2/3} , (meaning 
the set of all x such that x is less than - 2/3). 


@ PROBLEM 253 
Solve the inequality 2x - 5 > 3. 


Solution: 2x - 5 > 3 Given 


Add 5 to both sides of the given inequality. 
2x -5+5>3+5 
Therefore: 2x > 8 (1), 
Divide both sides of inequality (1) by 2. Dividing 


both sides of an inequality by a positive number does not 
change the direction of the inequality. 
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Therefore: x > 4, and x is any real number greater than 4, 
@ PROBLEM 254 


Solve 4- 5x < - 3. 


Solution; 4-5x<-3 (1) 
Subtract 4 from both sides of inequality (1), 
4-5x-4<-+3-4 
Therefore: - 5x < - 7 (2) 
Divide both sides of inequality (2) by - 5. 
Dividing both sides of an inequality by a negative 
number changes the direction of the inequality. 


a: ef 
Ts S 


Therefore: x > 4 ° 
Hence,x is any real number greater than — . 


@ PROBLEM 255 


Solve the inequality 


Solution: ee +6< 2 (1) 


Subtract 6 from both sides of inequality (1), 
1 
>z* + 6-6< 2-6 


Therefore: — <-4 (2), 


Multiply both sides of inequality (2) by 3. 
Multiplying both sides of an inequality by a positive 
number does not change the direction of the inequality. 


3{4-| < 3(- 4) 


Therefore: x < - 12 and x is any real number less than 
- 12. 


@ PROBLEM 256 


Illustrate one (a) conditional inequality, (b) identity, 
and (c) inconsistent inequality. 


ae (a) A conditional inequality is an inequality 
validity depends on the values of the variables in 
the sentence. That is, certain values of the variables will 
make the sentence true, and others will make it false. 
3 -y > 3 + y is a conditional inequality for the set of 
real numbers, since it is true for any replacement less 
than zero and false for all others. 
(b) x +5 > x + 2 is an identity for the set of 
real numbers, since for any real valued x, the expression 
on the left is greater than the expression on the right. 
(c) Sy < 2y + y is inconsistent for the set of non- 
negative real numbers. For any x greater than 0 the sen- 
tence is always false. A sentence is inconsistent if it is 
always false when its variables assume allowable values. 


@ PROBLEM 257 


Solve the inequality 4x + 3 < 6x + 8. 


3 In order to solve the inequality 4x + 3 
< 6x + 8, we must find all values of x which make it 


true. Thus, we wish to obtain x alone on one side of the 
inequality. 


Add - 3 to both sides: 


4x +3 < 6x + 8 


4x < 6x +5 
- 6x - 6x 
-2x< 5 


In order to obtain x alone we must divide both sides 
by (- 2). Recall that dividing an inequality by a nega- 
tive number reverses the inequality sign, hence 


= 2x , _5 


Cancelling a we obtain, x > - 5 
Thus, our solution is (x : x> - 3) (the set of 


all x such that x is greater than - 3) 
@ PROBLEM 258 


Solve the inequality 4x - 5 2- 6x + 5. 


aAsEAaaRAEAAERANRE TE Uiseinasiiniiadiahiniaael 


{x|x>1}=[1,°) 


Solution: To solve this compound statement we solve for x as follows: 


Adding 5 to both sides of the given inequality we have: 
4x 2 -6x + 10 

Adding 6x to both sides: 10x 2 10 

Multiplying both sides by i : x21 


Therefore 5 = {x|x 21) 


The region representing this set on the number line is shown in the 
diagram. 
You should note that the bracket in the graph includes the point 1. 


Find the solution set of inequality 5x - 9 > 2x + 3. 


4 -3-2520123456769 


3. To find the solution set of the inequality 
5x - 9 > 2x + 3, we wish to obtain an equivalent in- 
equality in which each term in one member involves x, 
and each term in the other member is a constant. Thus, 
if we add (- 2x) to both members, only one side of the 
inequality will have an x term: 


5x - 9 + (= 2x) > 2x +3 + (- 2x) 
5x + (-2x) - 9 > 2x + (- 2x) + 3 
3x - 9 > 3 
Now, adding 9 to both sides of the inequality we obtain, 
3x-9+9>3+9 
3x > 12 
Dividing both sides by 3, we arrive at x > 4. 


Hence the solution set is {x|x > 4}, and is pictured 
in the accompanyi figure. 
aa a eat © PROBLEM 260 


Solve 3(x + 2) < Sx. 


eae. - 


4-3-2-10123 465 6 


Solution; 3(x + 2) < Sx Given 
3x +6 < Sx Distributive property 
-2x < <6 Transposition (adding (-6) 


and (-5x) to both sides of the 
inequality and simplifying) 
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x>3 Multiplicative property (multi- 

ply both members of the previous 
inequality by -&). Note that 
multiplying both sides of an 
inequality by a negative number 
changes the sense of the in- 
equality. 

The solution set is [x: x > 3} (see figure). 

The unshaded circle above 3 on the number line indicates that x = 3 

is not included in the solution set. 


@ PROBLEM 261 
Solve 2(x+1) <4, 


—$-3-2-1012345 6 


Solution: 2(x+1)<4 Given 
2x+2<4 Distributive property 
2x<2 Additive property (with -2) 
x<l 


Multiplicative property (with }) 


The solution set of 2(x+1)<4 is {x:x<1]}. The graph of the 
solution set can be seen in the accompanying figure. 


The solution set of x< 1 is equal to the solution set of 2(x +1) <4 
because the inequalities are equivalent. We have solved an inequality 
when we know its solution set. © PROBLEM 262 


Solve -3(x - 5) >x+7. 


5 


3-2-10123 45 6 


-4 


Solution: <-3(x - 5) >x+7 Given 
-3x+15>x+7 a(b - c) = ab - ac, Distributive 
Law 
-4x > -8 Subtracting 15 and x from both 
members of the inequality, 
Transposition 
x<2 Multiplying both members of the 


inequality by -k, Multiplicative Property. Note that multiplying both 


members of an inequality by a negative number changes the sense of the 
inequality. 


The solution set is {x: x <2} and the graph can be seen in the 
accompanying figure. 


The unshaded circle above 2 on the number line indicates that 
x= 2 is not included in the solution set. 


Solve the inequality 3x - 4 < 5x + 7. 


Solution: By subtracting 3x from both sides of the 
Given inequality, we obtain the equivalent inequality 
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-7 6-5 -4-3-2-19 12345 6 
- 4 < 2x + 7. Now we subtract 7 from both sides, and 
we obtain the equivalent inequality - 11 < 2x. Finally, 


we divide by the positive number 2, and we have - 11/2 
< x. Thus, our solution set consists of all points 


greater than ok, {x : x > a4 as pictured in the 


i fi . 
accompanying figure P am 804 


Solve the inequality -5(x - 1) 2 3({x - 3). 
-4 -3 -2 sees 22.3 


Solution: -5x + 5>3x - 9 Distributing 

-5x + 5 +(-5)> 3x - 9 + (-5) Adding (-5) to both sides 
~5x2 3x - 9 +(-5) Additive inverse property 
-5x 23x - 14 Combining terms 


~5x + (-3x) 23x = 14 + (-3x) Adding (-3x) to both sides 
“5x + (-3x)2-14 + 3x + (-3x) Commuting 


<5x + (=3x)2— 14 Additive inverse property 
~8x2- 14 Simplifying 
C4hX-80<¢ -14)(-4) multiplying both sides by -£ 


Notice that multiplying by a negative number reverses the inequality, 
that is it goes from greater than and equal to, to less than and equal 


to. 
xs 4 
Reducing to lowest terms x <i 


The solution set is 
X= (x]-5(x - 1) 2 3(x - 3)) 


- (ee <3}, 


that is, all x such that X is less than or equal to Z . The 
solution is pictured above. 


@ PROBLEM 265 


vr 


-8 -7 6 -5 -4-3-2-1 9 1 2 
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+ We can eliminate the fractional coefficients by mltiplying 
both members of the inequality by the least common denominator of the 
fractions. Multiplying by 12, we have 


2x - 36 < 9x + 6. 


Isolating the constant terms on the left side of the inequality sign 
and the x-terms on the right side by transposition, we have: 


-36-6< %- 2x. 
Then simplifying: 
-42 < ?x. 


Dividing both members of this inequality by 7 yields: 
-6<x 


Hence, the solution set is {x: x > -6} and the graph is shown in 
the accompanying figure. 

The unshaded circle above -6 on the number line indicates that x = -6 
is not included in the solution set. 


© PROBLEM 266 


Solve 1[2« = 1] > 2(x - 6) 


Solution: {4x - 1] > 2(x - 6) (1) 
14 


= x- 7 > 2x - 12 (2) Distributive Property 


Subtract 2x from both sides of inequality (2). 
jn - 7 2x > 2x - 12 - 2x 


Therefore: x -7>-12 (3). 
Add 7 to both sides of inequality (3), 


xn -747>-12+7 


Therefore: tx >- 5 (4), 


Multiply both sides of inequality (4) by —-. 
Multiplying both sides of an inequality by a positive 


number does not change the direction of the inequality. 
Therefore: 


[44] > Ge- 7 ana x > - 4p. 
Hence, x is any real number greater than - AB. 


@ PROBLEM 267 


j Solve the inequality | 
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Key -3 -2 -1 4 123 4 


WLLL x>l 
x<4 


OOUADHHHgHggssss 


3 4 t 1 ; : 4 


Sglution:; Since the fraction = T >z + that is, since the fraction 
sy is greater than 0, x -1 must be positive. Hence, x - 1 >0. 
If both sides of the given equation are multiplied by 3(x - 1), then: 
1 1 
3@-D Say 7 3G - (3) 
3>x-l1. 
Note that multiplying both sides of an inequality by a positive number 
(in this case, 3(x - 1)) does not change the sign of the inequality. 
Now we have the double restrictions 


x-17>0 and 3>x-1 


and the solution set is the intersection of the solution sets of these 
two inequalities. Solving each of the two inequalities, we find that 


x>l and x«<4 


The solution set is the intersection of the two inequalities, as can be 


seen on a number line (see diagrams). The intersection of these two 
inequalities is the set 1 <x <4, Hence, the solution set is: 


X= {xlt <x <4] 
(The endpoints X= 1 and X= 4 are not included in the solution set). 


Solve the inequality 
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ee The inequality is meaningless for x = 2 because when x = 2 
t nominator of the left member is 0, making the fraction undefined. 
If x>2,x-2 is positive (since x >2 is equivalent to 
x - 2 > 0), and multiplication of the given inequality by x -2 yields 

4 < 2(x - 2) 
4<2x-4 
8 < 2x 
4<x 
x>4, 
Thus, the solution is the intersection of x>2 and x>4, x >27 
x > 4, which is {x|x > 4}. 
If x<2,x- 2 is negative (since x <2 is equivalent to 
x - 2< 0), and multiplication by x - 2 yields 
4 > 2(x - 2) 


because multiplication by a negative number reverses an inequality. 
Distributing, 4>2x-+4 


Adding 4 to both sides, 
8 > 2x 


Dividing both sides by 2, 
4>x, or x<4, 


Thus the solution is the intersection of x<2 and x <4, 
x<2N x <4, which is 
{x|x <2). Hence 


<2 


x-2 

if x<2 orif x>4. 

A graphical solution of the problem (see diagram) can be obtained 
by sketching the equilateral hyperbola y = 4/(x - 2) and the line 
y = 2. The hyperbola may be sketched from its vertical asymptote 
x = 2, its horizontal asymptote y = 0, its intercepts x = 0, y = -2, 
and a few other points obtained by substitution and symmetry. It is 
then possible to observe the values of x for which the hyperbola is 
below the line, namely, 

x<2 and x>4, 


The same diagram also shows that (4/(x - 2)]>2 for 2<x<4, 
© PROBLEM 269 


Find the solution set of the disjunction 


2-3x>5S or &-1>5, 


“3-2-1 0123 45 67 
Solution: A disjunction is a compound sentence using the connective 
Tor’. The union of the solution sets of the two sentences comprising 
the compound sentence is the solution set of the disjunction. For 
this problem the solution set is 


{x: 2- 3x >5} U {x: 2-1 >5} 


We solve each inequality independently and find the union of their 
solution set; 


2-3x >5 or 2-175 
“3x >3 or 2x >6 
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Solving for x, we divide both members of the inequality by a negative 
number (-3), Therefore the direction of the inequality is reversed. 


x<-l or x>3 


The solution set of 2- 3x >S or 2x-1>5 is shown on the graph, 
The unshaded circles above -1 and 3 on the number line 
indicate that these values are not included in the solution set. 


Compound sentences can also be formed by connecting two sentences with 
the word ‘and’ A compound sentence using the connective and is 
called s conjunction. The solution set of a conjunction is the set of 
replacements that are common to the solution sets of the sentences 
making-up the conjunction (their intersection). We may write the 
solution set as: 

{x: x >a} MN {x: x <b} = (x: a<x <b}, 


@ PROBLEM 270 


Pind the solution set of the conjunction 


+1>3 and x>2x-6 


3-292 01234567? 


a The solution set must be such that x satisfies both in- 
os simultaneously. The solution set of the conjunction is 


fx: fe +1 >3) 9 {x: x > 2m - 6} 
we+1l>3 and x>2x-6 
we>2 and -x>-6 
xz>4 and x <6 
(multiplying by negative 1 reverses the inequality). 
Note: if x= 4 the sentence 3x +1>3 becomes false, i.c., 
#4) +1=23>3 false 
and if x= 6 the sentence x > 2x - 6 becomes false 
also (6 > 2(6) -6=6 false). 


Therefore the solution set cannot include these two points, and 

the values of x which make both sentences true simultaneously are 
the inequalities x greater than but not equal to 4 and less 
than but not equal to 6, That is {x: 4 <x <6], (See the number 
line). 


© PROBLEM 271 


If 1 <a, show that a . 


Salution: We are given a>1, and we know 1>0, thus using 

the transitive property (if x>y and y>z, then x>z) we con- 
clude a>o. Since a is positive we may multiply both sides 

of the inequality ka by a to obtain an equivalent inequality, 


l+atca-ra 


aca’ 
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Thus we have shown if, 
l<a,aca?, 
@ PROBLEM 272 


Show thet if 0<a<1, then a’ <a, 


Solution; The relation 0<a<1 means that a>0O and a<l, 
Thus a is positive and less than one. Since a is positive we may 
multiply both sides of the inequality, a<1, by a. 


a(a) < a(1) 
hence a <a. 


'o visualize this concept pick a number between 0 and 1. If we choose 
» then 2 
O<4<1, and (4)? <4 or E<4). 


© PROBLEM 273 


Prove that if a > b > 0, then 


1 
a< pb 


3 Since a and b are both positive (given), ab is 
positive because the product of two positive numbers is 
always positive. Now, since ab > 0,we may divide both sides 
of a > b by ab to obtain 


a,b 
ab ~ ab’ 
Cancelling like terms in numerator and denominator, 
b> % 
which is equivalent to i< E To complete the proof, the 


student should check that the steps are reversible, as 
follows: 


Check. # > i. Multiply both sides of the inequality by the 


least common denominator obtained by multiplying the two 
denominators together. 


> Beard. 


@ PROBLEM 274 


Under what conditions does the inequality l/a <1/b imply that 
b <a? 


3 If ab > 0, we may multiply both sides of the first inequality 


Solution: 
by ab to obtain «(2) = = ¢) or besa, 
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whereas if ab < 0, such multiplication produces the reverse inequality 
ab, Therefore, the inequality 1/a < 1/b implies that b <a pro- 
vided that ab > 0. We don't have to consider the case ab = 0 because 
if ab=0, either a=0 or b = 0, which would mean that one side of 
our original inequality 1/a = 1/b would be undefined (as it would be 
in the form 1/0). 


© PROBLEM 275 


Solve the inequality x - 35 2 


Solution; Je- as2- a +1 Given 
x- 354-4 41+x4+1 Squaring 
-8< -4 +1 Transposing and simpli- 
fying 
2241 Dividing by -4, 


Note that dividing both sides of an inequality by a negative number 
changes the sense of the inequality. 


42x+1 Squaring 
32xo0rxs3 Solving for x 


Check: If x= 3, /3-3=2-,j3+1. 

If x >3, the left member, /e - 3, is positive, but the right 
member, 2- Jx +1, is negative. Hence, the inequality is not satisfied. 
Nor is the inequality satisfied if x < 3, for in this case the left 
member is not a real number. Hence, the solution set is {3}. 

If the inequality were a strict inequality, the solution set would be 
the nuli set, If the left member is to be a real number, it must be 
positive and x must be greater than 3, but in this case the right 


member must be negative. However, it is impossible for a positive 
number to be less than a negative number, 


@ PROBLEM 276 


What is the set {x < -2}/M {x > 3]? 


a) Or 
2 4 
$-4-3-2-10 12345 


Solution; An element belongs to the intersection of two sets,if, and 
only if, ic belongs to both of them. Thus, in order for a number to 
belong to our intersection, it would have to be both less than -2 
and greater than 3. There is no such number, so the intersection is 
the empty set; that is, 


ix<-2}N {x>3)=9. 


This can be seen from the accompanying number line representation, 
which illustrates that the two graphs have no points in common, 


INEQUALITIES WITH TWO VARIABLES 
© PROBLEM 277 


Solve 2x ~- 3y 2 6 
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aK 


Og 


Solutions | The statement 2x - 3y 2 6 means 2x - 3y is 
greater than or equal to 6. Symbolically, we have 
2x - 3y > 6 or 2x - 3y = 6. Consider the corresponding 
equality and graph 2x - 3y = 6. To find the x-intercept, 
set y= 0 
2x - 3y = 6 
2x - 3(0) = 6 
2x = 6 
x= 3 
{3,0} is the x-intercept. 


To find the y-intercept, set x=0 


2x - 3y = 6 
2(0) - 3y = 6 
-3y = 6 

y= -2 


{0,-2} is the y-intercept. 


A line is determined by two points. Therefore draw 
a straight line through the two intercepts {3,0} and 
{0,-2}. Since the inequality is mixed, a solid line is 
drawn through the intercepts. This line represents the 
part of the statement 2x - 3y = 6. 


We must now determine the region for which the 
inequality 2x - 3y > 6 holds. 


Choose two points to decide on which side of the line 
the region x - 3y > 6 lies. We shall try the points 
(0,0) and (5,1). 


For (0,0) For (5,1) 
2x - 3y > 6 2x - 3y > 6 
2(0) - 3(0) > 6 2(5) - 3(1) > 6 
0-0>6 10-3>6 
0>6 7>6 

False True 


.The inequality, 2x - 3y > 6, holds true for the point 
(5,1). We shade this region of the xy-plane. That is, 
OH pen lying below the line 2x - 3y = 6 and containing 

rl). 
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Therefore, the solution contains the solid line, 
2x - 3y = 6, and the part of the plane below this line 
for which the statement 2x - 3y > 6 holds. 


© PROBLEM 278 


Solve the inequality x + 2y > 6 for y in terms of x and 
draw its graph. 


5 
e (3,-3) ye-hx+3 


Solution: To solve for y in terms of x, obtain y alone 
on one side of the inequality and x and any constants on 
the other. Subtracting x from both sides of 


x + 2y > 6 gives 2y > 6 - x 
Divide the equation by 2 


y>3- 9x 


The points in the x - y plane which will satisfy 
this equation are those satisfying 


y>3- 5x and y= 3- 3x. 
Consider the case, 
y=3- 5% 


which is a graph of the solid straight line with y -inter- 
cept 3 and slope - 4. (See diagram.) 


We must also find those points which satisfy 
y>3- 3 x. 
Choose two points which lie on either side of the line 


y=3- $x to find the region where 


y> 3-$x. 
We shall choose (3, 3) and (3, - 3) (see diagram). 
For (3, 3) Por (3, - 3) 
y>3-$x y>3-$x 


3>3- 3 (3) -3>3-3$(3) 


3 E 3 

3>5 34+ 3 

(3, 3) satisfies the (3, - 3) does not 
inequality. satisfy the inequality. 


Thus, all the points in the region where (3, 3) 
lies satisfy y > 3 - 3 x. That is all those points above 
the line y = 3 - 5 x Satisfy y > 3- 5x and lie in the 


shaded area. 


Consequently, the graphical solution of 
yor 3 x + 3 are those points which lie on the solid 


line y = - } + 3 and those points in the shaded area 


_l 
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Solve the inequality 2x - y > 4 for y in terms of x, and 
draw its graph. 


Solution; To solve for y in terms of x obtain y on one 
side of the inequality and x on the other. Given 


2x-y>4 (1) 

Add - 2x to both sides of 
2x-y>4 (1) 
We obtain - y > 4 - 2x (2) 


Multiply (2) by - 1 and reverse the inequality 
sign since we are multiplying by a negative number. We 
obtain y in terms of x 

y<- 4+ 2x (3) 

Rewriting (3) 

y<2x-4 (3) 


Graphing (3) consider the equation first as an equality 
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y= 2x-4 (4) 


We draw the graph of (4) as a dotted line since the 
points of the given inequality y < 2x - 4 do not satisfy 
y = 2x - 4. To draw y = 2x - 4, we note the slope is 2 
and the y-intercept is - 4. 


To determine what region of the x - y plane 
satisfies y < 2x - 4 choose a point on either side of 
the dotted line. Let us take the points (3, - 2) and 
(1, 1) (see diagram). Substitute these points into the 
given inequality and see which point will satisfy it. 


For (3, - 2) For (1, 1) 
y <2x-4 y<2x-4 
- 2< 2(3) - 4 1<2-4 
-2<2 1¢-2 


Now hatch in that portion of the plane containing 
(3, : ae Peciae ee ae ore right at pos dotted line 
= 2x - 4w satis ven ty. 
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A livestock farmer has 500 acres to devote to grazing. He estin- 
ates that cattle require 5 acres per head and sheep require 3 acres 


per head, He has winter shelter facilities for 40 head of cattle and 
for 125 sheep. What constraints are imposed on the number of cattle 
and sheep he can raise? 


Solution; Let x represent the number of cattle raised and y the 
number of sheep. Since he cannot raise a negative number of either 
cattle or sheep, we have the constraints 


x20 q) 
yzo (2) 


Since 5x acres are required for the cattle and 3y acres for the sheep 
and there are only 500 acres available, we have 


5x + Sy < 500 (3) 
Since he can winter only 40 cattle, 

x< 40 (4) 
Since he can winter only 12% sheep, 

ys12 «) 
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Relations (1) through (5) are the constraints. 
The graph of the constraints in this example is a convex set of 


points, The corner points of the shaded polygon are (0,0), (40,0), 
(40,100), (25,125), and (0,125). 


INEQUALITIES COMBINED WITH ABSOLUTE VALUES 
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Express the inequality |x| < 3 without using absolute 
value signs. 


Solution; According to the law of absolute values which 
states that |a| < b is equivalent to -b < a < b, where b 
is any positive momar; tl < 3 is equivalent to 

“3 <x< 3, 
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Solve the inequality |5 - 2x| > 3. 


ejation, The property of absolute values states that 
jal = +a or jal = -a. Therefore: |5 - 2x| = 5 - 2x or 
-(5 - 2x). Thus, the given inequality becomes two new 
inequalities: 


5 - 2x >3, -(5 - 2x) > 3. 
Now, we must solve for x in both inequalities. For the 
first, we subtract 5 from both sides of the inequality, 
and then divide by ~2. We must keep in mind that division 
or multiplication by a negative number reverses the in- 
equality sign. Thus, for 5 - 2x > 3 we have: 

5-5-2x >3-5 

“2x > -2 


22x , 7-2 
=2 ° 22 
x<l. 
Por the second inequality, we first take the negative 
of all the terms inside the parentheses. Thus, for 
-(5 - 2x) > 3 we have: 
“5 + 2x > 3. 


Now, we add 5 to both sides of the inequality, and then 
divide by 2. Thus, we obtain: 


“5 +5+2x>3+5 
2x > 8 
2x , 8 
T° 
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x> 4, 


Therefore, the above inequality holds when x < 1, and when 
x > 4. 


-b O b 
Solution: We note the following about absolute values. 
S a nonnegative real number, then a is a real 
number for which |a| > b if and only if a > b or 
a<- b. See the figure. 


In the given example, this inequality is satisfied 
if either 


-1>3 or #-1<-3 


4x 

> 
is satisfied. By adding 1 to each member of these in- 
equalities, we get 


4x 


4x 
“— 7 a 


and <-2 


Hence, by multiplying by 5/4 in each case, we note that 
the original inequality is satisfied by values of x that 
are greater than 5 and by values of x that are less than 
- 5/2, that is, by x > 5 and by x < = 5/2. 


The solution set is therefore 
{x] x >5) U {x]x < - 5/2}. 
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Pind the solution set of the inequality 


]- 2x+ 6] > 8 


aoe By a property of inequalities involving 
solute values, the solution set of the given inequality 
is the union of the solution sets of 
- ax+6>8 and - 2x%+6<-8 
- 2x > 2 - 2x<- 14 
x<-1 x>7 


Hence the solution set is 
{x]x < - 1} U {x|x > 7}. 
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Graph {x: |3x - 4| 2 2}. 


of 303402234 8 6 


on; In general, the required graph of {x: jax +b] 2c} is 
‘the union of two sets; {x: ax +b2c]} U{x: ax+b<*-c}. Therefore, 
the required graph of {x; |3x - 4| 2 2] is the union of two sets: 


{x: 3x - 42 2] U {x: 3x - 4< -2) 

3x- 422 or 3x - 45-2 

3x 26 or 3x < 2 

x22 xs 2/3 
The solution set of {x: |3x- 4| 2 2} is 
{x: x 2 2} U{x: x < 2/3} 


The graph of the solution set is the union of two rays. Notice that 
the shaded circles above 2/3 and 2 on the number line indicate 
that 2/3 and 2 are included in the solution set. 


Express the inequality |2x - 1] < 5 without using abso- 


lute value signs. 


Solution: If x is a number such that |x - mj < p, then x 
just lie in the interval between the points m - p and m + p; 
that is, if |x - mj < p, then -p<x-m< p. Then add 

+m to all the members of the inequality to obtain 
m-p<x<m+p. Observe that the point m is the mid- 
point of this interval and that the length of the interval 
is 2p. Note the number line. 


length = p + p = 2p 
Therefore, the inequalities m - p < x < m+ p and 
x -m| < p are equivalent. Hence, the given inequality 
2x - 1| < 5 reduces to: 
1-5 < 2x < 1+ 5 where x is replaced by 2x, m is 


replaced by 1, and p is replaced by 5. 


Therefore, 
~4 < 2x < 6 

Now, divide each term of these inequalities by 2: 
-4 2x 6 
oe faker Sexe 


-2<x< 3. 
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he ete 
-1/20 7/2 


Solution: ar: Jax +b] Sc is equivalent to -c < ax+b<c. 
Therefore |2x - 3| * 4 implies that -4 < 2x - 3 <4, This statement 
is the conjunction of the statement -4 * 2x - 3 and the statement 

2x - 3< 4. Hence the solution set of the conjunction is the inter- 
section of the solution sets of the two component propositions, 


The computation may be arranged in the following manner: 
“4S 2x-354 


-1S 2x87 Adding 3 to both sides of both in- 
equalities 
oh <x <i Multiplying both sides of both in- 


equalities by 4 
The solution set is represented on the number line as in the figure. 


Solve |3x - 1] < 8. 


-4-3-2-101234 5 6 


fgrusions Since |a| = a if a > 0 and ja] = -a if a< 0. 
must solve two equations 


3x -1<8 
-(3x - 1) < 8 or 3x - 1 > -8. 
ee ee ete en 
The solution set will be the conjunction of the solu- 
tion sets of each equation; that is, 
{x: 3x - 1 < 8} and {x: 3x - 1 > -8}. 
We must find 
{x: 3x - 1< 8} {x: 3x - 1 > -8} 
3x - 1 < 8 and 3x - 1 > -8 
3x < 9 and 3x > -7 
x < 3 and x 2 -25- 
The solution set is (x -25 £xE a}. See the figure. 
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Find the values of x satisfying the statement & -7/25. 


0 6 36 
(-=,6]U[36,%) 


Solution: In general, jax +b] 2c implies that ax+b2c or 
ax +bS-c. Therefore, for 

x 

R-7l2s: 


(6) R-725 or (2) %-7<-5 


Case (1) 5-725 Case (2) %- 75-5 


x 
3 7 12 ‘ 


x 2 36 x6 


<2 


We may consider the solution set of the uality in fel example 
as the union of the two disjoint sets {x|x 2 36} and {x|x <6}. This 
union may be represented on the number line as in the accompanying 
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MM x>-18 Co) x<6 FREES) -18<x<6 


: Now, if bisa apy oars real number, then 
a 


a is a real number for which | 


<b if and only if 
- b <a < b. See number line (A). 


We apply this rule to the given problem. Therefore, 
5 + 2| < 4 is equivalent to 
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-~4< 5+ 2 < 4. In other words, this inequality is 
satisfied if and only if both 
F+2<4 and R+2>-4 


are satisfied. By adding - 2 to each member of these in- 
equalities, we get 


3 <2 and 3 >-6 
Hence, multiplying by 3 in each case, we note that the 
original inequality is satisfied by values of x that 


satisfy both x < 6 and x > - 18. We can observe the 
solution from diagram (B). Therefore, the solution set is 


{x| - 18 < x < 6} or {x|x < 6}fM {x|x > - 18}. 
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Pind all x for which 


1152 esis =} zl4/1s 0 less 


Solution; Mote the following rule for absolute values: for 


la+b| So where a,b,c are any real numbers, -c Za +b 3c. 
Therefore, the given inequality, involving the absolute value, re- 
duces to; 

~-234,,523 

6 3 5° 


Subtract from the three parts of the inequality above, 


Getting a common denominator of 15 for the fractions involved in the 


ABB Bag 


6 6 
-%e- is ** *iy- 


26 14 
“7s 42 4-i 
Thus, all rational numbers between = and Fz" are solutions. The 


figure gives the solution set on the rational line. 
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e/a 
-4 3-2-1011 2 - -2 -1 


ry GJZZx-5/2 Wy *< -2 


_ Willd S446 12 


ry Goe2-23 W«-572 


Solution: Case l. If 2x+5 20, then |ax+5|= 2x+5 and the in- 


equality becomes 
ax+5 <x+3 


x <-2 
Por Case 1 we have the simultaneous restrictions 


ax+520 and x <-2 
or 5 


=-= and <- 
x 2 x 2 


The solution set for Case 1 is 


x, = ek 2-% ana x 5-2) 
= @l-5<x s -2) 


This inequality holds by noting Figure A, The solution set for Case 1 
is the intersection of the two inequalities on the number line. This 
intersection is the set 

“24 <x 5-2. 


Case 2. If 2x +5 <0, then |2x + 5| = -(2x + 5) and the inequal-ty 
becomes 
“(ax + 5) sx+3 


Multiplying an inequality by -1 reverses the direction of the inequality. 
ax +5 2-(x+ 3) = -x-3 


3x 2-8 

x2-% 
Yor Case 2 we have 8 
ax+5 <0 and x2-5 

or 

5 8 
<-= 2-=< 
x 2 and <x 3 


The solution set is 
5 8 
x, = (xk <- 3 ond x2-3) 


= (xl $s <-$) 
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This inequality holds by noting Figure B, The solution set for Case 2 
is the intersection of the two inequalities on the number line. This 
intersection is the set 
- 8 sx<- 3 


3 2 
Finally, the solution set, X, of the given inequality is the union of 
x and X- 
x= Xx, Ux, 


= {xl-$ <x <-$}ufx|-$<x s ~2} 
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Replace the inequality 1 < x < 3 by a single inequality 
involving an absolute value. 
Solution; Recall: 


a-b<x<avztb 


=-b<x-acb , subtracting a 
=|x - al< b , definition of absolute value 
Replacing a by 2 and b by 1 we obtain: 
2-1l<ex<2+1 
el<x-2<1 
|x - 2[< 1. 
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Let A= {x|x >-2} and B= {x|x <3). Describe these sete as 
collections of points of the number scale.. What is AN B? AU B? 


Solution: The set A consists of all numbers that are greater than 
“2, 80 @ point belongs to A if, and only if, it lies to the right 
of the point -2 of the number scale. Similarly, we think of B 
graphically as the set of points to the left of 3. The intersection 
AN B, that is, the set of points in both A and B, is illustrated 
in the diagram, It consists of the points between -2 and 3, so we 
have the set equation 


AN B= {x|x > -2) NM (x|x < 3} = (x]-2<x< 3). 


Every real number belongs to at least one of the sets A or B, since 
every real number is either greater than -2 or less than 3 (and 
some numbers are both). In other words, the union AU B= R, the set 
of all real numbers. 
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CHAPTER 13 


SYSTEMS OF LINEAR EQUATIONS AND 
INEQUALITIES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 177 to 


198 for step-by-step solutions to problems. 


Algebraic methods of solving systems of linear equations in two variables 
involve applying certain laws of algebra to individual equations or combinations 
of equations. One of the algebraic solution procedures for a 2 by 2 system of 
linear equations is called the substitution method. The procedure is: 


(1) Choose one of the variables and one of the equations. Rearrange the 
chosen equation so that it is solved for the chosen variable in terms of 
the other variable. 


(2) Substitute the expression for the chosen variable obtained in Step 1 into 
the remaining equation. The result will be an equation that involves 
only one variable. 


(3) Solve the equation obtained in Step 2, The number obtained is one of 
the coordinates of the solution for the system. 


(4) Substitute the number obtained in Step 3 into the expression for the 
variable chosen in Step 1 and simplify. The result is the other coordinate 
of the ordered pair solution. 


When the system of equations is inconsistent, the substitution method produces a 
false mathematical statement which means that the system has no solution. On 
the other hand, when the system of equations is dependent, the substitution method 
produces a true statement in which no variable appears. An infinite number of 
ordered pairs represents the solution set. 


A second algebraic solution procedure for a 2 by 2 system of linear equations 
is called the addition-subtraction or elimination method. Its strategy is to add or 
subtract multiples of the two given equations so that one of the variables is 
eliminated. The resulting equation involves only one variable whose value can be 
easily solved for. Substitute the value of this variable in cither of the original 
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equations and solve for the other variable. The values of the variables represent 
the coordinates of the solution. As with the previous solution method, the addi- 
tion-subtraction method can be used to alert the problem solver to inconsistent 
and dependent systems of equations. 


An algebraic solution of a system of three linear equations in three variables 
can be achieved by using the substitution and/or addition-subtraction method(s). 
The primary step is to use one of the methods to reduce the original system to a 2 
by 2 system and then solve the reduced system using an algebraic method. Once 
a solution is found for the reduced system, choose one of the original equations, 
substitute the values already obtained, and solve for the remaining unknown. The 
result is the third coordinate of the ordered triplet which is the solution for the 


original system. 
GRAPHING METHOD 


The graphing method of solving a 2 x 2 system of linear equations involves 
graphing each equation and determining a point of intersection of the graphs. If 
the graphs of the equations are non-parallel, non-coincident lines, there is exactly 
one point of intersection which is the solution. Parallel lines indicate no solution 
and coincident lines indicate an infinite set of solutions. 


SOLVING SYSTEMS OF INEQUALITIES AND GRAPHING 


When solving by graphing a system of inequalities in two variables (where 
the inequality symbols are all strictly > and/or <), the first step is to rewrite each 
inequality in the system in the form of 


y> me+b or y<mre+b. 
The second step is to graph the linear equation, 
y=mr+b, 


for each inequality as a straight dotted line. Determine in what region of the x-y 
plane each inequality holds true by selecting points on both sides of the corre- 
sponding dotted line and substitute them into the variable statement of the in- 
equality. Shade in the side of the line whose points make the inequality a true 
statement. Represent each shaded area with a unique pattern (¢.g., diagonal shading, 
vertical shading, etc.). The solution is the intersection of all the shaded areas 
Tepresenting points whose ordered pairs satisfy all conditions in the original 
system of inequalities. 


If the system of inequalities contains the 2 and/or < symbols, then the only 
change in the graphing solution procedure above is to graph the linear equation, 


y=mx+b, 
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for each inequality as a straight non-dotted (solid) line which will be a part of the 
solution. If unique pairs of these equations are formed into 2 by 2 linear systems, 
then they can be solved algebraically as indicated above. The result of the solu- 
tion of each system yields the coordinates of one of the vertices of the shaded 
area that represents the solution of the original system. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Systems of Linear Equations 
and Inequalities” 


SOLVING EQUATIONS IN TWO VARIABLES AND GRAPHING 
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Solve the simultaneous equations 2x + 4y = 11, -5x + 3y =5 by the 
method of substitution and by the method of elimination by addition, 


Solution; The method of substitution involves solving for one variable in 
terms of the other and then substituting the obtained value into the second 
equation. Thus, we solve the first equation for x and substitute in the 
second: 


2+ 4y = 11 
ae=ell- 4 
ll- 

x= 


Replacing x by 22 5-2) in the second equation, 


25H) «y= 


=F + 10y + 3y= 5 
Multiply both sides by 2, 
-55 + 20y + 6y = 10 
26y = 65 
y= 3 -3 e 
Substituting this value for y into the first equation: 
2x + 3 =ll 


2z +10 =l1 


a =1 
xot. 
We obtain the same result by the method of elimination by addition, 
2+ 4y = 11 qa) 
~Sx + 3y=5 (2) 


Multiplying equation (1) by 5 and equation (2) by 2 and adding the result 
we obtain: 
10x + 20y = 55 


es 10 
y= 373 
Once again, replacing y by 3 in equation (1): 


2+ 43) =ll 
177 


ax 410211 
2=1 

i 2 

Thus {G , 5} is the solution to the given system of equations, 
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Solve the equations 3x + 2y = 1 and Sx - 3y = 8 simultaneously. 


Solution; We have 2 equations in 2 unknowns, 

3x + 2y=1 ql) 
and 

Sx -3y=8 (2) 


There are several methods to solve this problem. We have chosen to 
multiply each equation by a different number so that when the two 
equations are added, one of the variables drops out. Thus 


multiplying the first by 3: 9x + by = 3 
and the second by 2: 10x - 6y = 16 
and adding: 19 = 19 

x#l 


Substituting x= 1 in the first equation: 
3(1) + 2y = 3+ 2y=1 
2y = -2 
yecl 
(Alternatively, y might have been found by multiplying the first 
equation by 5, the second by -3, and adding.) 
In this case, then, there is a unique solution: x = 1, y = -1l. 
This may be checked by replacing x by 1 and y by (-1) in each 
equation. In equation (1): 
3x + 2y = 
3(1) + 2(-1) 


' 
eee 


le 


In equation (2): 
Sx - 3y = 


51) - 3-1) = 
S- (3) = 


$+#3= 
B= 
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In other words, the lines whose equations are 3x+2y=1 and 
5x-3y=8 meet in one and only one point: (1,-1). This, 
again, may be checked graphically, as seen in the diagram. 
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Solve the equations 2x + 3y = 6 and 4x + 6y = 7 simultaneously. 


Solution; We have 2 equations in 2 unknowns, 

2x + 3y = 6 ql) 
and 

4x + 6y = 7 (2) 
There are several methods to solve this problem. We have chosen to 


multiply each equation by a different number so that when the two 
equations are added, one of the variables drops out. Thus 


multiplying equation (1) by 2: 4x + 6y = 12 (3) 
multiplying equation (2) by -1: -4x - =- (4) 
adding equations (3) and (4): O=5 


We obtain a peculiar result! 

Actually, what we have shown in this case is that if there were a 
simultaneous solution to the given equations, then 0 would equal 5. 
But the conclusion is impossible; therefore there can be no simultaneous 
solution to these two equations, hence no point satisfying both. 

The straight lines which are the graphs of these equations must be 
parallel if they never intersect, but not identical, which can be seen 
from the graph of these equations (see the accompanying diagram). 


Solve for x and y. 


x+2y=8 
3x + 4y = 2 


Agiution:, Solve equation (1) for x in terms of y: 
x= 8 - ay «3) 


Substitute (8 - 2y) for x in (2): 

3(8 = 2y) + 4y = D (4) 
Solve (4) for y as follows: 
Distribute: m4 - Gy + 4y = 2D 
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Combine like terms and then subtract 24 from both sides: 


24 - 2y = 2 
24 - 24 - 2y = 20 - 24 
~2y = -4 Divide both sides by -2: y= 2 


Substitute 2 for y in equation (1): 


x+2(2)<+8 
x24 

Thus, our solution is x= 4, y = 2, 
Check: Substitute x= 4, y = 2 in equations (1) and (2): 
4+ 2(2) = 
8s 


3(4) + 4(2) = 
D-= 


gseee 
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Solve the equations 2x + 3y = 6 and y = ~(2x/3) + 2 simultan- 
eously. 


Solution: We have 2 equations in 2 unknowns, 
2x + By = 6 q) 
y = -(2x/3) +2 (2) 


There are several methods of solution for this problem. Since equation 
(2) already gives us an expression for y, we use the method of substi- 
tution. Substituting -(2x/3) +2 for y in the first equation: 


ax + (- %+2)=6 


Distributing, 2x - 2x +6 = 6 
6=6 


Apparently we have gotten nowhere! The result 6= 6 is true, but 
indicates no solution. Actually, our work shows that no matter what 
real number x is, if y is determined by the second equation, then 
the first equation will always be satisfied. 

The reason for this peculiarity may be seen if we take a closer 
look at the equation y = -(2x/3) +2. It is equivalent to 3y = -2x 
+6, or 2x + 3y = 6. 

In other words, the two equations are equivalent. Any pair of 
values of x and y which satisfies one satisfies the other. 

It is hardly necessary to verify that in this case the graphs of 
the given equations are identical lines, and that there are an infinite 
number of simultaneous solutions of these equations. 
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Find the solution set for the system: 
3x + Sy = -9 


x - Sy =17 


Solution; Upon examination we see that if the left members of the two 
equations are added and the right members of the two equations are 
added, we obtain the equation 4x = 8. (This is justified by the ad- 
ditive principle of equations; we are simply adding equal quantities 

to both sides of an equation.) Hence the y terms have been eliminated, 
since the coefficients were additive inverses. This new equation, 

4x = 8, can be easily seen to have {2} for its solution set. Now, if 
we use this value for x, we see that upon substituting it into either 
of the two equations in our system, for example, 3x + Sy = -9, we obtain 
3(2) + Sy = -9, Upon simplifying, this becomes y = -3. (You should 
convince yourself that had the other equation in the system been select- 
ed, the value of y would have been found to be -3.) 


Therefore the single solution for our system is the ordered pair 
(2,-3). 
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Solve algebraically: { 4x + 2y = -1 


5x - 3y = 7 
Solution; We arbitrarily choose to eliminate x first. 
Multiply (1) by 5: 20x +l0y = -5 (3) 
Multiply (2) by 4: 20x -l2y = 28 (4) 
Subtract, (3) - (4): 22y ieee (5) 
Divide (5) by 22: y=- oes —— 3 


To find x, substitute y= - 2 in either of the original 
equations. If we use Eq. (1), we obtain 4x + 2(-3/2)= -1, 


4x - 3 = -l, 4x = 2, x= 5: 
The solution (3,-3) should be checked in both equations 
of the given system. 


Replacing (3-3) in Eq. (1): 


mo + ae -1 
a(5)r2(-3) = 22 
$- 3 #21 
2-3 =-l 
-1 = -l 

Replacing (3-3) in Eq. (2): 

5x - 3y = 7 
B34) = 7 
; +$=7 
oe 
7 = 7 


(Instead of eliminating x from the two given equations, we 
could have eliminated y by multiplying Eq. (1) by 3, multi- 
plying Eq. (2) by 2, and then adding the two derived 
equations.) 
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Solve one equation for one unknown and substitute in the other 
equation to find the solutions of the following systems. 


xy = 1 (1) 
x + 2y =3 (2) 


Solution: We can solve equation (2) for x by adding (-2y) to 
sides: 


x= 3- 2y (3) 

Substituting (3 - 2y) for x in equation (1): 

(3-2y)y = 1 
Distributing, 2 

3y - 2y"= 1 

By - 2y7-1=0 

-2y*+ 3y - 1 =0 
Factoring, 


(-2y + 1) (y-L)= 0 
pos the product of two numbers ab = 0, either a = 0 or 
= 0. Thus, either 
-2y+1l=0 or y-1=0 


and Se ee 
yeibedor y= 


Replacing y by 3 in equation (3), we obtain the corresponding 


x value: b diaoe 2(2) 


x=3-1 
x=2 

Replacing y by 1 in equation (3),we obtain 
x = 3 - 2(1) 
x=3-2 
x=il 


Thus, the two solutions to this system appear to be @.2) 
and (1,1). These can be verified by the following che 
Replace (x,y) by (2,1/2) in Peace (1) and (2): 


a) + =1 


$e 
lel 


x+2y =3 (2) 
2+ 2(5)=3 


2+3 = 3 


(1) 


2+1 = 3 


3 = 3 
Replace (x,y) by (1,1) in equations (1) and (2): 
xy = l (1) 
lel=1 
l=l 
x + 2y =3 (2) 
1+#2(1) = 3 
l1+2 2#3 
3 =3 


Thus, the solutions to this system are indeed (2.3) and (1,1). 


@ PROBLEM 303 


Determine the nature of the system of linear equations 


2x +y = 6 
4x + 2y=8 


2x+y=6 


uw 


4x+2y=8 
Solution: These linear equations may be written in the 
‘standard form y = mx + b: 


y = -2x + 6 (3-1) 
and y = -2x + 4 (4-2) 


Observe that the slope of each line is m = -2, but the 
y-intercepts are different, that is, b = 6 for equation 
(3-1) and b = 4 for equation (4-2). The lines are there- 
fore parallel and distinct. ‘The graph below also indicates 
that the lines are parallel. The system is therefore in- 
consistent, and there is no solution. 


@ PROBLEM 304 


Determine the nature of the system of linear equations 


x+2y=8 
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u Add the two equations, eliminating the y-terms, 
to obtain a single equation in terms of x. Values of x 
satisfying this equation will yield solutions of the system. 


x+2y= 8 (1) 
+x-2y= 2 (2) 
“ax = 10 

x = 5 


Substituting x = 5 into Equation (1) yields 
y = (8 - x)/2 = (8 - 5)/2 = $ or into Equation (2) yields 


y = (2 ~ x)/(-2) = (2 ~ 5)/(-2) = 3. Thus we have x = 5, 
y= 5 as the only solution of the system. Alternately, the 
figure indicates that the lines intersect in the point 
(s,3)- The system is therefore consistent and independent. 
Substitution of x = 5 and y = ; in both equations yields 


5 + 2(3) = 8, or 8 =8 


5 - 2(3) = 2, or 2=2 


psiie pe x = 5, y = 3/2, is a solution, and the only 
t. f . 
solution of the system © PROBLEM 305 


Show that the following pair of equations is dependent by 
showing that the two equations are equivalent. 


3x - 2y= 9 
4y - 6x =-18 


We can derive 4y - 6x =-18 from 3x - 2y = 9 by 
applying field properties. 


3x - 2y= 9 
Multiplying both sides by (-2), (+2) (3x - 2y) = (-2)9 
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Distributing, -6x +4y = -18 
Commuting, 4y - 6x = -18 


Thus, since 3x - 2y = 9 is equivalent to 4y - 6x = - 18 
the two equations are dependent. 


Determine the nature of the system of linear equations 


x+3y=4 


2x + 6y = 8. 


Sotutsons If the first equation is multiplied by 2, the 
solution of the system will not be altered. Note, however, 
that the two equations are then identical. The graph too, 
indicates that the lines coincide, and therefore the system 
is consistent and dependent. It can be verified by substi- 
tution that three of the solutions are x = 1, y = 1; 

x= 7, y = -l; and x = -5, y = 3. 


@ PROBLEM 307 


3x + Sy = 9, 
JIx- 10y=8 


Solve for x and y: 


lution: Multiply each member of the first equation by 2; thus 
= + l0y = 18. Now add each member of the resulting equation to the 
corresponding member of the second equation, 


6x + l0y = 18 
7x = 10y = 18 


13x = 26 
x22 


To solve for y, replace x by 2 in either equation, Using equa- 
tion (1), 


3x +Sy=9 
3(2) + Sy = 9 
6+5y=9 
Sy = 3 

y= 35 


Therefore our solution is x = 2, y = 3/5. 


Check: To verify our solutions, we substitute the values 2 and 
3/6 for x and y in equations (1) and (2): 
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3x + Sy = 
3(2) + 5(3/5) = 
6+3= 

9= 


9 

9 

9 

9 
7x - 10y =8 
7(2) - 10(3/5) = 8 
14-6=8 

8=8 


@ PROBLEM 308 


Solve for x and y. 
3x + 2y= 23 


x+ y= 9 


Solution; Multiply equation (2) by -3: 

-3x = 3y = -27 (3) 
Add equatiom (1) and (3): 

3x + 2y = 23 


23x_- 3y = -277 
ya -4 


yea 
Substitute 4 for y in equation (1): 
3x + 2(4) = 23 
3x +8 2 23 
Subtract 8 from both sides: 3x = 15 
Divide each side by 3: x25 
Hence our solution is, x= 5 and y = 4 
Check: Substitute 5 for x and 4 for y in equation (1): 
3(5) + 2(4) = 23 
23 = 23 
Substitute 5 for x and 4 for y in equation (2): 
5+429 
929. 
@ PROBLEM 309 


Solve for x and y . 


4x + 3y = 23 
ax - Sy = 31 
Solution; Multiply equation (2) by <2: 
—4x + l0y = ~62 «3) 


Add equation (3) to equation (1): 
4x + 3y = 23 


+ (4x + 10y = -62) 


13y = -39 


ye-s 
Substitute -3 for y in equation (1): 


4x + 3(-3) = 23 
4x -9= 23 
4x = 32 
x=8 
Hence the solution is x= 8, y = -3. 
Check: Substitute 8 for x and -3 for y in (1), 
4(8) + 3(-3) = 23 
32-98 = 23 
23 = 23. 
Substitute 8 for x and -3 for y in (2), 
2(8) - 5(-3) = 31 
16 +15 = 31 


d= 3. © PROBLEM 310 


Find the point of intersection of the graphs of the equations: 


— To solve these linear equations, solve for y in terms of x. 
equations will be in the form y = ax +b, where m is the slope and 
b is the intercept on the y-axis. 
x+ye23 
y=3-x subtract x from both sides 


3x + 2y = 14 subtract 3x from both sides 
-2y = 14-3 divide by -2. 
--7+2 
y 7+ 2* 


The graphs of the linear functions, y = 3-x and y=-74+2x, can be 


determined by plotting only two points. For example, for y = 3 - x, let 
x= 0, then y=3. Let x=1, then y= 2. The two points on this 
first line are (0,3) and (1,2). For y = -7 + 3/2 x, let x= 0, then 
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y=-7. Let x= 1, then y = -55. The two points on this second line 
are (0,-7) and (1, -5%). 
To find the point of intersection P of 

xt+y=#3 
and 

3x - 2y = 14, 
solve them algebraically. Multiply the first equation by 2. Add these 
two equations to eliminate the variable y. 

2x + 2y = 6 

3x - 2y = 14 

Sx = 20 
Solve for x to obtain x= 4, Substitute this into y= 3-x to get 
y= 3-4-1. P is (4,1). AB is the graph of the first equation, 
and CD is the graph of the second equation. The point of intersection 
P of the two graphs is the only point on both lines. The coordinates of 
P satisfy both equations and represent the desired solution of the prob- 
lem. From the graph, P seems to be the point (4,-1). These coordinates 
satisfy both equations, and hence are the exact coordinates of the point 
of intersection of the two lines. 


To show that (4,-1) satisfies both equations, substitute this point into 
both equations. 


xt+y=3 3x - 2y = 14 
4+ (-1) =3 3(4) - 2(-1) = 14 
4-13 12+2=214 
3*3 4=<14 


© PROBLEM 311 


Find the solution set of the system 


2x - lzy =3 q) 
3x+ 9 = 4 (2) 


Solution; This system can be solved using the multiplication-addition 
method: The least common multiple of the x coefficients is 6. 
Multiply equation (1) by 3 and equation (2) by -2 to obtain 
3(2x - l2y) = 3°3 
6x - 36y = 9 (3) 


-2(3x + Sy) = 4.(-2) 
-6x - 18y = -8 (4) 
Adding equations (3) and (4), 
6x - By = 9 


-~6x - 18y = -8 
“ayaa 


7 e- 54 
To solve for x, we substitute this value of y in either of our given 
equations. Substituting ‘es for y in (2): 
In + 9y = 4 


cee ae 


3x - G4 
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6 
3x = 23 
x= 22 
Thus our solution set is {(@ »° 1)} » and we perform the following 


check to verify this result. 
Check: Replace x and y by 23 - 4) respectively in (1) and 


(2): 18’ 
(1) 2x + l2y = 3 
18) - sf) = 
2 + 2 = 3 
0 4 
= +o = 3 
3 = 3 
(2) 3x+9y= 4 
2 -1 
9-4) 
B.2. 
13" 34" 4 
7 3 
ie -is' 4 
2 
4 = & 


@ PROBLEM 312 


Obtain the simltaneous solution set of the equations 


3x + 4y = -6 q1) 
Sx + 6y = -8 (2) 


; We eliminate one of the unknowns to obtain an equation in 
one whose root is one of the numbers in a simultaneous solu 
tion pair. We arbitrarily choose to eliminate y. Notice that the 
lowest common multiple, LOM,of the coefficients of y in (1) and (2) 
is 12, This is because the coefficients of y are 4= 2-2 and 
6 = 2-3, Thus their LOM will be 2-2-3 = 12, 

To obtain a coefficient of y equal to 12 in equation (1) we 
multiply the equation by 3, 


3(3x + 4y) = 3(-6) 
9x + 12y = -18 (3) 
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To obtain a coefficient of y equal to 12 in equation (2) we 
multiply equation (2) by 2, 


2(5x + Gy) = 2(-8) 
10x + 12y = -16 (4) 

Now subtract equation (4) from equation (3), 

9x + 12y = -18 

10x + l2y = -16 

-x =z- 

x=2 

Consequently the first number in (x,y) is 2, We obtain the second 


number by replacing x by 2 in either (1) or (2) and solving for 
y. We shall choose (1) and get 


3(2) + 4y = -6 
6+ 4y = -6 


4y = -12 
y=-s 


Hence (x,y) = (2,-3). 
Check: Replacing x by 2 and y by -3 in (1) and (2), we get 
from equation (1): 3x + 4y = -6 
3(2) + 406-3) = -6 
6 + (-12) = -6 
-6 = -6 
from equation (2): 5x + 6y = -8 
5(2) + 6(-3) = -8 
10 + (-18) = -8 
-8 = -8 
Therefore the simultancous solution set is {(2,-3)}. 


SOLVING EQUATIONS IN THREE VARIABLES 
@ PROBLEM 313 


Solve the system of equations, 
2x -y- 4z=3 (1) 


-x + 3y + z= -10 (2) 
3x + 2y - 22 =-2 (3) 


3 To solve a system of 3 equations in 3 unknowns, 
we first reduce it to a system of 2 equations in 2 un- 
knowns, a process which can often be done many ways. Al- 
though various other algebraic manipulations may be used 
to arrive at the same result, we will employ the follow- 
ing method: Multiplying equation 1 by (-1) we obtain, 


“2x +y + 42 = -3 = (4) 
Adding equations (4), (2), and (3) we obtain, 
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-2x + y + 4z = -3 
-x + 3y + z = -10 


3x_+ 2y - 22 = -2 
6y + 3z = -15 (5) 


Multiplying equation (2) by 3 we obtain, 
-3x + 9y + 32 = -30 (6) 
Adding equations (6) and (3) we obtain, 
-3x + Sy + 3z = -30 
3x_+ 2y - 22 = -2 
lly +z = -32 (7) 
Multiplying equation (7) by (-3) we obtain, 
-33y - 3z = 96 (8) 


Adding equations (8) and (5) we obtain, 


-33y - 3z = 96 


6y + 3z = -15 
~27y = 61 
y=-3 


Solving for z, we replace, y by (-3) in equation (5): 
6y + 3z = -15 


6(-3) + 32 = -15 
~18 + 3z = -15 
3z = 3 
ze=il 


Solving for x, we replace y by (~3) and z by 1 in 
equation (1): 


2x -y- 42 =3 

2x - (-3) - 4(1) = 3 
2x+3-4 =3 

2x -1=3 

2x = 4 

x= 2 


rips ba solution to this system is x = 2, y = -3, and 
z=l, 
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Check: Replace x,y, and z by 2, -3, and 1 in each 
equation. 
2x -y- 4z=3 (1) 


2(2) - (+3) - 4(1) 


4 
w 


4+3-4=3 


323 


-x + 3y +2 = -10 (2) 
-(2) + 3(-3) + 1 = -10 
“2-941 = -10 
-10 = -10 


3x + 2y - 2z = -2 {3) 
3(2) + 2(-3) -2(1)= -2 
6-6-2 = -2 
-2 = -2 
@ PROBLEM 314 


Solve the system 


2x- yt 4z=1 


x-yt+ 220 


x+y+ z2=l 


oben It is easiest to eliminate the variable y 
Since the equations (1), (2), (3) differ only by a 
factor of +1 or - 1 for the variable y. (For the other 
variables x and z, the equations differ by factors of 
+ 2 for x and + 4 for z). 


Multiplying equation (1) by - 1 we obtain: 


- 2x+y-4z=-1 (4) 
x-y+t z= 0 (2) 
x+y+ z= 1 (3) 


Add equations (4) and (2) to eliminate the variable 
y and we obtain a new equation (5) in x and z. 


- 2x+yr-4z=-1 (4) 
x-y+t+ z= O (2) 
- Xx -3z=-1 (5) 
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Add (2) and (3) to obtain another equation (6) 
in the variables x and z. 


x-y+t+ z2=0 (2) 

x+y+ z=l (3) 

2x + 2z=1 (6) 
Now we have a new system of 2 equations in 2 unknowns 
x and 2: 

-x- 322-1 (5) 

2x+2z2= 1 (6) 


We must solve for one variable. The simplest way 
is to eliminate x. Multiply equation (5) by 2 and we 
obtain: 

-~ 2x - 62 =- 2 (7) 
2x + 2z=1 (6) 

Add equations (7) and (6) to obtain: 

-~ 4z=-1 (8) 

Divide equation (8) by - 4 to solve for z. 

s-} 
Substitute z into either (5) or (6) to find x. For 
equation (5) then we have: 


-x-3z2=-1 (5) 
2-4 
-x-afj}--2 
-x-Ge-1 
x=} 


Given x and z we can now solve for y by substitu- 
ting x and z into any of the three original equations 
(1), (2) or (3). For equation (2) 


x-yt2=0 (2) 
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The solution of the original system is then: 
pS 1 1 
xeqy=7i z"=7- 


To check, substitute the solution into each of the 
three original equations (1), (2),and (3). 


For (1): 2x -y+ 42 #1 (1) 
1 1 1 
{i} -3+4 f} -2 
Pode oan 
ae | 
For (2): x-ytz2=0 (2) 
1 1 1 
773° e* 
2 1 
a ed 
2 2 
za |S 
o0=0 
For (3): +y+z221 (3) 


ein ale x 
+ 
ein NIK 
+ 
ae 
’ 
~ 


@ PROBLEM 315 


Solve the system 


2x + 3y - 
x+ yr 


7x - 2y + 


3 We cannot eliminate any variable from two 
pairs of equations by a single multiplication. However, 
both x and z may be eliminated from equations 1 and 2 
by multiplying Equation 2 by - 2. Then 

2x + 3y - 42 =- 8 (1) 


- 2x - 2y + 4z= 10 (4) 


By addition, we have y = 2. Although, we may now eliminate 
either x or z from another pair of equations, we can more 
conveniently substitute y = 2 in Equations 2 and 3 to get 
two equations in two variables. Thus, making the substitu- 
tion y = 2 in Equations 2 and 3, we have 
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x- 2z2=-7 (5) 
x+5z= 8 (6) 


Multiply (5) by 5 and multiply (6) by 2. Then add 
the two new equations. Then x = - 1. Substitute x in 
either (5) or (6) to find z. 


The solution of the system is x = - l, y = 2, and 
z = 3. Check by substitution. 


© PROBLEM 316 


Find the solution set for the system: 


3x + 4y - z= -2 
2x - 3y+z=4 
x- 6¥+2z=5 


i Adding the first and second equations, we obtain another 
equation without a term involving 2z: 


3x + 4y -> 2 = -2 


2x - 3y+z=4 
Sx+ y =2 


Similarly, after multiplying through by -2 in the second equation, 
we can use this new equation and the third one to obtain another equation 
without a term involving 2z: 

~4x + 6y - 22 = -8 
- +2z = 
3x = <3 


Our problem has been somewhat simplified in that not only have we 
obtained an equation without a term involving 2z, but we have obtained 
one without a y term. 

The solution set of -3x © -3 to{ Upon substituting this 
into the equation 5x + y = 2, we find ¢ y= -3. Finally, upon 
substituting these values for x and y in either of the three equa- 
tions of the system, we can obtain a value for z. If we use the first 
equation, 3x + 4y - z = -2, we find that z= -7, 

Hence the solution set for this system is {(1, -3, -7)}. 


@ PROBLEM 317 


Solve for x, y and z: 


Sx+y-z2=9, 


3Sx+y+2e=17, 


x+ 2y + 3z = 20. 


Solution; Subtract (2) from (1): 
Se+y-z=9 


= (3x + y + & = 17) 
2x - 32 = -8 (4) 
Multiply (2) by 2: 6x + 2y¢ 4z = 34. (5) 
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Subtract (3) from (5): 
6x + 2y+4z6 34 


= (x + 2y + 32 = WD) 
Sx+z=214 (6) 
Subtract Sx from both sides: z = 14 - Sx (7) 


Substitute (14 - 5x) for z in equation (4): 
2 - 3(14 - Sx) = -8, 
Distribute: 2x - 42+ 15x = -8 
17x - 42 = -8 
Add 42 to both sides: l7x= 34 
x=2 
Substitute 2 for x in equation (7) 


z=l4-5(2)=14-10=4 ., 


Therefore, x = 2, and « = 4, 
Substitute in (1): 5(2)+y-4=9 
10+y-4=9 
6+y¥=9 
Subtract 6 from both sides: y = 3 
Thus, x = 2, y = 3, t= 4. 
Checks 5(2)+3-4=9, 
9=% 
3(2) + 3+ 2(4) = 17, 
17 = 17. 


2 + 2(3) + 3(4) = 20, 
20 = 20. 


© PROBLEM 318 


Solve the system: 


Za- 3b+ c= 2 
3a+2b-c=4 
2a- 3+ec2x5 


Solution, Observe that equations (1) and (3) are inconsistent, 
2a- 3b+c=245 = 2a- 3b+c 


This is a contradiction; that is, 2a - 3b + c cannot equal both 2 and 

5 at the same time. This implies that there are no values of a,b, and 
c which will solve this set of simultaneous equations, hence this system 
has no solution, 
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SOLVING SYSTEMS OF INEQUALITIES AND GRAPHING 


© PROBLEM 319 


Solve the following system graphically. 
y-x>-3 


y- 2x<2 
xty-3<0 


y>x-3 


Solution: We may rewrite the system: 
y>x-3 
y<2x+2 
y<-x+3 


Graph the linear equation, y = m + b, for each inequality as a straight 
dotted line. Thus, we graph 

y*x-3 

y= 2x+2 

y=-x+3 
To determine in what region of the x - y plane the inequality holds, 
select points on both sides of the corresponding dotted line and 
substitute them into the variable statement. Shade in the side of the 
line whose point makes the inequality a true statement. 


The graphs of the variable sentences are represented in the accompany- 
ing figure by diagonal, horizontal, and vertical shading, respectively. 


The triple-shaded triangular region is the set of all points whose co- 
ordinate pairs satisfy all three conditions as defined by the three 
inequalities in the system. © PROBLEM 320 


Draw the graph of the given system of inequalities, and 
determine the coordinates of the vertices of the polygon 
which forms the boundary. 


3x - 3 (1) 
24 - 2x (2) 


< 
< 


3y 
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3x - 10 (3) 
-x +5 (4) 


y=3x-3 
2y=3x-10 


y is expressed in terms of x. For each in- 
equality draw the corresponding equality. Choose a point 
on each side of each solid line to determine the area 
where the particular inequality holds. Shade in that 
region. The graph of the given system of inequalities 
consists of the hatched area and the four lines which 
form the boundary, that is, the polygon ABCD. The vertex 
A is found by solving the system obtained by writing 
Equations 1 and 2 as 


y = 3x - 3 (5) 
3y = 24 - 2x (6) 
Solving the system of equations 5 and 6, we have 
x = 3, y=6 
The coordinates of the vertex A are therefore (3, 6). In 


a similar manner, the coordinates of B, C, and D are 
found to be (6, 4) (4, 1) and (2, 3), respectively. 


CHAPTER 14 


DETERMINANTS AND MATRICES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 199 to 
231 for step-by-step solutions to problems. 


Any rectangular array of numbers, given by m rows and nm columns, is a ma- 
trix. Associated with a square matrix A is a real number called a determinant of 
A, denoted by | A |. The procedure for finding the value of a second order determi- 
nant, that is, a determinant of a 2 x 2 matrix, is given by 


F g]nad~be: 


where a, b, c, and d are the elements in the matrix. 


Second order determinants are used in finding the solution of any system of 
two linear equations in two variables by using the well-known Cramer’s Rule. 
The procedure for using this rule is clearly explained in Problem #324 in this 
chapter. Notice that the system of equations must be in standard form before 
Cramer’s Rule can be applied. 


Another method for finding the solution of a system of two linear equations 
in two variables (in standard form) involves writing the system in matrix format 
and solving for the variables. The procedure includes finding the multiplicative 
inverse of the matrix involving the coefficients of the variables in the system and 
then multiplying this matrix throughout the matrix equation. For example, given 
the system 


Sx-y=7 
2x+3y=-1 
we can write it in matrix form as follows: 
2 at b}-Lh 
2 3) ly 1 


Then, the inverse matrix C-' for the coefficients of the variables matrix 


199-A 


is given by 
c*+(Za)[2 J]-()[2 5} 


Multiplying throughout the equation by C-' we obtain 
bl-i[2 st [4] « 
bl-ivL-} 


Thus, x = a and y= “te; 
17° 
A determinant of a 3 x 3 matrix can be found in more than one way. Two 
popular procedures are highlighted. The first procedure is the so-called “crossing 
pattern” which starts with rewriting the first two columns in the matrix to the 
right of the original matrix as follows: 


Then, lightly draw in six arrows (as shown above) and form products among the 
numbers along each arrow. Each arrow pointing upward yields a negative prod- 
uct, while each pointing downward yields a positive product. Finally, the sum of 
the products is the value of the determinant. 


The second approach to finding the value of a determinant of a3 x 3 matrix is 
to use the concept of cofactor. The procedure for this concept is formed by 
multiplying each of the three elements of the first row of a 3 x 3 matrix by its 
corresponding cofactor and then adding the three results to obtain the determi- 
nant. Problem #339 in this chapter clearly illustrates this procedure. 


199-B 


Step-by-Step Solutions to 


Problems in this Chapter, 
“Determinants and Matrices” 


DETERMINANTS OF SECOND ORDER 
@ PROBLEM 321 


1 
2 


Pind the value of the determinant | 


The value of a 2x2 determinant can be found by the follow- 


ing equation; 
a 
*><¢| =ad-be, 


Hence, the value of |; 31 is: 


[>< = (1)(3) - (2)(2) = 3- 4=-1, 
© PROBLEM 322 


Evaluate the determinant 


3 5 
=2 3 


Solution: The determinant of any 2 x 2 matrix is 
is 1 = ad - be. 


Apply this rule to the given 2 x 2 matrix. 
1.2 3] = ea - Gas = 9+ 1019 
@ PROBLEM 323 


Evaluate, or expand, the determinant 
2-3 


3-1 


a The determinant of a 2 by 2 matrix is 
n © be 


= ad - be. Thus the solution is: 


ca 


2 3 
= (2)(- 1) - (3)(3) © - 2-98-11. 


3-1 


@ PROBLEM 324 


Solution: The values for x and y can be determined by use of 
Cramer's Rule and determinants. The value for x is the quotient 
of two determinants. The determinant in the denominator consists of 
vertical columns in which the numbers are the coefficients of the 
variables. The determinant in the numerator is the same as the de- 
terminant in the denominator, except that the first vertical column 
is replaced by the constant terms. Note that the first vertical 
Column ip the two given equations corresponds to the x tern. 


x+ye83 


re +3y = 1 (Illustration) 
4 
lst 2nd 3rd 
vertical vertical vertical 
column column column 


The third vertical column consists of the constant terms. 
Hence, 


fal ar. 
2 Lisl, OM-W@ _ 9-1 181, 


I 1 : 3-2 “1 
iF I (3) - (2) 


The value for y is also the quotient of two determinants. The de- 
terminant in the denominator is the same as the determinant in the 
denominator used for finding x. The determinant in the numerator is 
the same as the determinant in the denominator, except that the second 
vertical column is replaced by the constant terms. Note that the sec- 
ond vertical column in the two given equations corresponds to the y 
term. (See the Illustration). Hence, 


Ip 1 @)@)_ = (2) (3) 1-6 -5 
Ae ee ee es 
iF 3| 


Solution = To solve a set of linear equations graphically we find 
their point of intersection (which satisfies both equations simultan- 
eously). Draw both lines by determining their y- and x-intercepts 
by setting x= 0 and y=0 respectively. See the following 
tables, Note: We solve for y before finding the y-intercept and 
solve for x to find the x-intercept. 


Qx+4y ell ; 2x + 4y =11 ~5x+3y=5 ; -5x+3y=5 
4y=ll- 2x 2xe=ll- 4y 3y=5+5x ; 3y =5 + 5x 
5 + 5x 
ll - 2 ll - y= 3y - 5 = 5x 
y= x= 3 “ 
a a nr sy-5_, 
2x + 4y =11 -5x + 3y =5 


Now each line can be plotted from two points, We see from the graph 
that the point of intersection is 


; To solve a system of two linear equations in two unm 
s by determinants, we set up the following solutions in determinant 
form, derived from the linear equations in standard forn, 
ax+by=c 


1 1 1 
ax + by = fo 
be Cs Re | 
c b, a c 
<2 y naa 
1 1 1 1 
®2 % 3 », 


The denominator for both variables is formed by writing the coefficients 
of x and y inthe linear equations, The numerators are formed from 
the denominator by replacing the column of coefficients of that unknown 
by the column of constants, 

In this case the linear equations in standard form are: 


2x + 4y = 11 
-5x + 3y =5 


Then, the solution by determinants is 
Ke 4 

x= (5 3 7 
= 


\¢ al = ad- be. Therefore, 


The value of a 2x2 determinant is defined to be: 
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x = (1003) = (4905) | 33-20) 3 a 
CHES TCES ES em a 

2 11 
y [2 § (2)G) - ©5)G1) _ 10 ~ (-55) “3 -§ . 


This agrees with the geometrical solution. 
© PROBLEM 326 


Find the simultaneous solution set of the equations 
3x - 6y - 2=0 (9) 


4x+Ty+3=0 10) 
by use of Cramer's rule, 


We first add 2 to each members of (9) and -3 to each 
member of (10) and get 


3x - 6y = 2 
4x + Ty = <3 


We now obtain the solution set by the following steps: 


1. We form the determinant D whose elements are the coefficients 
of the unknowns in the order in which they appear, and get 


3-6 
i [; mM 
Then recalling that a 2x2 determinant |: ‘| may be evaluated as 
a ob 
|: al= ad - bes es 
(3)(7) - (-6)(4) = & 


2. Replace the column of coefficients of x in D by the con- 
stant terms and get 


D, = |? “$]= carer - C60e3) = -4 
3. Replace the colum of coefficients of y in D by the con- 
stant terms and get 
D= 
y= | 
4. By Cramer's rule 


Jl- ees - @a = -17 


we 4.4 
*"*7 "SS B 
D 
yogle ..u 
Hence the simultaneous solution set is €% , -2 


Check: Replacing x and y in the given equations by the appropriate 
elements of the solution set, we have 


3 4) - 0 2)- 2 = e+e from (9) 


aC 45)+ 7 22) + 3 - BEUOS «0 from (10) 
© PROBLEM 327 


i Solve by determinants: | 


3x - 5y = 4 
ix+4y = 3, 


- The equations, as given, are in standard form for applying 
Cramer's rule, Therefore, 


4 -5 
_ 42s 4] _ 4-4 - 25-5) _ 164125 141 

*" 73 -5| 34> 7C5) i+ 7 
Fv 
3 4 

yu 2B] BH 74 BW BML, 
“ei a7 rr 
7 4 


This process always yields a unique solution unless the denominator 
determinant is equal to zero, 


@ PROBLEM 328 


Solve the system 


2x + 3y = 4 
3x - 2y=- 2 


Solution: This system can be solved by Cramer's rule, 


The equations are in the standard form to apply 
the rule. That is, the constants are on one side of the 
equation while the unknowns are on the opposite side. 


Each unknown is the quotient of two determinants. 
The denominator is the determinant of the coefficients. 
The numerator is derived from the denominator by sub- 
stituting the constant terms for the coefficients of the 
unknown. Thus: 


ove gf 
2 4 
y* 3-2] _ = 4 = 12. _ _16 
3-2 
Check by substitution into the original equations: 
2x + By = 4 3x - 2y ==-2 
(a) e262 (a)-2 Shee 


G74 -2=s-2 


@ PROBLEM 329 


Solve the system 


3x + 2y = 12 


4x -3y=-1 


This system can be solved algebraically by 
eliminating one variable from the pair of equations or by 
Cramer's rule of determinants. The equations are in the 
proper form to use determinants to find x and y. 


Hence: 

x « 122 ~ -12(- 3) - 2(- 1) | - 34_ 
3 3-3) = ain a 1 
4 
3 12 

4-1 3(- 1) - 12(4) | - 51 

y 5 al Se ah oe eae 

a 


To verify if the solution x = 2 and y = 3 is 
correct, substitute both values into the original 
equations. 


@ PROBLEM 330 


Solve the system 


2x + 3y - 620 
2y = 3x 


Solution: We can solve this system of two equations in 
two unknowns by determinants or by adding and subtracting 
the equations to eliminate one variable. 


For purposes of illustration, we shall use 
determinants to solve this system. Use Cramer's rule. We 
must have all the unknowns on one side of the equal sign 
and the constant terms on the other to apply this rule. 


2x + 3y = 6 
3x - 2y = 0 


Each unknown, x and y, is the quotient of two 
determinants. Let D = denominator which is the determinant 
of the coefficients. 


2 3 


D= = 2(- 2) - 3(3) =- 4-92-13 


3 =-2 


The numerator,for each unknown, is obtained from the 
denominator by substituting the constant terms for the co- 
efficients of the unknown. Thus the numerator for x is: 


6 3 
= 6(- 2) - 3(0) = - 12 


0 -2 
The numerator for y is: 


2 
= 2(0) - 6(3) = - 18 


3 0 


To check the solution x = u and y = 4 ’ 


substitute these values into the original equations. 
2x + 3y - 6=0 


2 (B} +2 (B] eee 
24 


Uy eee 
78 _ 78 . 4g 
BD 
o0=0 
2y = 3x 
18) _ , {12 
2 (5 3 (8) 
T3 13 


© PROBLEM 331 


Use determinants to show that the following system is inconsistent, 


x+y = 3(x- 2y) +5 q) 
lady - 4x = 11 (2) 


Solution: The method of solving a system of equations by determinants 
is based upon Cramer's rule. Cramer's rule is stated: 


In a system of n linear equations in n variables, if the 
determinant of the coefficients is not zero, the system has a unique 
solution. The value of each variable is a fraction whose denominator 
is the determinant of the coefficients and whose numerator is the same 
determinant, with the coefficients of that variable replaced by the 
corresponding constants, 

Thus, if we have two equations arranged in standard form 
ax+by=c and dx + ey = f, then 


c ts) 
<= fe = se- fb 
ab ae - db 
die 
aoc 
da ft af - de 
= ~ —5 
a ob _ 
doe 


If the numerator is not zero and the denominator is zero, the system 
is inconsistent, We can approach this particular problem as follows: 
The determinant can be obtained more readily if the terms are ar- 
ranged in the standard form, ax + by = c, Equation (1) becomes 

2x - 7y = -5 and equation (2) becomes -4 + l4y = 11. Hence, 


-5 -7 
< 11 14 ‘ -5(14)- 11(-7) = -70 + 77 ie a 
2-7) 209- CDC “ B-Bw “SG 
E. 14 | 
2 -5 
-4 ll 2(11)-(-4)(-5) _ 22 - 20 2 
ye ee verlag mela 
2 <-7 
Ls | 


Since both x and y are of the form Sak 0, the solution set is 
the empty set, and the system is inconsfstant. 

If both numerator and denominator are zero, the values of x and 
y are indeterminate; any (x,y) pair that satisfies one equation will 
satisfy the other also, Since the two equations have the same solution 
set, they are dependent equations. 


@ PROBLEM 332 


Obtain the simultaneous solution set of the system of equations 
3x - 4y = -6 


2x + Sy = 19 
by use of the multiplicative inverse of a matrix, 


Solution; We first express the system in matrix notation as 


(2 =E)-be) a 


The determinant of the matrix M = (2 ai is 3+5 ~ [(2)(-4)] = 
15 + 8 = 23. The multiplicative inverse of M is 


at aTBY X (matrix of the cofactors of each 
element of the original matrix) 


a2: 4a 
wi-2 3] 
since the cofactor of 3 is 5, the cofactor of -4 is -2, the cofactor 


of 2 is -(-4) = 4, and the cofactor of 5 is 3. 
We now multiply each member of (1) by the inverse of M and get 


es) Ls] 
wal-2 32 S]5)- al shis] 


We complete the process as follows: 
1 715+8 -20+20 ]- 1 [-30+765 
23,-6+6 8415 a 12+57 
zo aly)" Zleo) 


fo iG]: GB) 
[>] [3] 


Therefore, the simultaneous solution set is {(2,3)}. 
@ PROBLEM 333 


Solution: A matrix is a set of numbers in a rectangular arrangement. 
The numbers which make up a matrix are its elements. Matrix A has 2 
rows and 3 columns; it is called a 2x3 matrix, the number of rows 
being written first. Matrix B has 3 rows and 1 column; it is called 
a 3X1 matrix. The product of an mXxn matrix A by an nxp matrix B is 
an mXp matrix whose element in the ith row and jth column is the single 
element in the product of the ith row vector of A by the jth column 
vector of B. An ith row vector is a 1Xn matrix of the form 


Since A is 2x3, and B is 3xl, AXB is 2xl. 


am * 227 F O9® 
The first row is ax + ay + a,2 - The second row is byx + by + b,2- 


han [A" * Sere OF 
b,x + by +b 


The one column is 
a,* + ay + az 
bi + boy + b,z bs 

If the number of columns in A is not equal to the number of rows 


in B, the product AXB is not defined. Furthermore, if A and B 
are square matrices, (matrices which have the same number of rows as 
columns), AXB is usually not equal to BXA. 


© PROBLEM 334 


Obtain the product of 


a-(? Jom 2-0 a 


Solution; A is a 2x2 matrix. B is a 2x2 matrix. Therefore AxB 
is a 2x2 matrix. (A,B, and AXB are square matrices.) 


ax = | (269) + G2)(-2), G)Q) + 200) ee -3 
(1) (5) + (4)(-2) G@)Q@) + (4) @) “3 1 


Note that 


5 27,73 27.[@@+@mM (-2+M@ 
ma = (2, ei il [Eee (=2) (-2)+ (3) (4) 


“US ile ES is)-+xe 


@ PROBLEM 335 


rt a=[} ~S] ana w=[2, ]. tina AB and mA. 


SMG The product of two 2*2 matrices is the 2*2 matrix given 
i¢ Lollowing formula: 


(a7 t ie 9) . (° +br aq+ =) 

ce a r s p+dr cq + ds 

We consider the first row of the first matrix and the first column 
of the second matrix, (See the dotted line between the two matrices). 
Multiply the number in the first row and first column of the first 
matrix by the number in the second matrix which is in the same posi- 
tion, Then we multiply the number in the first row and second column 
of the first matrix by the number in the first column and second row 
of the second matrix, Adding the two products, we obtain the term 
in the first row, first colum of the product matrix, We perform 
the multiplication in a similar manner on the second row of the first 
matrix and the first column of the second matrix, to obtain the sec- 
ond row, first column of the product matrix. 


(: oVx a) 

- s 

We do the same for the second column of the second matrix, Therefore, 
208 


3 -57r2 3(2)+(-5)(-8) 3(4)+(-5)9] _ [46 -3 
AB -[) oll-s 9} ~ L7(2)+(0)@8) reaecone | by 28] 


2 3-5] _ £203)+4(7) 2(-5)+4(0) 7) _ - 
ies [s ol? ol [neeaye9c7) (-8)¢-8)+0(0)] [39 10] 
In this case AB # BA. Hence, matrix multiplication is not commutative. 
® PROBLEM 336 


Write the solution of the system 
2x + Ty = Jit 


ix - 23y = 89 


in terms of determinants, 


» The variables x and y can both be written as the 
quotient of two determinants, using Cramer's Rule, For the variable 
x, the determinant in the denominator has the coefficients of the x- 
terms as its first vertical column and the coefficients of the y-terms 
as its second vertical column, Also for the variable x, the deter 
minant in the numerator is the same as the determinant in the denom- 
inator except that the first vertical column is replaced by the con- 
stant terms, Hence, 


Jl? oo 
89 -23 
x= 
| 2 n 
i -23 


For the variable y, the determinant in the denominator is the same as 
the determinant in the denominator used for the variable x, Also for 
the variable y, the determinant in the numerator is the same as the 
determinant in the denominator except that the second vertical column 
is replaced by the constant terms. Hence, 


2 JT 
i 89 
y = 
2 7 
a -23 


Note that the column which is replaced by the constant terms in the 
numerator, is the column which contains the coefficients of the 
variable we are solving for, 


@ PROBLEM 337 


Show, using determinants, that the equations of the following 
system are dependent, 


Sx- 3y+7=0 qa) 
x- a =4(xe-ZPys+s)er (2) 


Solution: Rewrite each equation in standard form. 
(1) Sx - 3y+7=0 
5x - Sy = -7 


(2) x- 7 = 4(x- Py ss) +2 


x- 2y = 16x - lly + 2041 
15x - 9y = -21 


Hence, we have 


~ £069) 21063) _ 63-63 _ 0 
GS 18-3) -4 +4 ° 6 


5 -3 

1s -9 

5 -7 

15 -21| _ 5(-21)-15(-7) | -105 + 105 _ 0 

. <3 Cy) mare mas 
Ee a 


Since both x and y are in the indeterminate form 4 any value may 


be assigned to one of the variables, and the same corresponding value 
of the other will satisfy equations, 


DETERMINANTS AND MATRICES OF THIRD AND HIGHER ORDERS 
@ PROBLEM 338 


Solution; We will use minors to evaluate this determinant. Choose 
the first row, and call its elements > by oy » Then their cor- 
responding minors are Ay, By» Cc, . We form the products ajAp b,B)» 
6c, « Since a is in the first row and the first column, and 
1 +1 2, which is even, the sign of aA, is positive. Similarly, 
the sign of b,B, is negative, and that of cf, is positive. Thus, 
we have: 

oe iis ea eg 
and substituting we obtain: 

2A, - 3B, + sc, . 

We find the minors A, By and c by eliminating from the 
determinant the row and column that a) by and S) are found in. 
Thus, 

6 6 4). 
A= s|* 3" b a|° = b 2| + we obtain: 
6 6 4 

2p osi-k slt®h al - 

Now, since a determinant of the form ie aI can be equivalently 
d 


written as: ad - be, we have: 
2 (4) (8) - (6)(2)] - 3[(2) (@) - (6)¢7)] + 5[G)(a) - (4)(7)] 
210 


2(32 - 12) - 3(8 - 42) + 5(2 = 28) 
2(20) - 3(-34) + 5(-26) 

= 40 + 102 - 130 

= 142 - 130 

=12 


Therefore, the value of our given determinant is 12, 
®@ PROBLEM 339 


Evaluate the determinant; 


Sglution, D is a determinant of order three, which may be evaluated 
by making use of siw lines each of which joins the three elements whose 
product is to be formed. 


DK, 


Here the first two columns are rewritten to the right of the determinant, 
The products formed by following the lines running down from left to 
right have a plus sign attached, and those formed by following the lines 
running up from left to right have a negative sign attached. The 
algebraic sum of the products thus formed is the value of the determinant: 

D = (2)(3)(-1) + (-1)(6)(S) + (2)(3)(0) - (5)(3)(2) - (0)(6)(2) 

- ©1)03)(-1) 
D=-6 - 30 + 0 - 30 = O =-3 
D= -69 


@ PROBLEM 340 


Expand the determinant 


Solution; Here the second row contains two zeros. Hence we shall use 
this row to get the expansion: 


2 4 3 4] _|3 2 
p= -of 4| +2? 4| -of3 3 


= -0[(2)(2) = (4)(3)) + 2[(3)(2) - (4)(1)) 
-0((3)(3) = (2)(1)) 
=0+2(6—4) -050+4-084 
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© PROBLEM 341 


Obtain the value of 


Sobution; If to the elements of any row (any column) of a determinant 
there is added m times the corresponding elements of another row 
(another column), the value of the determinant is unchanged. Therefore 
since the first two elements of the second colum are twice the cor- 
responding elements of the first column, if we multiply each element of 
the first column by -2 and add the product to the corresponding element 
in the second column, we get 


2 4 1 2 4+(-2)(2) 1 2 0 1 
3 6 2) = 3 G(-2)(3) 2} = }3 0 2 
5 2 4 5 2+(-2)5 4 5 -8 4 


Now if we expand this determinant in terms of the elements of the second 
column, using the signs -, +, - that appear in the second column of 
the sign diagram, we get 


o+o- sf I] -am@- a =8 


© PROBLEM 342 


Find the value of 


cette We wish to rewrite the given determinant in 
a simpler form so as to make evaluation less complicated. 
Adding a multiple of each element in one column to the 
corresponding element in another column does not change 
the value of the determinant. Therefore, adding - 1 
times the elements of column two to the corresponding 
elements of column one gives us: 

29 26 22 29 + (-1)(26) 26 22 3 26 22 

25 31 27) = (25 + (-1)(31) 31 27) = |-6 31 27 


63 54 46 63 + (-1)(54) 54 46 9 54 46]. 


Now, adding - 1 times the elements of column two 
to the corresponding elements of column three, we obtain: 


3. 26 22 + (-1) (26) 3 26 <4 
~6 31 27 + (-1)(31)| = |-6 31 -4 
9 54 46 + (-1) (54) 9 54 -8 . 


We can again rewrite this determinant as 
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3( 1) 26 <4 

3(-2) 31 <4 

3( 3) 54 -8 , and since multiplying each 
element of a column of a determinant by a number is 


equivalent to multiplying the determinant by that 
number, we can write: 


3( 1) 26 -4 3/1 26 -4 
3(-2) 31 -4/ = -2 31 4 
3( 3) 54 -8 3 S4 <8 + Now, 


since each element in the last column of the determinant 
can be written as a multiple of - 4, we obtain: 


(3) (-4) 1 26 1 
-2 31 1 
3 54 2 . We now add 


- 1 times the first row to the second row. This gives us: 


- 12 1 26 1 - 12 1 26 #1 
-2-1 31-26 1-1) = -3 5 0 
3 54 2 2 S54 2|. 


Again, adding - 2 times the first row to the third, we 
obtain: - 12 | 1 26 1 


-3 5 A) 


We can now use minors to determine the value of 
the determinant. Let us choose column three, and call 
its elements c,, Cz, C;. Then their corresponding minors 
are C,, Cz, C3. We form the products ¢c;C;, ¢2C2, caCy. 
Since c,; is in the first row and the third column, and 
1+ 3 = 4, which is even, the sign of c,C, is positive. 
Similarly, that of c,C, is negative, and that of c;C, 
is positive. Thus, we have: c,C; - c,C, + ¢;C,. Sub- 
stituting we obtain: 1C, - 0C, + OC,. The last two 
terms vanish. We find the minor C, by eliminating from 
the determinant the row and column that c, is found in. 
Thus, C; = |j- 3 5 


1 2 


+ and since c, = l, 


e1C; also = [= 3 5 
1 2| . Thus, our given determinant 
equals: - 12 |- 3 5 
Ll 2] = = 120(-3) (2) - (5) (1) 


=- 12 (- 6 = 5) 
== 12 (- 11) = 132. 


© PROBLEM 343 


Find the value of |67 19 


39 13 
81 24 


So Our aim in this problem is to break down the 
given determinant into one that is easier to evaluate. 
We can therefore rewrite our determinant as: 


67 19 21) = |10 + 57 19 21 
39 13 #414 0+ 39 13 14 
81 24 26 9+ 72 24 26] . 


Now we can make use of one of the well-known 
properties of determinants; that is, if each element of 
a column of a determinant is expressed as the sum of 
two terms, the determinant can be expressed as the sum 
of two determinants. Thus, 


10 +57 19 2lj= {10 19 21]. + |57 19 21 
0+ 39 13 14 0 13 «#214 39 13 14 
9+ 72 24 26 9 24 26 72 #24 «26 . 


The determinant can again be simplified further. 
Let us examine the second determinant in the above 
sum. Remember that multiplying each element in a 
column of a determinant by a number and adding that 
product to the corresponding elements in another 
column does not change the value of the determinant. 
Therefore, we can perform this on the determinant 
using - 3 as the number, and adding the product of 
- 3 and the elements of column two to the correspond- 
ing elements of column one. Thus, we obtain: 


57 19 21 57 + (- 3)(19) 19 22 
39 13 14) = |39 + (= 3)(213) 13 14 
72 #24 «26 72 + (- 3)(24) 24 26 


214 


= 0 419 21 
o 13 #414 
0 24 26] . 

Now, since each element in a column of a determinant 
is zero, the value of the determinant is zero. Thus, the 
value of the second determinant in the above sum is zero, 
and we have: 

67 19 21 10 #19 21 
39 13 14] = 0 13 #14 
81 24 26 9 24 26] . 
But, this can be rewritten as: 
1o 19 19 +2 10 19 19| 10 19 2 
0 13 #13 +1) = 0 13 413) + 0 13 1 
9 24 24+2 9 24 24 9 24 2|. 
If two columns of a determinant have the same ele- 


ments, then its value is zero. Thus the first determinant 
in the above sum is zero, and we are left with: 


10 19 2 
0131 
9 24 2]. 


We now use minors to determine the value of the 
determinant. Let us choose column one, and call its 
elements ai, a2, a3. Then their corresponding minors 
are A,, Az, A;. We form the products a,A,, &2A2, €3A;. 
Since a, is in the first row and the first column, and 
1+ 1 = 2, which is even, the sign of a,A, is positive. 
Similarly, the sign of a,A, is negative, and that of 
asA;3 is positive. Thus, we have: 


aiA; ~ a2A2 + a3A3, and substituting we obtain: 
10A, - OA, + 9A;. The second term vanishes. We 


find the minors A, and A, by eliminating from the deter- 
minant the row and column that a, and a3 are found in. 


Thus, 
13 1 19 2 


13 1 


Ai = A3 = 


24 2 
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and 67 19 21 10 19 2 
39 13 14) = 01321 
81 24 26 9 24 2 


= 10 {13 1 


24 2 


+9 )19 2 


13 1 


Now, these two determinants are easily evaluated. 
The first, 


13 
24 


= (13)(2) - (1)(24) = 26 - 24 = 2, and the second 


19 
13 


2 
| = (19)(1) = (2) (13) = 19 - 26 = = 7. 
1 


Thus, 67 19 21 
39 13 14] = 10(2) + 9(- 7) = 20 - 63 = - 43. 
81 24 26 


Another way to approach this problem is to use 
the expansion scheme for determinants of third order. 
Using this method we rewrite the given determinant as 
follows: 


39 13 


We multiply the elements falling on the same diagonal, 
thus obtaining six terms. The three terms on the lines 
sloping downward from left to right have a positive 
value, and the three on the lines sloping downward from 
=n a9 to left have a negative value. Upon expanding we 
obtain: 


(67) (13) (26) + (19) (14) (81) + (21) (39) (24) = (21) (13) (81) 
- (67) (14) (24) = (19) (39) (26). 
Performing the indicated operations should give us the 
game value obtained using our previous method, that is 
- 43. 


The advantage of the first method is that it does 
not involve a long multiplication process. 


@ PROBLEM 344 


Find the value of 


Solution: We can simplify this determinant by multiply- 
ing each element of the second column by - 2, and adding 
this value to the corresponding element in the first 
column. This does not change the value of the determinant. 
Doing this we obtain: 

30 + (-2) (11) ll 20 38 

6 + (-2)¢ 3) 3 0 9 

11 + (=2) (-2) -2 36 3 or, 


19 + (-2)( 6) 6 17 22 


8 ll 20 38 


0 3 0 9 
15 =2 36 3 
7 6 17 22 . 


Now, we multiply each element of the second column 
by - 3, and add this value to the corresponding element 
in the fourth column. We thus obtain: 

8 11 20 38 + (-3) (11) 
0 3 0 9 + (-3)( 3) 


15 -2 36 3 + (-3) (-2) 


or, 


7 6 17) 22 + (=3)( 6) 


8 11 20 5 
t) 3 i) 0 
15 -2 36 9 
7 6 17 4 


We now find the value of the determinant in terms 
of minors. Let us choose the second row of the determinant, 
We will call the elements of this row az, bz, cz, dz, 


respectively. Their corresponding minors are Az, B2, C2, 
D:. We obtain the value of the determinant by multiply- 
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ing each element in the chosen row by its corresponding 
minor as follows: 


@2A;, b2Bz, C2C2, 42D2. We now add each of these. 


The signs are determined by the row and column of each 
element. Since a2 is the term in the second row and the 


first column, and 2 + 1 = 3, an odd number, the sign is 
negative. Since bz is the term in the second row, second 


column, and 2 + 2 = 4, an even number, the sign is po- 
sitive. Similarly, the sign for c,C,is negative, and 


that for d2Dzis positive. Thus the value of the deter- 
minant is: 


- a2A2 + beB2 - c2C2 + d2D2. Substituting we 
obtain: 
- OA, + 3B, - OC, + OD;. All terms vanish 


except the second, 3B:;. We must now find the minor, B:. 


This is done by eliminating the row and column in the 
determinant which contains b, = 3. Thus, 


B; = 8 20 5 
15 36 9 
7 17 4 , and 
the value of the given determinant up to this points is: 
3 8 20 5 
is 36 9 
7 17 4 . 


We can simplify the above determinant in the follow- 
ing manner; multiply each element of row three by - 1 
and add this value to the corresponding element in row 
two. We obtain: 
3 8 20 5 
15 + (-1)(7) 36 + (-1) (17) 9 + (-1) (4) = 


7 17 4 


3 8 20 5 
8 19 § 
7 #17 4 


Now, multiplying each element of row 2 by - 1 
and adding this value to the corresponding element in 
row 1 we have: 
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3 8 + (-1)(8) 20 + (-1)(19) 5 + (-1)(5) 
8 19 5 = 
7 17 4 


3 0 1 #0 
8 19 5 
7 #17 4 : 


We can now obtain the value of this determinant 
in terms of minors. Choose row 1. Then, 


0 1 0 


8 19 5] = OA, - 1B, + 0C,. But, 


7 #17 4 
B, = 8 
7 4| . Thus the value of our given determinant 
is 
(3) (-1) 8 5 -3 |8 5 
7 4 7 4 . 
Now, 8 
= (8)(4) - (5)(7) = 32 - 35 = - 3, 
7 


and (-3)(-3) = 9. Therefore, 


30 11 20 38 


6 3 i) 9 
= 9. 

11 -2 36 3 

19 6 17 22 


© PROBLEM 345 


Find the inverse M of the matrix 


1 
3 
4 5 
1 6 


We find the determinant of the matrix M us 
of minors and cofactors, and expanding in the first row, 
following scheme giving the sign of each minor (in this case each 
element of the first row). 


and verify that MM =I, 
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5 “2 § “2 4 

a if | [3 | [3 ‘| 
= 1(24-5) -3(-12-15) +4(-2-12) = 19 + 81 - S56 = 44 
Furthermore, each entry Ay consists of the cofactor (the det- 
erminant of the two by two°’matrix of entries resulting when any 


combination of row i and column j is excluded) of each element 
of the original matrix. 


5 2 5 -2 4 
a, -[f | = 19 4,,°-[2 S|a27 ana a= [2 ‘| = -14 
Similarly, Ay = -l4, Ano = -6, 4n5 = 8, Ay) = -l, As. 7 -13, and 
Ass = 10. 


Hence, by an definition of the multiplicative inverse, the inverse 


matrix M becomes 
1 


determinant of M (matrix A) 


where A is the matrix of cofactors. 


19 -14 -1 


eo Se wo -04 -iJf[y3 4 

we a 46-6 -13;/-2 4 5 

14 8 wi{/31 6 
,[i9+2-3 s7-s6-1 76-70-6 


= a7+12-39 81-24-13 108 - 30 - 78 
“14-16 +30 -~42+32+10 -56 + 40 + 60 


1 4 #0 0 1 0 0 
= ry Oo 44 ={O 1 ° 
o oO 44 o 0 1 


© PROBLEM 346 


Expand the determinant 


in terms of the cofactors of the elements in the first row. 


x The cofactors of the elements in the first row of D are the 
minors of the elements preceded respectively by the signs +, -, +. 


The proper sign is (1) #44 where i is the number of the row and j 

is the number of the column in which the element stands. The minor of 

a given element of a determinant is the determinant of the elements which 
remain after deleting the row and the column in which the given elemont 
is found. The minor of an element a may be denoted by m(a). Then 
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since a= 3, b= 2, and c= 4, we have the corresponding cofactors 


5 2 12 15 
? | Bo -n(2) = -[, | C= tals) © I 7 
Since a determinant may be expressed as the sum of the products formed 
by multiplying each element of any chosen row (column) by its cofactor, 
the expansion of D in terms of the cofactors of the elements in the 
first row is 


A=+n(3) = 


D= RA - 2B+ 4c, 
§ 2 a. 2 » ae | 
d= 3/3 ‘| -2|, 1 sft | 


bs | as ad- bc, D becomes 
e d 


Hence we have 


Evaluating a 2x2 determinant 


D = 3[{(5)(6) - (2)(7)] - 20(1) (6) - (2)(4)] 
+ 4[(1)(7) = (5) (4)] 
= 3(30 - 14) - 2(6 - 8) + 4(7 ~ 20) 
= 3(16) = 2(-2) + 4(-13) = 48+ 4- 52-0 


@ PROBLEM 347 


Expand the determinant 


in terms of the cofactors of the elements of the third column and check 
the result by expanding in terms of the cofactors of the second row. 


Solution: Since in the third column )* 3, co * -6, and °3* -2 
and the signs in the third column of the sign diagram for a 3x3 deter- 
minant, 


are +, -, +, we have the corresponding cofactors 
, ji -5 _ 6) = -}72 4 
c, = +a(3) [3 4} c, = -n(-6) | 3 + , 


3 1-5 
D- x, - (-6)C, + (-2)¢, . 


Cc, = +m(-2) = {2 4 


1 - 24 “2 4 
pest “3|-col? 4]+ ea? 4] 


= 3[(1) (1) = (-5)(3)] + 6[(-2)02) - (4)(3)) 
=12((-2) (-5) - (4)(1)) 
= 3(1 + 15) + 6(-2-12) - 2(10 - 4) = 48 - 84 - 12 = -48 
The signs in the second row of the eign diagram are -, +, ~, amd the 
elements are 1, -5, and -6. Hence 
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4 3 2 3 2 4 
z= alt a sf -3| 3 3 --6)| 3 ‘| 


-1[(4)(-2) - (3)(1)) = 5[(-2)(-2) - (3)(3)] 
+ 6[(-2)(1) = (4)(3)) 

= -1(-8-3) + (+5) (4-9) + 6(-2-12) 

= 11+ 25 - 84 = -48 


If one or more of the elements of a determinant are zero, it is ad- 
visable to expand the determinant in terms of the cofactors of the 
elements of the row or column that contains the greatest number of 
zeros. 


©@ PROBLEM 348 


Use Cramer's rule to solve the system of equations 


Sx+y- 22 = -3 
2x+7y +3229 
4x -3y -z2=7 


Solution: The terms in the left members are arranged in the proper 
“order and only the constant terms appear in the right members. 
Hence, we proceed as follows: 


3°C«421tsti‘é=2d x 3 
Ax= Bwhere A = 2 #7 3i; x= ly}; Be] 9 
1 3 -1 z 7 


Step 1: 
The determinant of A is: 


E 1 -2 
D= |j2 7 3 
3 26-1 
Compute the determinant D by the method of minors and cofactors. 

That is, compute the sum of the products of a number, the minor, and 
the determinant of the two by two matrix resulting when the row and 


column containing the minor is crossed out. The summation can be 
along any row or column and the following scheme provides the sign 


for each minor, 
+ - + 
- + - 
+ - + 


The minors may be the elements along any chosen row or column of 
the matrix. The cofactor is the determinant of the four terms 
remaining when the row and column of the chosen minor is eliminated, 


<5 a]ak a]-% 3 
The determinant of a two by two matrix is computed as follows 
dot[® ef = ad - be. 
= 3(-74+9) - 1(-2-12) - 2(-6-28) 
D= 6+ 14+ 68 = 88 
Step 2: Now compute Des Dy dD i.e., the determinants of the 
matrices resulting when you replace the column containing the co- 


efficients of the variable under consideration by the constant 
terms in matrix B while keeping the other two columns the same, 


“3 1 -2 
p = |9 7 3 
> 7-3 -2 
7 s| [9 3]_,[9 4 
tee i alah ty af -3 


-3(-74+9) -1(-9-21) -2(-27-49) 
= -6 + 30 + 152 = 176 


Step 3: 


9 3 2 3 2 9 
aes p E vali | al; | 
=3(-9-21) +3(-2-12) -2(14-36) 
= -90 - 42 + 44 = -88 


Step 4: 
1-3 
7 9 
3 7 
7 9 2 9 27 
-3 [3 | [ *|=k 4 
= 3(49+27) -1(14-36) -3(-6-28) 
= 228 + 22 + 102 = 352 


Step 5: sf 
— ss 
D 
D 
y = x = 
D 
ze zs 
by Cramer's rule. Hence the solution set is {(2,-1,4)}; it can be 


checked by the method of substitution. 
@ PROBLEM 349 


Using determinants, solve the system 
ax-y-a=4, 


x+3y-z=-l, 
x + 2y + 3z = 5. 


4 
Solution: Use Cramer's rule _ to solve for the variables x,y,z, 


is x,y,z. 443 is the determinant of the system, 43+ with the ith 


column replaced by the elements to the right of the equal signs in the 
system's equations, The determinant of the system is 


; “1 -2 
A, = 3 -1 
$s 1 2 3 


Compute the determinant by expansion in minors and cofactors. For 
simplicity allow the minors to be the elements of the first column, 
The following scheme gives the means for determining the sign of the 
minors. 


+ = + 
- 4 «= 
+ = + 


Each minor is multiplied by its cofactor, i.e., the determinant of 
the two by two matrix resulting when the row and column containing 
the minor are crossed out, 


4, = 2[3(3)-2¢-1)) -1[(-1)(3) -2(-2)] +2[(-2)(-1) -3(-2i] = 2(2)-10) 
*1@7=- Bw 

Since #0, the system possesses a unique solution. Also allow 

the minors of 455 to be the elements of the first column. Then 


we get, by application of the rule stated above, 


4 -l <2 
4.x = |-2 3 «6-lle= 
3 5 2 3 
44° 4[3(3)=2(-1)} = (-1)[-1(3)-2(-2) ]+5[-1(-1) -3(-2)] 
= 4(11)+1(1)+5(7) = 80, 
2 4 -2 
4 2 1 -1 -lj = 
3 1 5 3 
43° 2[-1(3)~5(-1) ]-1[4(3) - 5(-2)] +1[4(~1)~(-1) (-2)] 
= 2(2)-1(22)+1(-6) = -24, 
2 -1 4 
4,2 = 1 3 -li= 
3 lL o2 5 


4.37 2[3(5)-2(-1) )-1[-1(5) -2(4) ]+1[-1(-1)-3(4)] = 2(17)-1(-13)+1(-11)= 36, 


whence, since 4 


x3 
aay = or 4x=4., 
4 
= 23 
y a; or 4X = 45 
pr or AZ=A 
4, 3 23, 
Fk Me eh eee i Ge 
27° 28 7? 2 7 


That this solution satisfies the given system of equations is readily 
verified, 


@ PROBLEM 350 


Show that the following equations are not independent: 
5x + 4y +llz= 3 


6x -4y +2 =1 
x+3y+5n=2 


i. To show that a system of linear equations is independent 
first compute the determinant of the matrix of the coefficients. 
If this result is equal to zero the equations are dependent and if 
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the result is not equal to zero the equations are independent or 
consistent. The matrix of coefficients is: 


he a 


Call the determinant of (m), D. 


5 4 ll 
D= -4 2)=5 <4 +11 
E 3 5 3.0C«Ss 1 65 1 3 
= 5(-20 ~ 6) - 4(30 - 2) + 11018 + 4) 


D= -130 ~ 112 + 24220 


Hence, since D = 0, the equations are not independent, and no 
unique solution set exists. 


@ PROBLEM 351 


Obtain the simultaneous solution set of 
x + 3y + 4z = 15 


“2x + 4y + Sz = 12 
3x + y + 6z = 29 


Solution; The matrix notation for the system of equations is 


1 3 4 x 15 
MX =Bwhere M=/-2 4 5); Xely/; B={12 
3 1 6 z 29 


or 
1 3 44x 15 
-2 4 Sfiyf= j12 (2) 
3 1 6 fz 29 


The matrix of the coefficients is the matrix M discussed in the 
previous problem, and its inverse um) was found to be 


1 “14 -1 
ia . -13 
ia 10 

-1 


Therefore, if we multiply each member of (2) by M , we get 


M Lax =M Se) or 
o olix! 1-14 1] 
f z 0 2| = ~— = 
0 rf r 
which is KX = a i the indicated operations, we 
have X= M71B or 
x 1 285 - 168 ~ 2 
yi=z—]| #05 - 72 - = j-l 
z -210 + 96 + 390 76 4 


Therefore, the simultaneous solution set is {(2,-1,4) }. 
@ PROBLEM 352 


Solve by determinants 


2x- yr z2*#-3 


xt yr Zz 


x - 2y + 32 = 


m: Three equations in three unknowns can be 
solved algebrically by eliminating the same variable from 
two different pairs of equations. 


We can also solve this system using Cramer's rule 
as in the system with only two unknowns. 


The given equations are in the appropriate form to 
set up the needed determinants. Thus: 


If 1, 2, and 3, are substituted for x, y, and z, respect- 
ively, in each of the three equations, it will be found 
that they satisfy each equation, and therefore x = l, 

y = 2, and z = 3, is the correct solution of the given 
system of equations. 


Check: 
2x-yrze=-3 x+yr+2=6 x- 2y + 32 26 
2(1)- 2-3=-3 l1+2+3=6 1 - 2(2) + 3(3) = 6 
-3=-3 6=6 6=6 


APPLICATIONS 


@ PROBLEM 353 


Without expanding, prove that 


: If the elements of a column (row) of a determinant are multi- 
plied by any number m, the determinant is multiplied by m. Therefore, 


x y 2x x y X* 
D= |z w 22)*%2]2 wz 
uv 2 es vow 


since the elements of the third colum of D are multiples of 2. 
Since two rows (two columns) of this determinant are identical, the 
value of 


ix y 2x x y x 
D= jz w 2)“#2},2 w 24,0 
uv 2u u vieu 


(the first and third columns are identical) 
@ PROBLEM 354 


abc agx 
If D, = def DJ = |bhy 


, 
ghk ckz 


and d = tx, e = ty, f = tz, prove without expanding that 
Dy = ~tD,. 


Solution: In D, if we replace d by tx, e by ty and f by 
tz, we have 


a be 
D, = |tx ty tz 
g h k 


If the elements of a row (a column) of a determinant are 
multiplied by any number t, the determinant is multiplied 
by t. Therefore 


a be a b c 

Dy = |tx ty tz) = [t(x) tly) tz) 

g hk g h k 
abc 
=tix yz 
ghk 


ax since the rows of this deter- 
=tibyh minant are the columns of the 


cok one just above. 


Now, since interchanging two columns (rows) of a 
determinant changes the sign of the determinant, inter- 
changing columns 2 and 3 gives us: 


agx But agx 
=-tibhy bhy|] = Doi 
ckz ckz 


hence, Dy = ~tD,. 


© PROBLEM 355 


Show that |[b+c a-b al] = 3abce - a’ - b' - c?. 


c+a b-ec b 


atbcr-ac 


Solution: The following is a known property of deter- 
minants: |a; + @, b,; c 


a2 + be ce bad 


a; +4; bs Cy 


a, by cy a: by cy 


a2 b2 C2/+ az bz by, 


a; by cy > by c¢s3|. Notice that in our given 


determinant there are two columns with their elements ex- 
pressed as the sum of two terms. We will first apply the 
above property to the first column. We thus obtain: 
b+e a-b a ba-ba ca-ba 
c+a b-c bl = |e b-ec bi + la b-ec b 
atb crac ace-ac bcr-a cl. 

Now, applying this property to the second column 


of both determinants on the right side of the equal 
sign we obtain: 


baa b-ba caa e -b a 
ec b bl +i{ec -c bi) + la b bl + la -c b 
ace a-ac bcc b-a cl. 


But, if each element in a column of a determinant is 

multiplied by a number p, in this case p = - 1, then 

rg value of the determinant is multiplied by p. That 
8s, 


&: ph cy Ja, by cy 
a, pb; c2/| = P |42 b, C2 


a, pb; Cc; a; by cy]. 


Thus, our above determinants become, 
= |b a al - |b b al +e a al- fe b al}. 
ec b b cc b abo»b acob 


acc aac bee baie 


Recall that when two columns of a determinant 
are identical, the value of the determinant is zero. 
Thus, the first three determinants vanish and we are 


left with - |c b a 
acob 
BD: @ Ol vs 


To evaluate this third order determinant we employ the 
following method: rewrite the first two columns of the 
determinant next to the third column, obtaining: 

-|lc b al c b 


acob ac 
bac ba. 


Draw three diagonal lines sloping downward from 
left to right, each of which encompasses three elements 
of the determinant. Do this also from right to left. 


The diagram now looks like: - 


We now form the products of the elements in each 
of the six diagonals, preceding each of the terms in 
the left to right diagonals by a positive sign, and 
each of the terms in the right to left diagonals by a 
negative sign. The sum of the six products is the re- 
quired expansion of the determinant. Thus, we obtain: 


-(e+‘crectbs b*b+aras* a-~ ach ~- cha - bac) = 


- c? - b® - a’ + 3abe = 3abe - a’ - b’ - c?. 


@ PROBLEM 356 


Show that a-b-c 


Solution: We can rewrite the given determinant by 
adding each element in the third row to its correspond- 
ing element in the second row, and then adding each sum 
to the corresponding element in the first row. Thus, 


a-b-c 2a 2a 
2b b-ce-a 2b = 
2c 2c ec-a-b 


a-b-c+(2b+2c) 2a+(b-c-at2c) 2a+ (2b+c-a-b) 
2b b-c-a 2b 


2c 2c c-a-b 


slatb+tc atb+eo atbte 
2b b-c-a 2b 
2c 2c c-a-b e 
Now, since multiplying each element of a row of 
a determinant by a number is equivalent to multiplying 


the determinant by that number, we can factor out 
(a + b + c) from the first row obtaining: 


(a+b+c)x| 1 1 1 
2b 0hCUh ecco Ha 2b 
2c 2c c-a-bj. 


We now leave the first column unaltered, and 
subtract each element of the first column from the 
corresponding element in the second and third columns. 
Doing this we obtain: 


(at+b+e)x {1 1-1 1-1 
2b b-c-a-2b 2b-2b = 
2c 2e-2c c-a-b-2c 


(a+b+e)x]1 0 o | 
2b -b-c-a 0 
2c 0 -c-a-b . 


We can now use minors to determine the value of 
the determinant. Let us choose row one, and call its 
elements a;, b;, C;. Then their corresponding minors 


are A,, B;, C,. We form the products a,A;, b;B,, ¢),C;. 

Since a; is in the first row and the first column, and 

1 +1 = 2, which is even, the sign of ayAy is positive. 

Similarly, that of b,B is negative, and that of ce, Cy is pos- 

itive. Thus, we have a,Ay ~b,B, + c,C,- Substituting we 

obtain: 1A, - OB, + OC,. The last two terms vanish. We find 

the minor Ay by eliminating from the determinant the row and 

column that a is found in. Thus, 
A. ® |~>~ b-c-a 0 


0 -c-a-b{| , and since 


@, = 1, a,A; also equals -~b-c-a 0 


0 -c-a-b 


Thus, our given determinant equals: 


= (a+b+e)x |-b-c-a (1) | 
i) -c-a- b|. 
But ~b-c-a 0 
= (-b-c-a) (-c-a-b) - (0) (0) 
0 -c-a-b 


= be + c* + ac + ab + ac + a? + b? + be + ab 
= (a+b+c)?, 


and (a+btc) x |-b-c-a 0 


= (atbt+c) (at+b+c)? 


0 -c-a-b 


= (a+b+c)?, 
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CHAPTER 15 


FACTORING EXPRESSIONS 
AND FUNCTIONS 


Basic Attacks and Strategies for Solving 


Problems in this Chapter. See pages 232 to 
264 for step-by-step solutions to problems. 


In carrying out the factorization of a non-fractional polynomial expression, 
the following general steps are applicable: 


() 


(2) 


(3) 


(4) 


(5) 


Determine if there is a greatest common factor in the polynomial and 
then factor it out. For example, 3 is the greatest common monomial 
factor of 12x - 3 since it can be factored as 3(4x - 1). 


If the polynomial has two terms (a binomial), then see if it is the 
difference of two squares, or the sum or difference of two cubes, and 
then factor accordingly. Remember, if it is the sum of two squares then 
it will not be factorable. 


If the polynomial has three terms (a trinomial), then itis either a perfect 
square trinomial which will factor into the square of a binomial, or it 
is not a perfect square trinomial, in which case you use a trial and error 
method. For example, the factorization of 


6¢-x-2 is (2x+1)(x-2), 


found by trial and error after finding the possible factors of the first and 
last terms in the polynomial. 


If the polynomial has more than three terms, then try to factor it by 
grouping. For example, the factorization of the expression 


ax + bx + 2a+2b 
is found by grouping and factoring as follows: 
x(a + b) + 2(a + b) = (x +2) (a + b). 


As a final check, see if any of the factors you have written can be 
factored further. If you have overlooked a common factor, you can 
catch it as this point. 


Factoring a fractional or rational expression is done by first factoring the 
numerator and denominator and then dividing the numerator and denominator by 
any factors they have in common. This process is called reducing the expression 
to the lowest terms. 


The procedure for combining two or more rational expressions depends on 
the operation(s) involved and whether the denominators are alike or different. 
When adding or subtracting fractional expressions with different denominators, 
find the LCD for all denominators and change each rational expression to an 
equivalent expression that has the LCD. Then, add or subtract the numerators of 
the expressions and apply the common denominator. If the denominators are 
alike, simply add or subtract the numerators and apply the common denominator. 


To multiply two or more fractional expressions, multiply numerators and 
multiply denominators to obtain the product. Reduce this product to the lowest 
terms. 


Finally, to divide one fractional expression by another fractional expression, 
simply multiply the first expression by the reciprocal of the second expression. 
Then, reduce the result (quotient) to the lowest terms. 


Step-by-Step Solutions to 
Problems in this Chapter, 


“Factoring Expressions and Functions” 


NONFRACTIONAL @ PROBLEM 357 


Factor x(y + z) + uly + 2). 


Solut : By the distributive law, 
x(y + 2) + uly + z) = (x + udly + 2) (1) 


To check if this factoring is correct, distribute the two 
products on the left side of equation (1). 


xly + 2) + uly + z) = (xy + xz) + (uy + uz) 

or x(y + z) + uly + 2) = xy + xz # uy + uz (2) 
Calculating the product on the right side of equation (1): 

(x + u)(y + z) = xy + uy + xz + uz 

or (x + u)(y + z) = xy + xz + uy + uz (3) 


Since the right side of equations (2) and (3) are equal, 
equation (1) is true. 


© PROBLEM 358 
Factor A) ha’ - 2ab 
23 2 


B) Q9abc = 6a c + 12ac 


Cc) ac + be + ad + bd 


Solution; Find the highest common factor of each polynomial. 


A) 4a%=a2-2-a-a-b 


2ab=2+-a-+b 


The highest common factor of the two terms is therefore 2ab. Hence, 
éa*b - 2ab = 2ab(2a ~ 1) 
B) gabe = 3-3eme bebe c-c-e 
6atce 3+2-a-8-C 


l2ac*#=3+2+2+a:s+c 


The highest common factor of the three terms is 3ac. Then, 


gab“? - Gaze + 12ac = 3ac(Gb“c” - 2a + 4) 

C) An expression may sometimes be factored by grouping terms 
having a common factor and thus getting new terms contain- 
ing a common factor. The type form for this case is acebce 
ad*bd, because the terms ac and bc have the common factor 
¢, and ad and bd have the common factor d. Then, 


ac + be + ad + bd = c(a + b) + d(a + b) 
Pactoring out (a + b), we obtain: 
= (a + b)(c + 4). 


© PROBLEM 359 


Factor the following polynomials: 


(a) 15 ac + 6bc - 1Oad - 4bd 


(o) 3e%c + 3a2d? + 2b%c + 2b2a? . 


Solution: (a) Group terms which have a common factor. Here, 
they are already grouped. Then factor. 


15 ac + 6 be = 10ad - 4bd = 3c(5a + 2b) - 2d(Sa + 2b) 


Factoring out (Sa + 2b) 
3c(5a + 2b) - 2d(Sa + 2b) = (Sa + 2b)(3c - 2d), 
(>) Apply the same method as in (a), 
sa%c + 3076? + 2b%c + 207d? » 30%(c + a”) 20%c + 4”) 
= (c+ a? (30? + 20”). 


@ PROBLEM 360 


Factor ax + by + ay + bx completely. 


ee Group the terms which have a common factor. The 
rst and last terms have the factor x in common, while the 
second and third terms have the factor y in common. Hence 
we may rewrite the expression, and we have 


ax + bx + ay + by = x(a + b) + y(a + b) 
Now factor out (a + b) 


= (a + b) (x + y). 


@ PROBLEM 361 


Pactor x” + 7x + 12. 
cages Since 7x = 4x + 3x, x2 + 7x +12 = x? + 4x + 3x 
+ 12. 


‘actor out the common factor of x from the first 
two terms. Also, factor out the common factor of 3 from 
the last two terms. Therefore, 


x? + 7x +12 = x(x + 4) + 3(x + 4). 


Now factor out the common factor of (x + 4) from the right 
side to obtain: 


x? + 7x 412 = (x + 4) (x + 3). 


© PROBLEM 362 


Factor xy - 3y + y? - 3x completely. 


Solution: Note that the first and last terms have a common factor 
of x. Also note that the second and third factors have a common 
factor of y. Hence, group the x and y terms together and fac- 
tor out the x and y from their respective two terms. Therefore, 

xy - 3y + y* - 3x= (xy - 3x) + (-ay + y?) 
Since (-sy + y”) = (y? = ay), 

xy - By + y? = 3x = Gy - 3x) + Gy? - ay) 

= x(y - 3) + yy - 3) 

Now factor out the common factor (y - 3) from both terms: 

ny - Sy ty? = 3x= (x+y) - 9). 

© PROBLEM 363 


Factor 2ax - 3by - 2ay + 3bx completely. 


Solution: Note that the first and the last terms have a common 
factor of x. Also note that the second and third factors have a 
common factor of y. Hence, group the x and y terms and factor 
out the x and y from their respective two terms. Therefore: 
2ax - 3by - 2ay + 3bx = (2ax + 3bx) + (-3by - 2ay) 

= x(2a + 3b) + y(-3b - 2a) 
Since -3b - 2a = -2a - 3b, 
2ax - 3by -2ay + 3bx = x(2a + 3b) + y(-2a - 3b) 
Factor out -l from the term (~-2a -3b): 

(-2a - 3b) = -1(2a + 3b). 

Therefore, 
Qax - Sby - 2ay + 3bx = x(2a + 30) + ¥( (-1)(2a + 3)) 

= x(2a + 3b) - y(2a + 3b) 
Factoring out the common factor (2a + 3b) from both terms: 
2ax - Sby - 2ay + 3bx = (x ~ y)(2a + 3b). 

®@ PROBLEM 364 


2 


Pactor x“ - x - 12 over the integers. 


Solution: A quadratic equation whose roots are a and b 
may be written in the form: (x - a)(x - b) = x? = (a + b)x 


+ ab= 0. Considering x? - x - 12, the coefficient of x 
is -1 and the constant is -12; thus, we want to find the 
values for a and b such that 


a+be=1 and a+ b= -12 
One of the numbers must be negative and the other one posi- 
tive, since only a negative multiplied by a positive will 
give us a negative quantity (-12) for a: b. 
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After examining the possible factors of -12, we find 
that 4 and -3 are the desired ones since 4 + (-3) = 1. 
Thus, let a = 4, b = -3, and 


x? = x - 12 = x? - (4 - 3)x + (4) (-3) 


= (x - 4) (x + 3). 
@ PROBLEM 365 


Factor x” + 7x + 10. 


Solution: We are given x? + 7x +10. We may use the formula 

x? + (bte)x + be = (xtb) (xtc) (1) 
to factor this polynomial. That is, we set 

x + mx +10 = x* + (b+c)x + be . 
Thus the coefficient of the x term, 7=b+c and 10= be. We now 
must find the two numbers b and c whose sum is seven and whose 
product is 10. We first check all pairs of numbers whose prodwi 
is ten: 

(a) 1x 10= 10; hence b=1,c=10. 
We reject these values because b+c must equal 7, but 1+ 1011. 

(b) 2x 5= 10; hence b*=2,c¢# 5, 
We check the sum of these values, and note b+c#2+4+5=7, 
Thus b= 2 and c= 5 are the correct values. Now we go back to 
equation (1) 

x? + (btc)x + be = (x+b)(x+c), and substituting our values of b 
and c we obtain: 

x + (2+5)x + (2°5) = (x+2) (x5) 

x? + Ix +10 = (x62) (xt5) 

© PROBLEM 366 

Pactor (z + 1)? - b?. 


Since (z + 1)? - b*® is the difference of two 
squares we apply the formula for the difference of two 
squares, x? - y* = (x + y) (x - y), replacing x by 
(z + 1) and y by b to obtain: 

(z + 1)? - b? = [(z +1) + b][(z + 1) - bd). 
® PROBLEM 367 
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Solution: Since a = (/a)”, 2 = (72)? and 3 = (v3)? 
Therefore, 2x? - 3y” - (72x)? - (3y)? 


(Yix)? - (/3y)? is the difference of two squares, hence we 
apply the formula for the difference of two squares, 


u? - v2 = (u+v) (u-v), letting u = /2x and v = /3y. 
Thus, we obtain: (/2x + /3y) (2x - /3y) 
@ PROBLEM 368 


Pactor the expression 16a” - 4(b- c)?. 


Solutions 16 = 4 23? 
2 


, thus 16a” = 4°a*. Since a*b* = (ab)*, 
l6a* = 4¢a* = (4a)7. Similarly 4 = 27, thus 
4(b-c)? = 27(b-c)? = [2(b-c)}?. Hence 


16a? - 4(b-c)? = (4a)? - [2(b-c)}7. We are now dealing with 
the difference of two squares. Applying the formula for the 


difference of two squares, x° - y? = (x+y) (x-y), and re- 
Placing x by 4a and y by 2(b-c) we obtain: 


(4a)? = [2(b-c)}* = [4a + 2(b-c)] [4a - 2(b-c)] 
= (4a + 2b - 2c) (4a - 2b + 2c). 


Therefore, 16a" - 4(b-c)? = (4a + 2b - 2c) (4a - 2b + 2c). 
@ PROBLEM 369 


Pactor 4x2y? - 36x727 completely. 


Salusion: We observe, 


ax*y? = 27x2y? and 36x72 a7 67x72", 
Since, 

x*y727 = (xyz)*, 27x y? = (2xy)? 
and, 

67x72" = (6xz)?. 
Thus, 


ax2y? = 36x72? = (2xy)? - (6x2)? , 


the difference of two squares. We apply the formula for the 
difference of two squares, 


a? - p* = (atbla-b), 


replacing a by 2 xy and b by 6xz: 


4x2y? - 36x22? = (2xy + 6xz) (2xy - 6xz). 


We may now factor 2x from each of the above factors since, 
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2xy + 6xz = 2x(y + 32) 
and, 


2xy - 6xz = 2x(y - 32). 
Thus, 
2,2 


ax?y? = 36x2z? = (2x) (y + 32) (2x) (y - 32) 
= (2x) (2x) (y + 3z) (y - 32) 


= 4x2 (y + 3z) (y - 32) 
© PROBLEM 370 


SQlution; Add and subtract xy from the given expression. 
Note that this procedure doesn't change the value of the 


expression because x?- y?+ xy - xy = x? - y?+ (xy - xy) = 


x? - y? +0= x? - y?. 


Therefore, 
2 
x? - 7: = x? = y? + xy ~ xy. 
Also, by the commutative law of addition: 


x? ~ y? = x? - y? + xy -xy 
= x? - y? + (xy - xy) 
= x? + (xy - xy) - y? 
or x? - y? = x? + xy - xy - y? (1) 


Again, applying the commutative law of addition to the 
second and third terms of equation (1): 


x? = y? = x? -xy + xy - y? (2) 

Factoring x from the first two terms of equation (2) and 

also factoring y from the last two terms of equation (2): 
x? - y? = x(x - y) + y(x - y) 

By the distributive property: 


x? - y? = x(x - y) + y(x - y) 


= + - 
(x + y) (x - y) . 371 


Simplify (x + ay)(x - 2y)(x? + 4y”). 


Solution; Here we use the factoring formula a” - b” = (a - b)(a + b) 
to rewrite the product (x + 2y)(x - 2y): 


(x + 2y) (x - 2y) = (x)? = (ay)? aitterence of two 
squares, 


4y. 
Hence, (x + 2y)(x - 2yXx" + ay”) = (x? - aPXx? + Ay”) a) 
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Now, again use the factoring formula given above to rewrite the right 
side of equation (1) in which x*= a and 4y*=b, Hence, 
(x? ~ ay? Xx? + ay”) = (x2)? - (4y?? 
= x! - «y* since Gry =a! 
= x" - 16y4 
Hence, equation (1) becomes: 
(x + 2y) (x - ay x” + 4y?) = x* - 16y* ‘ 
© PROBLEM 372 


ctor 25a” + 30ab + 9b". 


Solution: Note that 25a7 = 5? a” = (5a)*, 9b* = 37»? 


= (3b)? and 30ab = 2(5a) (3b). The given expression can be 
rewritten as: 


2 2 


25a* + 30ab + 9b* = (5a)? + 2(5a) (3b) + (3b)2, (1) 


Also, the formula for the square of a binomial sum is: 


(x + y)? = (x + Yi(x + y) = x? + xy + xy + y? 
= x? + 2xy + y? 
thus, 
(x + y)? = x? + 2xy + y* (2) 


The right side of equation (1) corresponds to the right 
side of equation (2), where x = Sa and y = 3b. Hence, using 
the left side of equation (2), equation (1) can be rewrit- 
ten as: 


2 


25a2 + 30ab + 9b? = (5a)? + 2(5a) (3b) + (3b)? 


= (Sa + 3b)? 


@ PROBLEM 373 


Pactor x? - 8. 


: Since 8 = 2°, x2 - 8 = (x)> - (2)7. Therefore, 


x” - 8 is the difference of two cubes. The formula for the 
difference of two cubes is: 
a? - pb? = (a - b) a? + ab + b’) 


Replacing a by x and b by 2; 


x? - 8 = (x)? - (2)? 


= (x - 2) [x? + (x (2) + (2) 
x? = 8 = (x - 2) (x? + 2x + 4) 


@ PROBLEM 374 


Factor 8a° - 27. 


Solution; Note that 8 = (2)?, hence 8a° = (2*)(@*) = (2a)? 
and 27 = (3)? 
So, 8a? - 27 = (2a)? - (3)? 
Recall the formula for the difference of two cubes: 
x? - y? = (x - y) & + xy + y’) 
Substituting 2a for x, and 3 for y: 
(2a)? = (3)? = (2a - 3)[ (2a)? + 3(2a) + 37] 
= (2a - 3)(4a* + 6a + 9) 


Hence, 8a? - 27 = (2a - 3) (4a? + 6a + 9). 
© PROBLEM 375 


Factor 27x? - 8y’. 
Solution: Note that 27 = 3°; thus 27x? = (3?) (x*). 

Since a*b* = (ab)*, (3) (x?) = (3x)?. 

Similarly, 8 = 2°; thus 8y’ = (2")(y") = (2y)’. 
Therefore 27x’ - 8y’ = (3x)? - (2y)’, the difference of 
two cubes. We apply the formula for the difference of two 
cubes, (a> - b’) = (a - b) (a? + ab + b*), replacing a by 
3x and b by 2y. Thus, we obtain: 

27x? - By? = (3x)? - (2y)? 

= (3x - 2y)[(3x)? + (3x) (2y) + (2y)?] 
= (3x - 2y) (9x? + 6xy + 4y?). 
® PROBLEM 376 


Find the factors of 125m*n° - 8a. 


Note that 125 =5-5-5= 53. Also since a*’ = 
(a*)’, n= n? 3. (n?)>. Thus 125m?*n® al 53m *(n? >. Since 
a*p%c* = (abc)*, 5°m*(n?)? = (smn*)?, 8 = 2-2-2 = 2%, 
thus 8a° = 27a? = (2a), Now 125m°n® - 8a? = (smn? ? = 
(2a)3, which is the difference of two cubes. Apply the 
formula for the difference of two cubes x? - y? = 


(x - y)(x? + xy + y*), replacing x by Smn? and y by 2a. 
Hence, 
125m°n® - ga? = (mn? - 2a) [(snn?)? + smn? (2a) + (2a)?). 
=(smn*-2a) (25m n'*+10amn?+ha* ) 
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© PROBLEM 377 


Factor (x + »? x. 


Solution; The given expression is the sum of two cubes. The formula 
for the sum of two cubes can be used to factor the given expression, 
This formula is: 

abs (a + ba ~ ab + dv”). 


Using this formula and replacing a by x+y and b by z: 
(x + y* + x = [cy + z]{ cx»? - (x+y)z + 2] 


© PROBLEM 378 


Factor 125x? + 64y>. 


es Noting that 125x° = 5°x? = (5x)? and 


64y° = 4 y? = (ay)3, we obtain 


3 3 


125x” + 64y" = (5x)? + (4y) >, 


Thus we have the sum of two cubes. Applying the formula for 
the sum of two cubes, 


a+b = {a+b) @ - ab + b’) ' 


and replacing a by (5x) and b by (4y) we obtain (5x)> + (4y)? 
= (5x + 4y)[(5x)? = (5x) (4y) + (ay) 2] 
= (5x + 4y) (57x? - 20xy + 4*y?) 
= (5x + 4y) (25x? - 20xy + 16y%). 


© PROBLEM 379 


Factor 5x? + gy? . 


Solution: Recall the formule for the sum of two cubes: 
e+ = (a + b)@? - ab + b4) . 


To obtain Sx? + gy? as the sum of two cubes, we must express Sx? 


and gy? as perfect cubes: Note that 
COBY -CHY od ea; 
thus, Cay -(sP-stes. 


So, we can write 5x? “CBP? - [3/5 3 3 
and 8= 2°, 80 by? » 29y? = (ay)? . 
Thus, sx? + by? = (AJix) + (ay)? 


Substituting 45x for a and 2y for b in the above general 
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formula we obtain: 


(2y5x) + (ay)? = Aix + 29) [Cx ~ Vix-2y + ayy’), 
and since Cyn . (st? = #2 =3 Set =3 sx? ® 
= Cx + av Xo hsx? -2 3Jixy + ay”). 


© PROBLEM 380 


Factor: (a) 2x? + 2y? (b) ax + b°x. 


Solution; (a) First we factor out a 2 from this expression. 


Thus 2x? + 2y* = 2(x* + y*). x? + y?, the sum of two like 
even powers, cannot be factored. Thus, it is a prime expres- 


Sion. vence 2x7 + 2y? = 2(x? + y’). 
{(b) Pirst we factor out an x from this expression. 


Thus, a’x + b?x = (a? + b’)x. (@? + »?) is the sum of two 
cubes. Applying the formula for the sum of two cubes: 


+a = (c + a)? - cd + a’), replacing c by a and d by b 


we obtain 
a? +b? = (a + b)(@? - ab +b’). 
Hence, ax + b*x = (a + b) @? - ab + b’)x. 


@ PROBLEM 381 


Find the following special products: 
(a) 3xy* (x? - 3x + 6) 


(b)  @x® - sy) @x* + 3y) 


(c) (3a + 2)(4a - 5) 
(4) Gx? + 3xy? + y*)Gx - y*) 


Solution; 
(a) Use the distributive property. 


3xy? (x? = 3x + 6) = 3xy?(2x") - 3xy?(3x) + Sxy?(6) 
= (3-2) Gex”)y? = (3+3) (xexdy? + (3+6)xy? 
5 6x°y? - Ox*y? + 18xy? 


(b) Use the difference of two squares, (a-b)(atb) = a® - b?, 
replacing a by 2x* and b by 3y, 


(2x? -3y) @x*+3y) = x4)? - Gy)* = 2°G%)? - 5? 
= 4x9°2 ~ gy? 
«= ax! - Sy? 
(c) Use the distributive property. 
(3a+2) (4a-5) = 3a(4a-5) + 2(4a-5) 
= 12a" - 15a + 8a - 10 
= 12a” - 7a - 10 


(4) Use the difference of two cubes, @2+abeb#) (ab) = a -d), re= 
Placing a by 3x and b by 
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(2x*+3xy2+y*)(3x-7*) a [cs0*+3197°+69*)} Gx-7 = (3x)? - G3 
= 27x = 
; ® PROBLEM 382 


Solution: Note that a‘ = (a7)? and b* = (b*)?; thus 
a* - b* = (a7)? - (b*)*, the difference of two 
squares. Thus we apply the formula for the difference 
of two squares, x* - y? = (x + y) (x - y), replacing x 
by a* and y by b? to obtain: 
a* = b* = (a7)? - (b?)? = (@? + b?) @? - b*). 


Since a’? - b* is also the difference of two squares, 
we once again apply the above formula to obtain: 


a? - b? = (a + b) (a - b). 


Therefore, a* - b* = (a? + b*) (a + b) (a - b). 
@ PROBLEM 383 


Evaluate 2x*y - gy? . 


Solution; First note that there is a common factor of y in both terms. 
Thus 

2 3 2 

ax’y - By’ = yx" - By’) 
There is also a common factor of 2 which can be factored out, 
2 
= ay - ay’) . P 

Observe by? = 2?y? = dy)’, thus x’ - ay? =x - @y) » the difference 
of two squares. Applying the formula for the difference of two squares, 
a? - v* = (atb)(a-b). Replacing a by x and b by 2y, 


x? - Qy)* = (x + 2y) (x - 2y). 


aye? = ay?) = 2y(x + 2y) (x = 2y) 


Thus 
and 2x? - by? = 2y(x + 2y)(x - 2y). 
@ PROBLEM 384 


Pactor 16x*y? - 250xy>. 


Solution; Factoring out the common monomial factor 2xy’, 


we have 
16xy? - 250xy* = 2xy7(ex? - 125y°). 


8-2*2°*2 23, thus 8x? = 233 s (2x)3, and 


125 = 5+5+5 = 5°, thus l25y* = S*y° = (Sy). 
Hence, 2xy*(8x° - 125y*) = 2xy*[ (2x)? - (5y)*]. since 


(2x)~ - (Sy)? is the difference of two cubes, we apply the 
formula for the difference of two cubes. 
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ab - b= (a - b) (a? + ab +b’), 


replacing a by 2x and b by 5y. Thus 
axy? (ex? - 125y*) = axy?(2x - sy) [ (2x)? + (2x) (Sy) + (sy)?] 


= 2xy7(2x - Sy) (4x? + loxy + 25y%). 


5 


Therefore 16x4y? - 250xy> = 2xy7(2x - Sy) (4x? + Loxy + 25y%). 


@ PROBLEM 385 
Factor A) Ped + ba? +4 
2 4 


B) 9a” - Gad +b. 


Solution: The first example is a trinomial which is a perfect square 
Tr the Torn: ; 


2 2 
x? + 2xy +y wx tatty = (xty) Gety) = ety)? . 
For example A), replace x by a and y by 2 to obtain 
a + Gee +4 @’)? + 2-07-2 + 2? « @ +? : 
The second example is a trinomial perfect square whose form is: 
2 2 2 2 2 
x + Qxy ty sx = xy - xy ty” = (x-y)(x-y) = (xy). 


For example B) replace x by 3a and y by b? to obtain: 


9a” - bab” + b* = (3a)? - 2(32) 62) + 6)? 
= Ga - b»)Ga - v4) 


= Ga - v4)? . 


@ PROBLEM 386 


Factor a4 - a? - 12 completely. 


Solution: We factor a trinomial of degree two in this 
manner: 


x? + (c + d)x + cd = (x + 6) (x + a). 


In this case x = (a”) 
a‘ - a? - 12 = (a’)? - @) - 12. 
c+d#-l e°d= -12. 


We must find two numbers whose sum is -1 and whose product 
is -12. The two numbers which satisfy these two conditions 
are ~4 and 3. Thus, 


at - a? - 12 = (a4)? - a? - 12 


= (a7)? + (-4 + 3) (7) + (-47(3) 


Therefore, 


a - a? -12s (a? + 3) (a? = 4). 


The first factor on the right does not factor further, but 


the second factor; a? - 4, is a difference of two squares. 
Completion of the factorization gives 


at - a? - 12 = (a? + 3) (a + 2) (a - 2). 


© PROBLEM 387 


Pactor the expression 49x° - asy®. 


Solution: Noting that 49x° = 77(¢%)? = (7x7)? ana 
25y° = 52 (y*)? = Gy*)?, we obtain 


4a9x® - 25y® = (7x*)? - (sy*)?, 


Thus we have the difference of two squares. Applying the 
formula for the difference of two squares 


“ “i = (a+b) mad, = oye ks (7%) SIC 2) 
, we obtain (x - = x + x = 
Die 3 
@ PROBLEM 388 


Factor 128x - 2y°. 


a We first observe that 2 may be factored from this 
expression. Thus 


128x° - 2y® = 2(4ax® - y'). 
now, since sP°S = (a2, x6 = x32 = (2)? ant 
yS = 32 wo (32, 
therefore 2(64x° - y°) = 2[64(x*)? - (y*)?] 
i 2[s? (3)? - (y*) 7} 
= [f2x°)? - G7]. 


Thus, we have the difference of two squares. Applying the 
formula for the difference of two squares, 


a* - p? = (a+b) (a-b), and, replacing a by 8x? and b by y, 
we obtain 
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2t¢ex3)? - ¢y?)?1 = 2[(@x? + y?) @x? - y9)] 
= 2[ 2x? + y°) @3x3 - y’)] 


= 2[ (2x)? + y731Q@x)? - y}. 
Now since the expressions in brackets are the sum and dif- 
ference of two cubes, respectively, we apply the formulas 
for the sum and difference of two cubes: 


a? + b? = (a+b) (a? - ab + b?) 


a? - b> = (a-b) (a? + ab +b’), 


Replacing a by 2x and b by y we have 


2[ (2x)? + y?) [ can»? - y} = 2(2x+y) (4x?-2xy+y”) (2x-y) (4x?+2xy+y”) 


§ . 2(2x+y) (4x?-2xy+y") (2x-y) (4x?+2xy+y") : 


@ PROBLEM 389 


Therefore, 128x° - 2y 


Factor: (a) 


Solution: (a) Pirst note that 4a* - r® may be expressed as the 
difference of two squares: 4° - b° = Gy - e* y. Recall the 
formula for the difference of two squares: x? - y = (x-y)(x+y). Re- 
placing x by 2a” and y by se in this formula we obtain: 

Pa @?f : °Y 2 (a? . b? aa 7 SD) 

{(b) Observe that v? - 2be + o is a perfect square, 


since the first and last terms are perfect squares and positive, and 
the middle term is twice the product of the square roots of the end 


2 
terms, Then, b - e+e? = @-c)*, 
Thus, express the given algebraic expression as the difference 
of two squares, 


a? b* + She = c* = a? - @’ - 2be +c”) = a” - (b - ec)? 
Then apply the formula for the difference of two squares 
2 2 
(x" - y= Gey) oy), 
replacing x by a and y by (bc): 
a? - (ec)? = [a - (@&c)][a + (bc) 


= (a- b+c)(a +b- c) 
Thus, 2 2 2 
a -b + 2ce-c = (a2 - bec)(a+b-=- c) 


@ PROBLEM 390 


Pactor x® - 64 completely. 
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Solution: We observe that, 


x® = x2 2 (x3)? and 64 = e*. 


x§ - 64= (x3)? - 8, 


the difference of two squares. Applying the formula for the 
difference of two squares, 


a? ~ b* = (a + b) (a - db) 


Thus, 


and replacing a by x and b by 8, we obtain, 


x® - 64 = (x? + 8) &? - 8). 
Since , 


8 = 23, x° - 64 = (x? + 8) (x? - 8) 
= (x? + 25)? - 23). 


Thus each resulting factor, factors further, as a sum and as 
a difference of two cubes, respectively. Applying the formu- 
las for the sum and difference of two cubes, 


(a? +b?) = (a + b) (a? - ab + b*) 


(> - b?) = (a - b) (@? + ab + b?), 
and replacing a by x and b by 2, we obtain, 
x® = 64 = (x + 2) (x? - 2x + A) (x - 2) (x? + 2x + 4). 


6 


It is of interest to see what results on factoring x - 64 


as a difference of two cubes. We get, in this case, 
x® - 64 = (x4)? - 3 
= &? - dG! + 4x? + 16), 
in which 


x? -4 «= x? - 2? 


factors as (x + 2)(x - 2). A comparison of the two results 
shows that x! + ax? + 16 must be factorable as, 


x4 + ax? +16 = (x? - 2x + (2 + 2x +d). 


This may be verified by multiplication, but it is not easy to 
see directly. Treating, 


x =~ 64 


as the difference of two squares is much simpler than thinking 
of it as the difference of two cubes. 
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@ PROBLEM 391 


and x? = 3x + 2. 


Find the LCM of: x* + 2x +1, x? - 


Solution: Factor each term, 

x? + 2x +1 = (x +1)?7, x? -1 = (x - 1)(x +1), 

x? - 3x + 2 = (x - 1) (x - 2) 

As with integers, the LCM must contain all of the 
prime factors as a product, and each prime factor must 
contain the largest exponent it has in any of the 
factored forms. Each factor is used only once, regardless 
of the number of times it appears. Therefore, 


LCM = (x + 1)? (x - 1) (x - 2) 
@ PROBLEM 392 


2 


Pind the LCM of:6x* + 24x 42%, 4x? - 8x - 12,and 3x” + 9x + 6. 


Seer ane Factor each expression completely. Constant 
actors should be written as a product of prime numbers. 


6x? + 24x + 24 = 6(x? + 4x + 4) = 6(x + 2)? = (3) (2) (x + 2)? 
4x? - 8x -12= 4 (x? - 2x - 3) = 4(x + 1) (x - 3) 

= (2)2(x + 1) (x - 3) 
3x7 + 9x + 6 = 3(x2 + 3x + 2) = 3(x + 1) (x + 2). 


Each of the factors of these expressions appears in the 
product known as the LCM, Each factor is raised to the 
highest power to which it appears in any one of the ex- 
pressions. Therefore, 


LCM = (2)2(3) (x + 2)2(x + 1) (x - 3) 
@ PROBLEM 393 


Find the LCM of: (x - 1)”, (1-x)?, 1- x. 


ee Factor each polynomial completely. Notice in 

e factoring of the second and the third polynomials that 
-l may be factored from the expressions first so that the 
terms of highest degree in the factors will have positive 
coefficients. 


(x - 1)? = (x - 1)? 


(1 = x2 = [ere - 2? = (Fe - 3 = ee - 3 
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L- x? = (-1) (3 - 1) = -(e - 1? + x 4+ 2). 


«&? - 1 is the difference of two cubes.) 
Each of the factors of these expressions appears in 
the product known as the LCM. Each factor is raised to 


the highest power to which it appears in any one of the 
expressions. Therefore the 


tem = (x - 1)3(x? + x +1). 


FRACTIONAL 


@ PROBLEM 394 


Simplify 


2. 2 is the difference of two equages, Applying 
the formula Sox the difference of two squares, 
= (a + b) (a - b), with x = a and y = b, 


x? -y? | (xt = al 2 ae 
x+y x+y my 
© PROBLEM 395 


Perform the indicated operation 


: x? - y* is the difference of two squares. Applying the 
formula for the difference of two squares 


a? - b? = (ath) (a -b) 
* ae y? = (xty) (x-y) 


Thus wey ot | wt vG-y), 
2x x+y 2x x+y 
é 2 

e (2x) Gcty) 
Since 4x” = (2x)(2x), - 

-4 3 Te 

= 2x(x - y) 

@ PROBLEM 396 


ine 3 - zr - = <+y into a single fraction. 


Seed Fractions which have unlike denominators must be 
transformed into fractions with the same denominator before 
they may be combined. This identical denominator is the 
least common denominator (L.C.D.), the least common multiple 
of the denominators of the fractions to be added. In the 
process of transforming the fractions to a common denominator 
we make use of the fact that the numerator and denominator of 
a fraction may be multiplied by the same non-zero number 
without changing the value of the fraction. In our case the 


denominators are x? - y? = (x + y) (x - y), x(x - y), and 
x + y. Therefore the LCD is x(x + y) (x - y), and we proceed 
as follows: 


set y 2 Sad? Ao Se ty 8 ene! 
x -y x(x-y) xty x+y) (x-y x (x-y) x+y 
= (3x +y) _ _(x + y)2y 
x (x+y) (x-y) xty) (x) (x-y 
—~ _ x(x - y) 
x (x-y) (x+y) 
_ 3x? + xy _ _2x + 2y? 
x (x+y) (x-y) x (x+y) (x-y) 
= x? - x 
x (Ge+y) (xy) 
_ 3x? + xy - Gry + 2y°) - (x? - xy) 
x (x+y) (x-y 
= Bl + wy try = ay? = x! oy 
x (x+y) (x-y 
a 3x2 - x? + xy _+ = 2xy - 2y? 
x (x+y) (x-y) 


2 


aa 2x? - 2 
x (x+y) (x-y) 


@ PROBLEM 397 


2 2 2 
Solution: Note that x -4=x° - 2°, the difference of two squares, 


Using the formula for the difference of two squares, Pa - b? = (a-b)(atb), 
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we have: 2 2 


x -4=x° - ?? = (x-2) (x+2). 


Thus 
: x 4 x 4 


we & 22K (x2) (xH2) 2 - x 


= a. 

(x-2)(x+2) 2+ x 
= ae “1): 
7-x (-1): 


ACD , 4, 4, 
Q-X-1)  -2+x x-2 


Multiplying numerator and denominator of 


aM =| C4 « Shy 4 
w= 6 Dex (xed) (et) x - 2 


= %* , Atte) 
(x-2) (xt2)  (x-2) (x42) 
(Notice that = = 1, therefore multiplication by this fraction does 
not alter the value of the term) 


_ 3x + 402) _ 3x + Gx + 8 
(x-2) (x+2) (x2) (et2) 


- 7x + 8 
(x-2) (x+2) 


@ PROBLEM 398 


Simplify: 1,1 
= + 


+ F 


Solution: This is a complex fraction, a fraction whose numerator and 
lenominator both contain fractions. To simplify it, multiply the 
numerator and denominator by the least common denominator, LCD. 
To find the LCD of several fractions, first factor each denominator 
into its prime factors. 

a- b= (a - b) 

a+t+b= (a +b) 

a - & «= (a - b)(a + b) 


The LCD of the fractions is the product of the highest power of the 
different prime factors, with each prime factor being used only once, 
Hence (a - b)(a +b) is our LCD, Multiplying, we obtain: 


(a-v)(ers) [ 2 +b} 


2 
(a-b) (a+b) [ +2, | 
a -b 


Distributing in the numerator and denominator, and recalling that 
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a - »? = (a - b)(a + b) we have: 


= (atb) + (a-b) 
(a-b) (a+b) + sabes (a-b) (arb) + b” 
gekeea) ge 2 
awenten 2 § 


@ PROBLEM 399 


Combine the following fractions =; + Z -5. 


y-x 


Solution: Note that the denominator x - y’ is the difference of two 
Squares. Using the formula for the difference of two squares 


a? - b? = (a + b)(a- bd), 
2 


factor x? -y” into (x + y)(x - y). Next observe that -(y-x) = 
-yt+x = x-y. Then multiplying numerator and denominator of 


oe 
=1 2 -2 
-1 (2) x-y 
Therefore, 
a ee er eer 
x eye (xty) (x-y) ox = y 


Thus the terms (xty),(x-y), and 1 appear in our denominators, In order 
to combine fractions, transform them into equivalent fractions with a 
common denominator. Using (xty)(x-y) as our least common denominator, 
LCD, multiply each term by the necessary factor to yield a denominator 

of = (xty) (x-y): 


ogiay + 5 3 YS) + elie ef 


x -y y-x (xty) (x-y) (xty) (x-y) 
-— ey, ae, 25 = v4) 
(xty) (x-y) (xty) (x-y) (xty) (x-y) 


~x - = 5x2 + 2 
(ety) (x-y) 
. 2k: = Sx? + Sy" 
(xty) (x-y) 
“x = 2 +> 
= 2. 
i 


@ PROBLEM 400 


Reduce oe to lowest terms. 
x" - 4 


Solution: Factor the expression in both the numerator and 
enominator. In the numerator we factor 3 from both terms, 
and observing that the denominator is the difference of 


two squares, x? - 27, we obtain: 


3x - 6 3(x - 2) 
x2 - 4 x x + 
« 3 

x +2 


The numerator and denominator were divided by x - 2. 
@ PROBLEM 401 


Combine the following fractions: 


Leb a Mee, | a * 
3a” - 3 a+b b-a 


ee In order to add fractions with unlike denominators, we must 
find a least common denominator, L.C.D., which is the least common 
multiple of the denominators of the fractions to be added. First, 
factor the different denominators 


3a? - 3b? = Xa2 - v7) = 3(atb) (0-b) 


at+b= (a+b) 
b-as=-l(a - b) 


Notice that the last denominator differs from the 3rd factor (a = b) 
of the first denominator by a factor of -1. Factor out this minus one. 
Hence 
i2b- 16a, 5. 1, tab = be 4,5, 
3a2 = 3b7 a+b «= (=1) (a-b) (ath) (a-b) a+b a-b 


Now, the least common denominator is 3(a-b)(at+b). Transform the 
fractions to equivalent fractions all having the same denominator. 
Then, add the numerators. 


i2b-}62 ,i5 , Le ., Lb- 16s 
3(atb) (a-b) = (a + b) {a - b) 3(atb) (a-b) 


, 5Q)fa-b) , (1)3(a+d) = 
3(atb)(a-b) —3(a~b) (atb) 


12b - la +1 - ~ + 3b P 
3(a+b) (a-b) x(a? - »*) 


Simplify _ 22) 
4x* + 20x + 25 


Solution: First we factor a 2 from the numerator, thus 
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4x + 10 pix + 5) 
pe ee! eee 


4x” + 20x + 25 4x" + 20x + 25 


+ 2 
Factoring the denominator, = 7 2 am io . rae 


Since the factor (2x + 5) appears in the denominator it may 
not equal zero, as division by zero is not defined. Thus 


2x +5 #0 
2x # -5 


x # =. 


4x + 10 =5 
4x" + 20x + 25 


Therefore, 


4x - 20 


Reduce ———— _ to lowest terms. 
50 - 2x? 


SQlution:, Factor the numerator and the denominator: 


4x - 20 4(x- 5) CF 4(x ~ 5) 


WIS KS RY 
50 - 2x? 2(@5 - x?) BSD Ae 


Multiply the numerator and denominator by ({- 1) 
to reverse the sign of the factor (5 - x) in the de- 
nominator. Then divide both the numerator and denominator 
by 2(x - 5). 


(- 1)[4(x - 5) - 4(x - 5) 


= 
= - x +x x +x 


Dividing, we obtain: 


i coi 
x+5 7 


@ PROBLEM 404 


2 = 2 
Simplify au_-_3ab_+ 2b" . 


2b? + ab - & 


et Factoring the numerator and denominator of 
@ given fraction we obtain: 


a? - 3ab + 2b? _ (a - 2b) (a - b) 
2b? + ab - a? (2b - a)(b + a) 


If we negate both factors in the numerator 
we do not change the fraction's value( because ne- 
gating both factors gives us -1 multiplied by -1, 
which equals 1; and multiplication by 1 does not 
change the expression's value). Thus, we have: 


- (a - 2b) j[- (a - b) (2b - a) (b - a) b-a 


( - a)(b + a) (2b -a)ib?a) bra’ 


2b -a 
since %- a 1. 


Perfora the following addition: 


Solution; Factor the denominators into polynomial factors. Hence, 


x? -4= (x + 2)(x - 2) 
x® - Sx +6 (x - 3)(x - 2). 
Therefore: 


2x 3 2x 3 


———— + = * 


wea) x -5Sx+6 (x + 2)(x - 2) (x - 3) - 2) 


q@) 


Now, find the least common denominator (4.c.d) of the two fractions 
on the right side of equation (1). This is done by writing down all 
the different facturs that appear in the two denominators. The ex- 
ponent to be used for each factor is the smallest number of times 
that the factor appears in either denominator. Hence, 


Lic.d. = (x + D(x - 2) ex - 3) 2 (x + Dx - Dx - 3), 


Multiplying each fraction by a fraction of the appropriate form, and 
with unit value, produces an equivalent fraction whose denominator is 
the 4.c.d. Therefore: 


2x ‘ 3 ‘a (x _~ 3) (2x) ¥ (x + 2) (3) 
wea wt 5x46) (x - 3)(x+ D(x - 2) (x + 2)(x - 3)(x-2) 


(x — 3) (2x) + 3(x + 2) 
(x+ Dix - Dx- 3d 


distribute, ~ Be = bx + 3x+6 
(x + 2)(x = 2)(x - 3) 
combine terns 2x* - 3x46 


(x + De - Die - Dd 
@ PROBLEM 406 


Divide 


JSoQlution: The problem can be written as: 


2x - 8 
x FL 
3x? - 12x 
x? -1 


To divide fractions invert the denominator and 


multiply the inverted fraction by the numerator. Thus, 


2x - 8 
x +1 - 2x- 8 ,_x?-1 
3x? - 12x x eT 3x? - 12x 
x? - 1 


2(x- 4) » _(x + 1) (x - 1) 
x + x(x = 


factoring and dividing out common factors 
2(x - 1) 


@ PROBLEM 407 


Subtract oe 
x" - ax +1 
Solution: To subtract 2x = 3 from oo 
x° - 3x +2 x" - 2x +1 


must change these fractions to equivalent fractions with a 
common denominator, 


2-x 2x - 3 7 2-x = 2x - 3 
x - 2x+1 x” - 3x +2 * 7 7 7 


Denominators were factored for convenience. Multiplying 
the numerator and denominator of ne by the 


= x- 
x 2s a 2 — does not change the value of 


the original fraction. Likewise, we can multiply the 


numerator and denominator of ese by the denomin- 


2-x 
ator of [TN - IF 


denominator of 


2-x  __2x%-3-~ | 2-x 2x - 3 
2 y] - a = = — 
x" - 2x +1 x = 3x + 2 (x (x x * 


i (2x- x) (x - 1) (x - 2) 
x= x= x- x= 
e (2x - 3) (x - 1) (x - 1 
x- | x= V(x = 
(2 - x) (x = 1) (x = 2) = (2x - 3) {x - 1) (x - 1 
etx = Srey a 
Rule for subtracting fractions with common denominators 
0 PE en ee 
(x = x= x= x= 
eM 
x= x- xo 
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factor of (x - 1) cancels 


_ we + ax - 4 - 2x? - 5x +3 


(x = 1)°(x = 2) 


_ 3x? + 9x - 7 
(x - 1)*(x - 2) 

3x" =~ 9x +7 

(x = 1)4(x- 2) 


The numerator is not factorable so the fraction can not be 
reduced. Either of the last two fractions could be given 
as the answer, 


@ PROBLEM 408 


= + + > (x #0,1,-1). 
x-1 x -x 


Sareea Note that the denominators are x? + x = x(xel), x? - 1, the 
difference of two squares, = (x+1)(x-1), and x*- x = x(x-1). Before 
fractions can be combined they must be transformed so that all will have 
the same denominator, This identical denominator is called the Least 
Common Denominator (L.C,D,). The L.C,D, is the least common multiple of 
the denominators of the fractions to be added. Thus, in our example the 
least common denominator is x(x-1)(x+l1). Multiply the numerator and de- 
nominator of the first fraction by x-1, those of the second fraction by 
x, and those of the third by (x+1). Then the sum is given by 


Eien) - Oenten) + Gen) 
" SGRTGRTY 7 RGETGRT) * GAGA) 


(x1) - 4% + xe1 -2x -2 
= = = . 
xr) (atl) xGr-1)¢x+1) m1) (x4 


1 4 1 =2 
- - = + = weer s Te) txt 
x +x x-1 x -x wi Gael) 
To check that these equations are equivalent, substitute any value of x 


(we use x = 2) in both sides of the equation, From the left side we 
obtain: 


eR PR CR CO 
Pet Pai Hak 24k 452 eek 
1 4,2 
= $°3*3 
1.8.3 
-"3°6*@ 
—24 
3 
-2 
he 


From the right side we obtain: 
-2 -2 -2 
TiIysiy ~ Wye) ~ 3 
Thus, both members yield the same result. 
@ PROBLEM 409 


Find the product of 


-x 
-x-2 
Solution: 
2. = F a 
x x . X22 | x(x - 1) (x = 2) by 
x? -x- 2 x? (x = 2) (x + 1)x? 
factoring 


Fae by dividing 


out common factors x and x - 2 


x-1 


x? +x 
@ PROBLEM 410 


Combine into a single fraction 


2x 7 8 
-6x49 9 x -2x-3 


i. Fractions which have unlike denominators cannot be combined 
directly. First they must be transformed into fractions with the same 
denominator. This identical denominator is called the Least Common 
Denominator (L.C.D.). 

Before we can obtain the L.C.D,, we factor each individual denomin- 
ator. 
< = 6x + 9 = (x-3)(x-3) = (x-3)* 
xX - 2x = 3 = (x-3)(xtl) 
x+1l= (+1) 
To find the L.C.D., we consider all the different factors. Take the 


highest value of the exponent of each factor, Thus, factoring the 
denominators, we obtain 


ee a a 


(x-3)7 — (x-3) (ctl) xtl 


and the L.C.D. is (x-3)* (x1), We shall now rewrite the three given 
fractions as equivalent fractions, each having the denominator 

(x-3) (x+1). To this end, multiply numerator and denominator of the 
first fraction by x +1, of the second fraction by x - 3, and of the 
third fraction by (x-3)*. This gives 
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(x- 3)? (+1) (x-3)* (xt) (xt1) (x-3)* 
BE +2x- (8x-24)- 8 - Gxt 9) 
(x-3)? (#1) 
2 +2x-Bxt24-1° +6x-9 
(x-3)? (x+1) 
2x = 42x- Bact 6xt24-9 
(x-3)? (x#1) 
~ +15 
(x-3)* (x#1) 


Check. The given expression should be equal to the resulting fraction 
for all permissible values of x, that is, for all values of x except 
3 and -l (x= 3 and x = -1 give us zero in the denominator of the 
fraction, which is undefined). Replacing x arbitrarily by 2, 


X-6xt9 xX -2x-3 xtl 
x=2 
2(2) - 8 Pee 
(2)*-6(2)+9 (2)? -2(2)-3 241 
4 ed 
4-1249 4-4-3 "3 
-4.8 1 
1° -3°3 
~12,8_.1,19 
3°3°3 3 


and 
—2tii.| Get. s+. 22.12 
(ees ott) J, Pan Gig 3 


Hence, we have shown that the given expression holds true for x = 2 
in the uncombined and combined forms. 
= @ PROBLEM 411 


2. 
Reduce —Z xt 4 to lowest terms. 


x? - 7x + 12 


SQlution; Factor the expressions in both the numerator 
and denominator and cancel like terms. 


x? - Sx +4 | _(x - 1) (x - 4) 


x? = 7x + 12 a Sea: 


x-1 
x= 


The numerator and the denominator were both 
divided by x - 4. © PROBLEM 412 


Reduce to lowest form: 


Solution; Factor the numerator and denominator as completely as pos- 


sible. 3 3 3 3 
The numerator, a - 8b =a <= (2b) , is the difference of two cubes. 


Apply the following formula: 
(.° : y)= (x - yx? + xy + y*) 
Replacing x by a and y by 2b, we obtain: 
(29 - av?) = [2° - 20°] - ( ~ (20))(a?s2ab+407) 
For the denominator, factor out the highest common factor 2, 
2a” ~ ap” = 207 - av”) 
where a - 4” is the difference of two squares, Recall the formula 


for the difference of two squares: - y* = (x-y)(x+y). Substitute 
a for x and 2b for y to obtain: 


(2a" - sv? )= 227 - av”) = 2¢0 - 20)(0 + 20) 
Then, writing the factored forms and cancelling: 
Pi - av? Tanya? + 2ab + 4b? ). a? + 2ab + 47 


2a” - Bo? tas 2b) Ta >-2h), 2(a + 2b) 
© PROBLEM 413 


eee Dividing by a nonzero polynomial is the same 
as multiplying by its reciprocal. That is, 


yio+y- 20, _y?-16 _~y?+y- 20, y?+y- 12 
¥~ yi +y- 12 y~ y? - 16 


Factor each numerator and denominator, where 
possible. Note that y* + y - 20 = (y + 5) ly - 4) 
y? +y- 12 = (y + 4)ly - 3), 
and y?-16= y* - 47, the differ- 
ence of two squares. Using the formula for the difference 
of two squares, (a? - b?) = (a - b) (a + b), replace a by 
y and b by 4 to obtain, (y? - 16) = (y - 4)(y + 4). 


2 


Thus, y* + y - 20 , y? + y - 12 
¥.” 2 


y* - 16 
- (y+ Silty 4) , fy + 4) ly - 3) 
s+ tata y > Ql) 
- yt 5) ly - aly + 4) ly - 3) 
y- NY-OYF a? 
=- ty +5 ~ 4) (y + 4) =- 3) (3) 


Y= y + \ ike 
=y+s5. 
Note that in equation (2) we are dividing by 


(y - 3)(y - 4) ly + 4). If any of these factors equal 0, 
then we are dividing by zero, making our fraction in- 


valid. Thus, in order to be certain we are proceeding 
correctly, we must establish the following restrictions: 


(ly - 3) #0, (y - 4) #0, (y + 4) # 0; 


thus, y #3, y#4, y#- 4. 
+ oe 
Therefore, <. =y+ 5, 
Y y?>+y- 12 


and y # 3, 4, - 4. 
@ PROBLEM 414 


Combine the following fractions: 


Solution: Factor each denominator. Multiply together the 
ghest yr of each factor only once regardless of the 

number of times each factor appears to obtain the Least 
Common Denominator, LCD. 

x? - 3x + 2 = (x - 1) (x - 2), 

x? - 5x + 6 = (x - 2) (x - 3), 

x? - 4x + 3 = (x - 1) (x - 3); 
the LCD can be seen to be (x - 1) (x - 2) (x - 3). 


In factored form we have: 


Now multiply each fraction by the LCD to obtain: 


3(x ~ 1) (x ~ 2) (x = 3) , Lx = 1) (x = 2) (x = 3) 
x= x= x= x= 
2 (x ~ 1) (x = 2) (x = 3), 
x > x - 
and cancel like terms to obtain: 
3(x - 3) + (x = 1) - 2(x - 2) 
= 3x - 9+ (x - 1) - (2x = 4) 
= 3x-9+x-1- 2x +4 = 2x = 6. 


Now, divide by the LCD, so as not to change the 
value of the given fraction. Thus, we have: 


2x - 6 
x - 1) (x - x7 


and simplified to give: 


2(x - 3) a 2 ; 
x - x - x= x= x - 
= 2x -— 6 
‘ni 2(x - 3 
x= x- x - 
- 2 
x= x= . 


@ PROBLEM 415 


: Factor the terms in the numerators and de- 
nominators of both fractions and cancel like terms. 


ee ooo 


y>ty-2 


= — st a) dividing out common factors 


(y + 2) and (y - 3) 


Either of the last two fractions may be accepted 
as correct results. 


@ PROBLEM 416 


x x? - 6x+9 
>, 2 SS 
x =-7x+12 x - 8x + 16 
Solution: Dividing by a fraction is equivalent to multiplying by its 


reciprocal; hence: 


x-3 2 = 6x49 | x-3 x 22 8x + 16 
x? - 7x +12 x? ex+16 x? -7x4+12 x =6x+9 


Factoring the numerators and denominators where possible we obtain: 
x-3 ,x*-8+16  _x-3 _&-0G-» 
xeetx+12 x - 6x49) (Ke -Oe-3) (x -DG-3) 
z (x = 3) (x - 4) - 4) 
(x - 4) - 3) - 3) (x - 3) 
Cancelling out the like terms which appear in both the numerators and 


denominators (since == 3 = 1, and x42» gives us: 
(x = 3) (x = 4) (x - 4) x-4 


(x - (x - 3-3-3) & = 3)(x - 3) 
Therefore, 
x-3 2 en 6x+0 | x-4 


x’ -7x+12 ° x -8x+16 (= 3-3) 


@ PROBLEM 417 


Divide 


2y?_- lly + 12 
6y* - 6y - 12 


Divide the two fractions by inverting the 
fraction to the right of the division sign and multiply- 
ing the inverted fraction by the fraction on the left 
of the division sign. Thus, 


2y?_- lly +12, _3y? - l4y +8 
6y? - 6y - 12 2y? - by +4 


~ zy? - lly +12 , _2y” - 6y +4 
6y? - 6y - 12 3y? - l4y +8 


Now factor the expressions in the numerator and 
denominator of each fraction: 


2y - 3) ly - 4) 2ly - 2) ly - 1) 
Y y+ » ig 7.= 


Cancel common terms in the numerator and denominator 


to obtain: 
ue - pty - 1) 
y + Y- . 


© PROBLEM 418 


Find 407 + 4ab +b 


2a + 16b 


Solution; Division by a fraction is equivalent to multiplication by 
its reciprocal, hence: 


2 
4a? 4 40d + b* . at? = 4a + 4b +b? <1 
een 
2a” + 16b * 6a +12b 2a” + 16d 4a - b? 


Factor the numerators and denominators as completely as possible. 

at + 4ab . »? is called a trinomial perfect square for it is 
in the form (2a)? + 2(2ab) + r’, The — for factoring a ee 
perfect square is given by x 2xy + y? = (x+y) (x+y) = (x+y)? . 
mavioning x by = and y by b we obtain: 

4a” + dab + b? = (28 + B)(2e + b) = (a +B)” 

aa? 4 160° = 2(0° + 8b*) = 2a” + (20) *) where 0° + (%)° 
us the sum of two cubes. The formula for the sum of two cubes is 

Poy ere- ey) 
so cane x . a and y md 2b we roan 

3, (2p) raion - 2ab + (2b) *) 
= (a + 2X0" - 2d + 4d”) 

Smee 3? 5 160? = 2¢a + zoXa? - 2a + 40”) 
Remove the highest common factor from 6a + 12b which is 6, Hence, 


6a + 12b = 6(a + 2b) 


4a” - p? is the difference of two squares, (22)? - v’, 


Applying the formula for the difference of two squares xy" = 
(x-y) (x+y): 
4a? = b? = (2a) - db” = (20 - b)(2a +b). 
Now, express all the Sacalubtans and numerators in their factored 


form, and cancel: 3 

4a? + 4ab +b” , Ga + 12d _ Temep)(2a + b) x Me) 

a De as FE ie 

2a” + 16b 4a - bo Bkwazh) (a -Zadedd ) (2a - b)Tz+h) 
_ 3(2a + b) 


«(27 - 2av + 4”)x2a - ») 


@ PROBLEM 419 


Perform the indicated operation, 


- 4 
- 2xy + y 
mee We factor numerators and denominators to 
enable us to cancel terms. 
ese 


is the difference of two cubes. Thus we factor it 
applying the formula for the difference of two cubes, 


a-pb = (a - b)(a? + ab +b’), 
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replacing a by x and b by y. Thus, 
x? - y? # (x - y) (x? + xy + y). 
# « 5x+6 is factored as (x-2)(x-3). 
x? - ¢ = x? - 22, 
the difference of two squares. Applying the formula for 
the difference of two squares, 
a? - pb? = (a + b)(a- b), 
and replacing a by x and b by 2 we obtain, 


x? = 4 = (x + 2) (x - 2), 


x? = 2xy + y* = (x - y) (x - y), 
Thus, 
gor ees oe - yy? +x + y? 
a Porras: = = 
x" - 5x +6 x = 2xy+y af * 
. = + oar = 2} 
x- yi x -y 
= (2 2 
x" + xy + (x%—Z) (x + 2) 
x- ( Vix - 
= 2 + xy + 2 {x + 2 
x= x -y 
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CHAPTER 16 


SOLVING QUADRATIC EQUATIONS 
BY FACTORING 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 265 to 


310 for step-by-step solutions to problems. 


A quadratic equation in standard form is written as 


ax? + bx+c=0, 


where a, b, and c are constants and a # 0. To solve a quadratic equation by factor- 
ing involves the following steps: 


(1) Eliminate any fractions from the equation. 
(2) Write the equation in standard form. 
(3) Factor the left side or non-zero side of the equation. 


(4) Use the zero-property to set each factor equal to 0 which yields linear 
equations. (The zero-property states that for real number x and y, xy = 
0 if and only if x = 0 or y = 0 or both equal 0). 


(5) Solve the resulting linear equations. 

For example, the solution of the quadratic equation 

x -8r+15=0 
by factoring is given as follows: 

(x-3)(«-5)=0 
x-3=0 and x-5=0 
x=3 x=5 

Thus, the solution set is {3, 5}. 


If the quadratic equation contains one or more radicals then the first step in 
the procedure for solving the equation is to eliminate the radical(s) from the 


equation. The standard procedure for doing this is to use the squaring property of 
equality, that is, square both sides of the original equation and simplify. Then, the 
solution procedure proceeds with the steps outlined above. Notice that if a radical 
expression in the equation equals a negative real number, then the solution is an 
extraneous solution. This means that it satisfies the equation obtained after re- 
moving the radical(s), but does not satisfy the original equation. 


A quadratic equation that is not factorable in standard form can be solved by 
completing the square. This technique involves the following steps: 


(1) Write the given standard quadratic equation in the form 
x + (b/a)x = - c/a, 
where a « 0. 


(2) Then, take '/, of the coefficient of x, square it, and add the result to both 
sides of the equation in Step 1 to obtain a perfect square trinomial on 
the left-hand side of the equation as follows: 


x + (b/a)x + (b/2a) = - c/a + (b/2ayY 
(3) Factor the left-hand side of the equation in Step 2 to get: 
(x + b/2ay = - cla + (b/2ay. 


(4) Find the values of x by taking the square root of both sides of the 
equation in Step 3. 


For example, the solution of 
x+4x-9=0 
by completing the square as follows: 


e44x=9 or 4+ 4x4+(2P = 9+(27 


(x+2P = 13 
x+2 = #Vi3 
x= -2 #vi3. 


Step-by-Step Solutions to 
Problems in this Chapter, 


“Solving Quadratic Equations 
by Factoring” 


EQUATIONS WITHOUT RADICALS @ PROBLEM 420 


Show that x? + 2x + 5 = 20 is a conditional equation. 


Solution: A conditional equation is an equation for which 
there exists at least one value which may be substituted for 
the variable that makes the equation false, but is true for 
other values. It is sufficient to exhibit one replacement 
for x that makes the equation true and one that makes it 
false. 


2 


Let x = 3: (3)? + 2(3) + 5 2 20 


9+6+52 20 
20 = 20 
Let 2 2 
xe -4:  (-4)2 + (-4) +5 2 20 
1s - @+52 20 
13 ¥ 20 


When x = -4, this value of x makes the equation false. 
For x = 3, the equation is true. Therefore, 
x? + 2x + 5 = 20 is a conditional equation. 
Notice that we have not solved the equation in 
this example . An equation is solved when its sol- 
ution set is completely known. 


@ PROBLEM 421 


Solve the equation (3x - 7) (x + 2) = 0. 


Semeceresa When a given product of two numbers that are 
equal to zero, ab = 0, either a must equal zero or b must 
equal zero (or both equal zero). So if (3x - 7)(x + 2) = 0, 
then (3x - 7) = 0 or (x + 2) = 0. 


3x -7=0 | x+22=0 
Add 7 to both sides: | Subtract 2 from both sides: 
3x = 7 | 


Divide both sides by 3: | 


x= ; xs-2 


ae x= ; or x = - 2, and our solution set is 


7 
}. - 2} 
@ PROBLEM 422 


Solve the equation 3x? + 5x = 0. 


3 Because division by zero is impossible, we 
must not divide by x, since x might be equal to zero. 
Instead of dividing by x we factor x from the left side 
of the equation to obtain: 

x(3x + 5) = 0. 
Whenever we have a situation where ab = 0 (the product 
of two or more numbers equal to zero) either a = 0 or 
b = 0. Therefore x = 0, or 3x + 5 = 0. Subtract 5 from 
each side of the second equation to obtain: 
3x 2-5 
Divide both sides by 3 to obtain x = - 3 .« The 
two solutions of the given equation are x = 0 and 
eee 
x 5 . 
To check the validity of the two solutions we sub- 
stitute them into the given equation. Thus, 


when x = 0 
3x? + 5x = 0 
3(0)* + 5(0) = 0 
o0=0 


when x = - 3 


3x* + 5x = 0 
5)? 5) _ 
a(- 9 +s(- 9-0 
25) 5} . 
(Bee[-ge 
25 


25 _ 
38 


ee Ss 
0=0 
@ PROBLEM 423 


Solve the equation x? + 8x + 15 = 0. 


Solution: Since (x + a)(x + b) = x* + bx + ax + ab 


= x? + (a + b) x + ab, we may factor the given equation, 


0 = x? + 8x + 15, replacing a + b by 8 and ab by 15. 
Thus, 


a+b#=8, and 
ab = 15. 

We want the two numbers a and b whose sum is 8 and 
whose product is 15. We check all pairs of numbers whose 
product is 15: 

(a) 1 + 15 = 15; thus a = 1, b = 15 and ab = 15. 


1 + 15 = 16, therefore we reject these values 
because a + b # 8. 


(b) 3 + 5 = 15; thus a = 3, b = 5S, and ab = 15. 


3 + 5 = 8. Therefore a + b = 8, and we accept 
these values. 


Hence x? + 8x + 15 = 0 is equivalent to 
0 =x? + (3+ 5)x + 3° 5 = (x + 3) (x + 5) 
Hence, x +520 orx+32#9 
since the product of these two numbers is zero, one of the 
numbers must be zero. Hence, x = - 5, or x = - 3, and 
the solution set is X = {- 5, - 3}. 

The student should note that x = - 5 or x = - 3. We 
are certainly not making the statement, that x = - 5, and 
x = - 3. Also, the student should check that both these 
numbers do actually satisfy the given equations and 
hence are solutions. 

Check: Replacing x by (- 5) in the original equation: 

x? + 8x +15 = 0 

(- 5)? + 8(- 5) +15=0 

25 - 40+1520 

-15+15=0 

o=0 

Replacing x by (- 3) in the original equation: 

x? + 8x + 15 = 0 

(- 3)? +8(- 3) +15 =0 

9-24+15=0 

-15+15=0 


@ PROBLEM 424 


Find the roots of the equation x? + 6x +8 = 0. 


Sareea In order to obtain the roots of this 
equation we must factor it, that is, put it in the form 
(x + a) (x + b) = 0. Using our method for multiplying 
polynomials we find (x + a) (x + b) = x* + ax + bx +ab = 


x? + (a + b) x + ab. We are given x? + 6x +8=0. Thus 


in our case 
at+tb=6 (1) 
and ab = 8 (2) 


That is, we want to find 2 numbers a and b whose sum 
is 6 and whose product is 8. 


Checking all pairs of numbers whose product is 8: 
(a) 8 x 1 = 8; hence 8 and 1 satisfy equation 2, however 


8+1:= 9 # 6; thus we reject these values, for 
they fail to satisfy equation (1) 


(b) 4x 2 = 8; hence 4 and 2 satisfy equation 2, and 
4 + 2 = 6 satisfying equation (1). 
Thus, we conclude a = 4, b = 2, and we may write 
x? + 6x +8 = (x? + (4 + 2) x + 4:2) as (x + 4) (x + 2) 
Since x” + 6x + 8 = 0 and x2 + 6x + 8 = (x + 4) (x +2), 
(x + 4) (x + 2) = 0 


Recall that if the product of 2 numbers, ab = 0, either 
a= 0, or b= 0. 


Hence x + 4= 0 orx+2=0 
and x = -4 or x = -2 
Check: Replace x by (-4) in our given equation, 
(-4)2 + 6 (-4) +8 =0 
16 - 24+8=0 
-8+8=0 
o=0 
Now, replace x by (-2) in our given equation, 
(-2)? + 6 (-2) +8=0 
4-12+8=0 


-8+8=0 
o=0 


Therefore, the roots of the given equation are 
x=-4, x = -2. 


@ PROBLEM 425 


Solve: x? - 5x - 14 = 0, 


solution: To find the roots of this quadratic, we factor 
it (put it in the form (x + a) (x + b) = 0). 


Note that (x + a)(x + b) = x? + (a + b)x + ab 
Thus, in our quadratic, x? + (- 5)x + (- 14), 
atb=-5 (1) 
and ab=- 14 (2) 


That is, we want the two numbers, a and b, whose sum is 
{- 5), and whose product is (- 14). 


To find these numbers, we can check the set of 
numbers whose product is (- 14): 


(a) (- 14) « (1) = - 14, therefore equation (2) is 
satisfied, now check these values in equation (1): 


(- 14) + (1) =- 134-5 therefore we reject 
these values. 


(b) (- 7) x (2) = - 14, therefore equation (2) is 
satisfied, now check these values in equation (1): 


(- 7) + 2 = = 5 hence both equations are satisfied 
and we conclude 


a=-7 and b = 2, 
Thus x? = 5x - 14 = x? + (= 7 + 2)x + (= 7) (2) 
= [x + (- 7)][x + 2] 


7) (x + 2) = 0 


= (x 


By the fundamental principle, if the product of two numbers 
yz = 0, then either y = 0 or z = 0; hence if 


(x - 7) (x + 2) = 0 


either x - 7= 0 or x+2=0 
add 7 to both sides subtract 2 from both sides 
x= 7 or x=-2 


This proves that if the equation has roots, they must be 
either 7 or - 2. We check these values by substituting in 
the given equation: 
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If x = 7, then x? - 5x - 14 = (7)? - 5(7) - 14 


= 49 - 35 - 14 
= 49 - 49 
= 0 


If x = - 2, then x* ~ 5x - 14 = (= 2)? - 5(- 2) - 14 
=4+10-14 
= 14-14 
= 0 


We may now conclude that the solution to our equation is 
x= 7or x= - 2. 


©@ PROBLEM 426 


Find the roots of, x? - 3x - 10 = 0. 


: To find the roots of this quadratic, we factor 
it (put it in the form (x + a)(x + b) = 0). 


Note that (x + a)(x + b) = x? + (a + b)x + ab 
Thus in our quadratic, x? + (- 3)x + {= 10), 


atb=-3 (1) 
and ab = - 10. (2) 


That is, we want the two numbers a and b whose sum is 
(- 3), and whose product is (- 10). 


To find these numbers, we can check the set of 
numbers whose product is (- 10): 


(a) (-10) x (1) = - 10, therefore equation (2) is satisfied, 
now check these values in equation (1): 
(- 10) + (1) = - 9 # = 3 therefore we reject these 
values. 
{(b) (- 5) x (2) = - 10, therefore equation (2) is 
satisfied, now checking these values in equation (1): 
(- 5) + 22-3. 
Hence both equations are satisfied and we conclude 
aze-5 and b= 2. 
Thus, x - 3x - 10 = x? + (- 5 + 2)x + (- 5) (2) 
= [x + (- 5)][x + 2] 
= (x = 5)(x + 2) = 0. 


Hence, by the fundamental property which states that if 
ab = 0, either a= 0orb=0, x- 5=0o0rx+2= 0 and 
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x=5 or x=- 2. 
This proves that if the equation has roots, they must be 
either 5 or - 2. So far we have not proved that these are 
roots. We can check this by substituting in the given 
equation. If x = 5, then 
x? - 3x - 10 = (5)? = 3(5) = 10 
= 25 - 15 - 10 
= 25 - 25 
= 0 
Thus 5 is indeed a root of the equation. 
If x = - 2, then 
x? - 3x - 10 = (- 2)? - 3(- 2) - 10 
=4+6- 10 
= 10-10 
= 0 
Thus - 2 is also a root. 
Such a check not only has a logical purpose, but it 
also assures us that we have not made a mistake in 
arithmetic. We may now conclude that the solution to our 


equation is x = 5 or x = - 2. 


@ PROBLEM 427 


Find the roots of the function G defined by the rule 


G(x) = x? + 5x + 6. 


To find the roots of the function G, find those values of 
x which satisfy G(x) = 0. Let x + 5x+6=0. In factored form 
this may be written (x + 3)(x +2) = 0. Values of x which make 
this product = 0 satisfy x+3=0 or x+2+0, Hence x = -3 or 
x= 2. 


Check: 
for x = -3 for x= -2 


(-3)? + 5(-3) +6=9-15+620 (-2)7 + 5(-2)+ 6 = 41046 = 0 
© PROBLEM 428 


Solve and check the roots of the equation 


2x? - 3x +1=0 


oe Factor the given equation into a product of 
two polynomials: therefore: (2x - 1) (x - 1) = 0. 


When ab = 0, either a = 0 or b = O where a and b 
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are real numbers. Therefore, either 2x - 1 = 0 or 
x-1=0. 


Therefore, either x = oo orx=1, 
Hence, the roots to the given equation are: 


xe and x = l. 


To check these roots, substitute x = +-in the 


given equation: 


4] -frr-0 
fo feiee 
-l+1=0 

o=0 


Now, substitute x = 1 in the given equation: 

2(1)? - 3(1) +1 

2-3+1=0 
1 


-l+ 


@ PROBLEM 429 


Solution: To solve this equation we must find the values 

of x. We find these values by factoring the given equation 
into a product of two polynomials. To do this, factors of 
6 must be found which give a coefficient of -7 for x when 
the two polynomials are multiplied together. The factors 
(2x - 3) (x - 2) accomplish this. When ab = 0 where a and b 
are any numbers, either a = 0 or b= 0. Therefore, either 
2x - 3 = 0 o0rx- 220. To solve for x in the first 
equation we add 3 to both sides of the equation, 2x - 3 = 0, 
and then divide by 2. Thus, we have: 


2x -3+32+0+3 
2x = 3 
2x 3 
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To solve for x in the second equation we add 2 to both 
sides of the equation, x - 2 = 0. Thus, we have: 


x-2+220+2 
x= 2, 
Therefore, the roots of the given equation are: 


x= ; x= 2. 


To check these roots, do the following: Substituting 
x= 2 in the given equation, we find: 


2(3}’ - 7{3] +6=0 


9 21 12 
eer dee ae 
o=0, 


Substituting x = 2 in the given equation, we find: 
2(2)? = 7(2) +6 = 0 
8-14+6=0 
o=0. 
Thus, the two roots are valid. 


@ PROBLEM 430 


Solve the following for x: 


(a) x? - 3x = 0 


(b) 6x7 + 5x - 4 = 0 


(a) Factor the common factor x from the left 
side o e given equation: 


x" - 3x = x(x - 3) 


Since x? - 3x = 0, 
x(x - 3) = 0. (2) 


Whenever a product ab = 0,where a and b are any two numbers, 
either a = 0 or b = 0. Then, equation (1) becomes, 


x= O0orx-320 
x= 3 


Hence, the solution set is: {0, 3}. 


(b) Pactor the left side of the given equation 
into a product of two polynomials: 


6x? + 5x - 4 = (3x + 4) (2x - 1) 


Since 6x? + 5x -42=0, 


(3x + 4) (2x - 1) = 0 


Thus, 
3x +420 or 2x -1=0 
3x = -4 or 2x = 1 
x <3 or x = } 


Hence, the solution set is: {} z} 


@ PROBLEM 431 


Solve the equation 5Sy” = 6y by the factoring method. 


Solution; Add (- 6y) to both members of the given equation 
Sy? - 6y = 0 


Factor y from the left member, y(5y - 6) = 0. 


When the product of two numbers ab = 0 either a = 0, 
or b = 0. Thus, either y = 0 or (5y - 6) = 0. 


Solving for y in the second equation, Sy - 6 = 0: 
add - 6 to both sides, Sy = 6 


divide by 5, y 


6/5. 
Therefore, the solution set is {0, 6/5}. 


Check: To check these values we replace y by 0 and 
then by 6/5 in the original equation: 


(a) when y = 0 Sy? = by 
5(0)? = 6(0) 


(b) when y = é 5 


Thus, the solution set of the given equation is 
indeed {0, 6/5}. 


274 


@ PROBLEM 432 


Solve 4x’ = &x, 


: The temptation to divide both sides by 4x to arrive at: 
x = 2, should be avoided, for if x= 0 we are performing an operation 
which is undefined. Although 2 actually is a root, there happens to 
be another root, which is lost in this process. 

When solving equations, avoid multiplying or dividing by anything 
but nonzero numbers. In this case, there is no harm in dividing both 
sides by the number 4: 2 

x = 2x 
We then add -2x to both sides, to arrive at: 
2 
x - 2x20 
Factoring: x(x-2) =0 


Whenever the product of two numbers ab = 0, either a= 0 or b#0. 
Therefore, 

x=0 or x-20, 
and 

x=0O or x2. 


Check: To verify that the roots of this equation are x= 0 and x = 2, 
we replace x by each value in the original equation. Replacing x by 
0 in 4X = Bx: 

4(0)? = 8(0) 


o=0 
Replacing x by 2: 
4(2)* = 8(2) 
4(4) = 16 
16 = 16 


Thus, the roots of the equation are O and 2, and the solution set is 
{0,2} . 
© PROBLEM 433 


Solve the equation 4x? = 9x, 


Sobuboons To solve the given equation we must find the 
values of x which satisfy the equation. To do this we 
proceed as follows: Subtract 9x from both sides of the 
given equation. Thus, we have: 


2. ox = 0. () 


4x 


Now, factor x from the terms on the left side of Equation 
(1)+ x(4x - 9) = 0. 


When ab = 0 where a and b are any numbers, then either a = 0 
or b= 0. Therefore: either x = 0, or 4x -9= 0, 

To solve for x in the second equation, add 9 to both 
sides of 4x - 9 = 0, and then divide both sides of the 
equation by 4. Thus, 

4x-9+9=0+9 
4x = 9 
4x _9 
T*7T 
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xf 
Therefore, the two roots to the given equation are x = 0 
and x = a To check these two roots, do the following: 
Substitute x = 0 in the equation, ax? = 9x. Then: 

4(0)? = 9(0) 


4(0) = 0 
o=0. 


Now, substitute x = ; in the equation, 4x? = 9x. Then: 


«(}" - off] 
(a) 4 


81 _ 8 
ar a 


Therefore, the two values x = 0, x = ; are valid. 


© PROBLEM 434 


Solve the equation 6x" =2-+ x. 


Solution: Write the equation in standard quadratic form by adding 

x - 2 to both sides of the equation. Then we have 6x° + x - 2 = 0. 
In factored form this becomes (3x + 2)(2x - 1) = 0. The values of x 
that make this product = 0 satisfy 


x +220 or 2x-1=20 


3x = -2 or 2x = 1 
x=-$ ofr xk 
Check: 
for x= -§ for x=} 
68° 22 -CD 6G)? 42 - () 
4 ? 8 ? 
@ + ¥-¢H sw 4 ¢-@) 
24, 24 &.§ 
9 9 4 4 


Therefore the solution set is {-%,b) . 
® PROBLEM 435 


Solve the equation 2x? = x + 6 by the factoring method. 


Solution: 2x? = x + 6 given equation 
2x? -x-6=0 adding -x -6 to each 
member 
(2x + 3) (x - 2) = 0 factoring left member 


Whenever the product of 2 numbers ab = 0 either a = 0 or 
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b= 0. Thus either 2x +3= 0o0rx-2+0 


2x +3 = 0 setting the first 
factor equal to 0 
2x = -3 
x= 3 solving for x 
x- 220 setting second factor 
equal to 0 
x=2 solving for x 


Consequently the solution set is {-3. 2}. 


The solution set can be verified by replacing x in the 
given equation by each element in the set. 


Check: 
3 
x= -5 x= 2 
2x? =x +6 2x? =x+6 
ABP -Brs 2(2)2 © 2+6 
(4) -3+# 2-4=2+6 
$= 37 8=8 7 


@ PROBLEM 436 


Solve the equation 4x”? = 4x - 1. (1) 


Solution: Subtract 4x from both sides of equation (1), 
4x? - 4x = 4x - 1 - 4x 
Therefore: 4x? - 4x = - 1 (2), 
Add 1 to both sides of equation (2), 
4x? - 4x +1l=-1+1 
4x? - 4x +1=0 (3) 


Factor the left side of equation (3) as a product 
of two polynomials. Therefore, 


(2x - 1)(2x - 1) = 0. 


When ab = 0, either a = 0 or b = 0, where a and b are 
real numbers. Therefore, (2x - 1) = 0, (2x - 1) = 0. 


x= +. 1x +_ (Both roots are equal to 4). 


In order to check that 4 is a solution to the given 
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equation, substitute x = k in the given equation: 
2 
1 1). 
(4) - 4} -2 
‘|. =2-1 


lel 
@ PROBLEM 437 


Solve the equation Ax? = 100, 


To solve this equation we must find the values 
or x which satisfy the equation. To do this we proceed 
as follows: Subtract 100 from both sides of the given 
equation. Thus, 


4x? - 100 = 100 - 100 


4x? - 100 = 0. a) 
Now, factor 4 from the left side of Equation (1): 
4(x? - 28) = 0. 
Next, factor x? - 25 into a product of two polynomials. To 


do this, notice that x? - 25 is the difference between two 


squares, that is, x? - s?, Thus, the two factors are 
(x - 5)(x + 5). Thus, we have: 


4(x - 5) (x + 5) = 0. 
Dividing both sides of this equation by 4, we obtain: 


d(x ~ Spix +5) . 0, 


Therefore, (x - 5)(x + 5) = 0. 
When ab = 0, where a and b are any numbers, either 
a= 0orb#=0. Therefore, eitherx-5=0, orx+5#= 0. 
To solve for x in the first equation add 5 to both 
sides of x - 5 = 0. Thus, 
x-5+5=20+5 
x= 5. 


To solve for x in the second equation subtract 5 from 
both sides of x +5 = 0, Thus, 


x+5-+52+0-5 
x= -5. 


Therefore, the solution of the given equation is 
x= 5, x = -5. 


To check these two solutions, do the following: 


Substituting x = 5 in the given equation, we find: 


4(5)7 = 100 
100 = 100. 


Substituting x = -5 in the given equation, we find: 


4(-5)? = 100 
100 = 100. 


Thus, the obtained values of x are valid. 
@ PROBLEM 438 


Solve the following equations by factoring. 


22 og - 320 


(a) 2x? +3x=0 (c) z 
(b) y? - 2y-3=y-3 (a) 2m? - llm- 6 = 0 


Solution: (a) 2x? + 3x = 0. Factoring out the common 
actor of x from the left side of the given equation, 
x(2x + 3) = 0. 
Whenever a product ab = 0, where a and b are any two 
numbers, either a = 0 or b= 0. Then, either 
x=0 or 2x+32=0 
2x = <3 
x= 3 
— the er set to the original equation 2x? + 3x = 0 
S: 
0 
’ 


(b) y? - 2y-3=y- 3. Subtract (y - 3) from both 
sides of the given equation: 
y? - 2y-3- (y- 3) =y-3- ly - 3) 

y?-2y-2-yt+d=¥-3-¥+2 

y? -3y=0. 
Pactor out a common factor of y from the left side of this 
equation: 

y(y - 3) = 0. 


Thus, y = 0Oory-30 
ys3 
Therefore, the solution set to the original equation 
y? - 2¥-3=y- 3 is: {0,3}. 
(c) 2? - 22-30. Pactor the original equation into 
a product of two polynomials: 
27 - 22-3 = (2 - 3)(2 +1) = 0 


278 


Hence, 

(z - 3)(z + 1) = 0; andz-3=0 orz+1l=0 
z=3 z=-l 

Therefore, the solution set to the original equation 

2? - 2z-320is: {-1,3}. 


(a) zm> = 11m - 6 = 0, Factor the original equation into a 
product of two polynomials: 


am? - 1m - 6 = (2m + 1)(m- 6) = 0 


Thus, 2m+1l=0 or m-62=0 
2m = -1 m= 6 
a-3 


Therefore, the solution set to the original equation 
2m? - lim - 6 = 0 is: {+. s}. 


@ PROBLEM 439 


Solve the equation ax + 407x - 10c = 5a = 4acx for x, 


Solution: ar 4acx and ~e to both sides. 
ax + dacx + 4c x = Sa + 10c, 

Factor out x,from the left-hand side and 5 from the right-hand side. 
(a? + 4ac + ac” x = 5({a + 2c), 


Factor the left-hand side which is a trinomial perfect square. Take 
the square roots of the first and last terms, and join them by the 
sign of the middle term, 


(a+ 2c)*x = 5(a + 2c), 
Solve for x, 
S({a + 2c) a 5 
(a + 2c) a+ 2c 
The solution just obtained is also the zero of the function 


ax + 4c7x - 10c - (5a - 4acx) = 0. 


@ PROBLEM 440 


x First eliminate the fractions to facilitate 
solution. This is done by multiplying both sides of the 
equation by the Least Common Denominator, LCD. The LCD 
is obtained by multiplying the denominators of every 
fraction: LCD = 2(x - 2); and multiplying each side by 
this, the equation becomes: 
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2(x - a a = (x + 1)2(x - 2) 


2x + (x - 1) (x - 2) = 2(x +1) (x = 2) 
2x + x? - 3x + 2 = 2x? - 2x - 4 
x? -x-6=0 

This can be solved by factoring and setting each 

factor equal to zero, 
(x - 3) (x + 2) = 0 
x-3=0 x+220 
x = 3 x==2 

Since both of these solutions are admissible values 
of x, they both should satisfy the original equation. 

Check for x = 3: 


3 2.4 
4 oe ee 


i+ --2e1 
ae 
-~le2#-1]1 


@ PROBLEM 441 


antes 4 2 = 
Solve the equation rar + 2. 


Solution; Our two denominators are x and x+1. They have no common 
factors, thus our least common multiple, LCM, is x(x+l). We multiply 
both members by x(x+l) to obtain 


xoee[ ty + 3} = 2{x(xtl)] 


otis , xostl)3 = 2x (xl) 


x+1 
4x + 3(x + 1) = 2x(x + 1) 
and then 
x + 3x + 3= 2x? + 2x 
Ix + 3= 2x? + 2x 
We add -(7x + 3) to both sides 
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0 = 2x7 + 2x - (7x + 3) 
2x? + 2x - 2x -3=0 

We thus have to solve the quadratic equation 
ax? - Sx-3=0 


Factoring, we have 
(2x + 1)(x - 3) = 0; 


and whenever a product of two numbers ab=0 either a*=0 or b=#0, 
Therefore either 

2x+1=0 or x-+320 
and x= «k or x3 


Thus the only possible roots are (-4) and 3. We must check if these 
values are indeed roots, Replace x by (-4) in the original equation, 


wh des 


x+1 
a aan . 
Cori t ty 7? 


oa eee 
@ *Gh 7? 


Since division by a fraction is equivalent to multiplication by ite 
reciprocal, 
4.2 + 3+(-2) = 2 


8+ (-6) = 2 
2*2 
Now replace x by 3 in the original equation, 
at 4202 
x+1 

oo es 
ae 
4,2. 
ae el 
1+1l=2 
2=2 


Thus - and 3 are both roots and our solution set is {-4,3}. 
© PROBLEM 442 


obta 


+ = '. 


Obtain the Least Common Denominator, LCD, by 
multiplying the denominators of each fraction together 
and using the highest power of each factor only once, 
that is, 

(x = 2) (x = 3) (x = 4) (x = 3) (x - 2) (x - 4) 

LCD = (x - 2) (x - 3) (x - 4). 


Multiply both sides of the equation by the LCD to 
remove all fractions and obtain: 


x+1 x +2 
wae - 90-0 Eo + ator] 
6 
-[ FSB ay) = = 


(x + 1) (x - 4) + (x + 2) (x - 2) 


tl] 
bal 
-~ 
* 

' 
w 
~ 


(x + 1) (x - 4) + (x + 2) (x - 2) = 6x - 18 
(x? - 3x - 4) + (x? - 4) = 6x - 18 
2x? - 3x - 8 = 6x - 18 

2x? - 9x + 10 = 0 


(2x - 5) (x - 2) = 0 
2x -5=0 x-220 
2x = 5 x= 2 
5 
et 2 


Substituting x = 2 into the original equation shows 
that x = 2 is an extraneous root, since it is not an 
admissible value for the original equation. (It makes two 
of the denominators (x - 2) (x - 3) and (x - 2) (x - 4), 
equal to zero.) 


x= 3° is an admissible value of x for the 


original equation and is a solution if it will satisfy 
the original equation. 


Check: x = a 


-14+6=-8 
- B=- 8 


EQUATIONS WITH RADICALS 
© PROBLEM 443 


Solve the equation x? -92]x. 


Solution; Squaring both sides, we have 
2 
2x - 9x 


a9 


x= 3 or x2 =3 
Both 3 and -3 will satisfy the equation 2x? “9s x since 


203)? = 9= 9 = (3)? and 2-3)? - 9= 9 = (-3)7. However, -3 does 
not satisfy the original equation since f2(-3)? -9 =/9=34 -3. 


An extraneous root was introduced by squaring. Thus the solution set 


is (3), 
@ PROBLEM 444 


Solve 3/x+4=x. 


Solution: Adding (-4) to both sides of the given equation, 
wx=x- 4, 

Squaring both sides 
(3/x)? = (x - 4)? 
3°(/x)? = (x - 4) (x - 4) 

Since (/a)? = /a-/a = Java = fa = 2, (/x)® = x, and we obtain: 
9x = (x - 4)(x - 4) 
9x = x* = 8x + 16 

Adding (-9x) to both sides, 
x? -17x+16=0 

Factoring, (x - 1) (x - 16) = 0 


Whenever the product of two numbers ab=0, either a=0 or b=0, 
Thus 
x-l#O or x-16=#90 
x=1l or x= 16 


Hence, the possible roots are 1 and 16, 
Check, replacing x by 1: 
Wi+4s 1, 
3(1) + 4=7=1, which is false. 
Hence 1 is an extraneous root. 
Check, replacing x by 16: 
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3/16 +4 = 16, 
344) + 4= 12 + 4 = 16, which is true, 
Therefore, the only root of the given equation is 16. 


@ PROBLEM 445 


Solve the equation 2y = ty *5¢1. 


Solution: 2y = /2y+5+1 


Isolate the radical term by adding -1 to both sides: 
2y-1= Jy +5 
Eliminate the radical by squaring both sides, 
ay? - dy +1 = 245 
Put in standard quadratic form, 
ty? - 6y - 420 
Dividing both sides by 2, this reduces to 
ay? -3y-220 
Solve by factoring: 
(2y + 1)y - 2) = 0 


and set each factor = 0 to find all values of y which make 
this product = 0. 


Qy +1) *0} (y- 2) *0 
yrrk | ye2 


Check: for y = -4 for y= 2 
2(-8) 4 GH) F541 2(2) 4 faye 5 +1 
at fe+. oe f+1 
“143 4=4 


Therefore y= -§ is an extraneous root, and the solution set is {2}. 
@ PROBLEM 446 


Solve the equation “x? - 3x = 2x - 6. 


eghebiuns Remove the radical by squaring both sides of 
@ equation, and obtain: 


x? = 3x)? = (2x - 6)? or 
x? - 3x = 4x? - 24x +36 


Writing in standard form, move every term to one 
side of the equation. 


3x? - 21x + 36 = 0 


Dividing all terms by 3, and factoring, 
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3x?_ _ 21x , is 
Ss ee oe 
x? - 7x +12 =0 
{x - 3) (x - 4) = 0 
The roots are: x = 3, x = 4, 
Check: Substituting x = 3 in the original equation 
-S5=6-6 
o=0 
Substituting x = 4 in the original equation 
O=8-6 
2= 2. 


Observe that both x = 3 and x = 4 satisfy the 
original equation, and there are no extraneous roots. 


@ PROBLEM 447 


Pind the solution set of x +2+4 =x. 


seasons Subtract 4 from both sides of the given equa- 
tion. 


KF 2+A-f=x- 4 
x+2=x-4 
Square both sides of this equation. 


(VEF 2)? @ (x = 4)? 


Since 


~ 
* 
] 
N 
~ 
" 
x 
+ 
N 


(x- 4)? 


x+2= x7 - ex + 16 


x 
+ 
Os) 
a 


Subtract (x + 2) from both sides of this equation 


2 


x +2 - (x +2) = x” - 8x + 16 - (x +2) 


4+2-¢-Z0x? - ox 4+16-x-2 


0 =x? - 9x + 14 


Factor the right side of this equation into a product of 
two polynomials. 


O = (x - 7) (x - 2) 


Whenever a product ab = 0,where a and b are any two numbers, 
either a = 0 or b= 0. Hence, either 


x- 720 or x - 2 =0 
x= 7 or x22 
To check whether the solutions, 2 and 7, are indeed solutions, 


x will be replaced by both values in the original equation. 
Check: Replacing x by 2 in the original equation, 


x +2+4=x 


v2+2+4 
44 +4 


2 


2 


6 = 2, 


Which is false. Therefore, 2 is not a solution. Replacing 
x by 7 in the original equation, 


K+2+4=%X 
77+ 2+ 427 
O+4=7 
3+42=7 


7=7 


Which is true. Therefore, 7 is a solution. As a result, 
the solution set to the original equation is {7}. 


@ PROBLEM 448 


Find the solution of the equation 


J/3- 2x =3-Jjxt2. 


Solution: Assume that there is a number x such that /3 - 2x = 3 - 
ft + 2. Squaring both sides, we have 
W3- ax)? = (3 - fixe 2)” 


(Ja ~ ax)? = 9 - Gfx a 2+ Waxt 2) 
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Since (ay = (af . aX? “ a =a 
W3- ax)? = 3-2 and Wax 2)? = 2x42 
Thus we obtain 
3-2x=9- 62x4+2+ 2x+2 
Adding 6/2x +2 to both sides, 
(3 - 2x ) + Gfx +2 = 9+ 2x42 
(3 - 2x) + 6/2x +2 = 11 + 2x 
Adding -(3 - 2x) to both sides, 
6/2x + 2 = 11+ 2x - (3 - 2x) 
6/x +2 = 11+ 2x - 3+ 2x 
6 Jix+2 = 4x+8 
Dividing both sides by 2, 
3x +2 =2x+4 
Squaring both sides of this new equation, we have 


(3/ix + 2)? = (2x + 4)? 
3x 4 2)? = (2x + 4) (2x + 4) 


9Wix + 2)? = Gx? + 16x + 16 
Recall (jax +2)" = 2x + 2, thus 

9(2x + 2) = 4x? + léx + 16 

18x + 18 = 4x? + 16x + 16 
Dividing both sides by 2, 

9x +9 = 2x2 + Bx + 8 
Adding -(9x + 9) to both sides, 

O = 2x7 + &x +8 - (9x + 9) 

2x? + 8x + 8-9 -9=0 

ox* + x -1=0 
Factoring, (2x + 1)(x - 1) = 0 
Whenever a product of two numbers ab= 0 either a=0 or b= 0, 
Thus, either 2x+1=0 or x-1#0 
x= -bor x=1 


so that the only possible roots are - and 1. We must check if these 
values are indeed roots. Replace x by (-%) in our original equation 


J3-2x=3- x42 
J3 ~ 2%) = 3 - J2-5)t 2 
/s+2 » 3-f 242 
f/3+i = 3-J142 
de = 3-71 


«3-1 
=2 


NN 


Thus (-&) is a root. 
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Now replace x by 1 in our original equation 
i3 -2x=s3- tx +2 
J3 - 20) = 3 - J2(1)+ 2 
+ 


J3 -~2 = 3- Wp) 2 
Ji = 3-d6 
1 = 3-2 
lel 


Therefore 1 is also a root, and the solution set is {-5,1). 
@ PROBLEM 449 


Solve the equation vx + 7+x= 13. 


Solution: Subtract x from both sides of the equation 


which gives “x + 7 = 13 - x. Then square both sides, 
obtaining 


x +7 = (13 - x)? = 169 - 26x + x?, 


Since we have just shown 169 - 26x + x? = x + 7, 
we may subtract x + 7 from both members to obtain: 


169 - 7 - 26x - x + x? = (x + 7) - (x + 7) 
Thus, x? - 27x + 162 = 0 
Factor to obtain, (x - 9) (x - 18) = 0. 
When we have a product, ab = 0, either a = 0 or b = 0; 
thus with (x -9) (x - 18) = 0, 
either x-9=0 or x-18=0. 
Thus, x = 9 or x = 18. 


Checking the value x = 9 in the original equation, 
we find 


9+ 7+9=13 
vié + 9 = 13 
4+9=13 

13 = 13 


and x = 9 is seen to be a root. However, if we try to 
check x = 18, we find 


Yie +7 + 18 # 13 

Since 25 + 18 # 13 
5 +18 ¥ 13 

23 # 13; 


so that x = 18 is not a root of the original equation. 
Hence, there is only one solution of the problem: x = 9, 


@ PROBLEM 450 


Solve the equation /Il - x - vx + 6 = 3. 


Solution; The process of eliminating the radical is 
simpler if the equation is rewritten with one radical 
on each side of the equal sign before squaring. Thus, 

WI-x=3+ KF E 

Squaring both sides: 

(WIT =x)? = (3 + Ae F 6)? 

ll-x=9+6 4% F6+x+6 or 
6 xx +6=-4- 2x 

Dividing both sides by 2 and squaring: 

3¥%e+6=-2-x 

(3¥x ¥°6)? = (- 2 - x)? 

Q(x + 6) = x? + 4x + 4 

9x + 54 = x? + 4x + 4 


Writing in standard form, collect all the terms on 
one side of the equal sign: 


x? - 5x - 50 = 0. 

In factored form (x -10){x + 5) = 0 
x-10=0, x+5=0. 

Therefore, the roots are x = 10 and x = - 5. 


Check: Substituting x = - 5 in the original equation 


We - 23 

4-1=3 

3=3 
Substituting x = 10 in the original equation 

4 - 4623 

1-473 

-~3#3 


Observe that x = - 5 satisfies the original 
equation, but x = 10 does not and is therefore an 
extraneous root. 


@ PROBLEM 451 


Solve the equation 


Je + tax + 3 = 2x +3. 


> Squaring both members, 
CET tar sy = G4 3 
Since (af = fala = daa = JF = a, ( Flin 3) © 2 + 2oxt+3. 
Thus, x + 24x + 3 = (2x + 3)(2x + 3) 
© + 24x +3 = 4% + 12x49 
Adding -( + 24x + 3) to both sides, 
ae - 12x +6 = 0 
Dividing both members by 3, 
¥ - 4x+2+0 
Adding 2 to both members, 
© - 4xt+4=2 
(x - 2)? = 2 
Taking the square root of both sides, 
J&- 2 =+/2 
x-2<+2 
Adding 2 to both sides, x=2+/2. 
To check that the roots of this equation are indeed 2+ /2 and 2 ~ f2 
we replace x by these values in our original equation. Replacing x 
by 2+ ey 
Je + tax + 3 = 2x +3 
M+ fi + 242 + 2) + 3 = 2(2 + f2) +3 
Jar GJE+24 + fet 3-44 2243 
Jaefe + 57 = 7+ 22 
28/2 + 57 = (7 + 222)" 
28/2 + 57 = 49 + 28/2 + 4(2) 
28/2 + 57 = 28/2 + 49+8 
28/2 + 57 = 28/2 + 57 
Replacing x by 2-2, 
fe + tin + 3° 2x+3 
Jha - Jay + 262 ~ J2) + 3= 202 - J2) +3 
Je-4h+2+ 08 - 242+324-2243 
28]h + 57 = 7 - 22 
-20/2 + 57 =(7 - 22F 
-28/2 + 57 = 49 - 28/2 + 4(2) 
-28/2 + 57 = -28/2 + 49+ 8 
-28/2 + 57 = -28/2 + 57 
Thus our solution set is {2 +/2, 2-2). 
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© PROBLEM 452 


Find the solution set of the equation ke +7=2x- 1. 


Solution; Assume that there is a number x such that jx +7 = 2x - 1, 
Squaring both sides, we have 


Gea 7)? = (2x - 1)? 


Note Way? = (a8P = a2? 2 ae thus Wet)? a x+ 7. 

Replacing Whe +7)? by x+7 we obtain 
x+7= (2x - 1)(2x - 1) 
x+7 = bx! ix + 

Adding -(x + 7) to both members, 

0 = ax* - a tl - (+7 

tx? - Gxt 1-x-7=0 

ax? - Sx -6=0 

dx? = 5x = 6 = (ax + 3)(x - 2) = 0 


Whenever a product of two numbers ab=0 either a= 0 or b=0, 
thus either 4x+3=0 or x-2=0 = and 


x-33 or x*2 


Note that at this point we have not proved that either x = 2 or 
x= -2 1s a solution of our equatign, but simply that if there is any 
solution it must be either 2 or . Thus we must check our values by 
substituting them into our original equation. Replacing x by 2 in 


Jx+7= 2x -1 we obtain 
42+7= 2(2)-1 
J =4-+1 


3-3, 


So 2 is indeed a solution of our equation. On the other hand, -3 
is not a solution since 


JEFF = 2B -1 


- 1 


& 
A. 4s 
fs 
Ja 
3 


Thus factoring 


= =10 


* 
ks 
Flo 


Thus the solution set is {2}. 
A number such as -} obtained in this way is sometimes called an 
extraneous root — a term we prefer not to use since it implies that we do 


have a root of some kind or another. 
Note also that if the equation had been given in the form 


Jx+7+1 2x 


and we had squared both sides, we would have obtained 


x+7+2ee7 +1 dx? 


and would not have eliminated the radical. For this reason we always 
“isolate” a radical on one side of the equation before squaring. 


© PROBLEM 453 


Solve the equation 


Je > 3x4 27 = 2x+3. 


Solution: Squaring both members, 


(JF > 3x + 27P = (2x + 3) a) 
Since (ap = Ja fa Jaa = JF =a, 
(AF ae + 27f = xo - ax + 27, 
Thus equation (1) becomes: 
© - 3x + 27 = (2x + 3) (2x + 3) 


© - Wet 27 = GS + 12K 49 
Adding -G@ - 3x + 27) to both members, 


= 3x + 27 -GE - 3x + 27) = 4 + 12x 4+ 9 -G - 3x + 27) 
0 = 4% + 12x +9 - % + 3x - 27 
4 - € + 12x + 3x +9-27=0 
3¢ + 15x - 18 = 0 
Dividing both members by 3, x + 5x - 6 = 0 
(x + 6)(x - 1) = 0; 


Whenever the product of two numbers ab = 0, either a= 0, or b= 0, 
Thus 


x+6=0 or x-1#0 
x=-6 or x21 


Before we can conclude that the roots to this equation are -6 and 1 
we must perform the following check: Replacing x by -6 in the 
original equation, 


de - e+ 2 = 2x +3 
SCO > 36) + 27 of 2(-6) +3 
Jie 4 184 27 © -12+3 
fBi # -9 


Since b gape of (-6) for x results in a statement which isn't 
true, 81 = +9 not -9 (unless the negative square root is indicated), 
(-6) is not part of our solution. (-6) is an extraneous root. Replac- 
ing x by 1 in the original equation, 


de = 3x + 27 = 2x +3 
J - 3) + 27 = 2 (1) +3 
fl-3+27"2+3 
M25 = 5 


5=5 
Thus the solution set is {1}. 


and 


@ PROBLEM 454 


Solve the equation 45x - ll - K-35 = 4. 


Solution. 
Add “x = 3 to both sides, /5x >IT = K-73 + 4. 
Square both members to eliminate one of the radicals: 
(vx = II)? = (K-73 + 4)? 
(45x - II)? = (ee — 3 + 4)(%— 35 + 4) 
(45x — 11)? = (ve = 35)*+ 44-35 + 44-35 + 16. 
Since (Ya)? = “a+ va= fat=a, 
(/Sx = 11)? = 5x - 11 
and (¥x > 3)? =x - 3. 
Therefore, 5x - ll = x - 3+ 8/ - 3 + 16. 
Combine terms, 5x - ll=x+ 8-3 + 13 
Add (-13) to both sides,5x-ll - 13 = x + 8-3 
Add (-x) to both sides,5x - 24-x=8 *«- 3 
4x - 24=8 Xx - 3 
Pactoring 4 from each member, 
4(x - 6) = 4 (2¥x = 3). 


Divide both sides by 4, x-6=22 %-3. 
Square both sides, (x - 6)? = (2% = 3)? 


Since (ab)? = a*b?, 
(x - 6)? = (2)? (4 =)? 
(x - 6) (x - 6) = 4 (vx -3)? 
Recall: (Ya)? = Ya Ya = Ya™ = a; 
Thus, (yx - 3)? = x - 3. 
Replacing (/x - 3)? by x - 3 we obtain, 
x? = 12x + 36 = 4(x - 3). 
Distribute, x? - 12x + 36 = 4x - 12. 
Add (-4x) to both sides, 
x? - 12x + 36 - 4x = = 12 
Combine terms, x? - 16x + 36 = - 12 
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Add 12 to both sides, 


x? - 16x + 36 +12=0 
Combine terms, x? - 16x + 48 = 0 
Factor, (x - 12) (x - 4) = 0 


Whenever a product ab = 0, either a = 0, or 
b = 0; thus either (x - 12) = 0, or (x - 4) = 0, 
therefore x= 12 or x= 4, 


Now we must check to verify that 12 and 4 are 
indeed roots of the given equation. 


Check: To check if 12 is a root, we replace x by 12 
in the original equation, 


4x -ill- x-3=4 
¥5(i2) - il - Viz-3=4 
¥%60- 11 -Y5 = 4 

145 -/5 = 4 

7-324 

4=4 


Thus 12 is a root of the equation. 


Now to check if 4 is a root, we replace x by 4 
in the original equation, 


4x -ll- x-3=4 
(4) - li - @-T=4 
42% -il- vl =4 
3- VI =4 
3-l=274. 

Since substitution of x by 4 does not result in a valid 


ny ial 4 is not a root, and our solution set is 
12}. 


@ PROBLEM 455 


Solve and check: vx + 10 + +1082, 


Solution: Let y = % + 10 then y? = *% 16. 
Substituting, the original equation may be written 


ye +y-2=0. 


Factor (fy + 2)(y - 1) = 0. 


Set each factor = 0 to find all values of x which can 
make the product = 0 


y+2= 0]y-1=0 


y= -2 y=l 
for y = -2 for y = 1 
y = ¥er Id = -2 y*%rio= 1 
x +10 = 16 x+10= 1 
x= 6 x= -9 
Check: forx=6: ve 10+ ¥+1022 
vié + YI6 = 2 
4+2,72 


This root does not check. 
for x = -9: /-35 +10 + Y-5+F 10 = 2 
1+72=2 
l+le#2 
222. 


This root checks. 
@ PROBLEM 456 


Solve the equation: x? -x+2 -x-5s8, 


Solution: We notice that the first two terms of the left 


member, x° - x, appear under the radical also. Hence we 
add -5 to both members to get 


x? -~x- 5 +2¥%x" -x- 5 = 3, 
x? -x-5+ 2x -x-5-320. 
Then setting 
y= te -x-5 
for brevity, we have 
y?. + 2y-3=0. 
Pactoring: 


(y + 3)fy - 1) = 0. 
Setting each factor equal to zero we obtain: 
y=-3, y=l. 


The positively signed radical denoted by y cannot have the 
negative real value, -3. But y = 1 is permissible; we ob- 


Ve -x-S5e#l1. 
Squaring both sides: 


x? -x-5e1. 


Subtracting 1 from both sides: 


x? -x-6=0, 


Factoring and setting each factor equal to zero: 
(x - 3)(x + 2) = 0 
x-3=O0x+220 
x= 3 x = -2 


Thus there are two solutions of the given equation, 


Check: To verify this result we replace x by 3 in our 
original equation, 


x? -~x+ 2v¥x" -x-5= 8 


3* - 3+ 2/3 - 3-508 


9-3+2/-3-5=8 
6+ 271 =8 
6+ 2(1) = 8 
6+2=8 
8 = 8. 
Now we replace x by -2 in our original equation 


x? - x + 2¥x"° -x-S5=8 


(-2)2 = (-2) + a(-2)7 - (-2) - 508 
4+2+24+2-5=8 
6+2=8 
6+ 228 
8 = 8. 


© PROBLEM 457 


Solution; Let fry: then ff = 2; 


Hence, a + Sande S 


yarfoy + 3) = (B+ ya 


ayad + 3ab = b’y + bay 


2aby* - 6a’y - b*y + Jab = 0, 


(2ay - b)(by - 3a) = 0; by - 3a = 0 
2ay-b = 0 
2ay = b by = 3a 
ba BR » or 4 ; 
Substitute these two values of y: 
a ae 
ab - ~ 38 
a 2a a b 
square both sides. square both sides 
2 2 
xb x, 2 
a ba? a 2 
multiply both sides by a. multiply both sides by a. 
2 2 
ada lb = 28:8 == 98 
* 2" 4a * 2 


@ PROBLEM 458 


Find the real solutions of the equation 


Jax+1+je-4=3 


Solution: Adding (-./x-4) to both sides, 


————— 


Jxvie3--4, 
Squaring both members, 


(Beet)? « Se: 


since(Ja) = Ja . Ja = Jaca = 
(evi «m1. 


Thus, 


3x+17 (3- JR - 433 -.- 4) 
3x+1l=9- G/e-4+x- 4, 
Adding -(3x +1) to both sides we obtain, 
Sx +l - (3x41) =9- 6 -4+x- 4- (3x +1) 
O=9- 6 -4+x-4- 3x-1 
9-4-1+x- 3x- 6%-4=0 
4-2-64k-4=0 
4- 226-4 


At this point it may be observed that x must be =4 if the right member 
is to be real, and that x = 2 if the left member is to be positive. 


Squaring both members, 2 


(4 - 2x)? = (@fe> 4)” 
(4-2x)(4-2x) = (6)°QE > 4)? 
16 - 16x + 4x” = 36(x - 4) 
16 - 16x + 4x” = 36x - 144 
Subtract (36x - 144) from both sides: 
16 - 16x + 4x” - (36x - 144) = 36x - 144 -(36x - 144) 
16 - lex + @’ - 36x + 144 


=0 

ax” - 52x + 160 = 0 

Dividing by 4, x? - l3x+40 =0 
Factoring, (x - 5)(x- 8) =0 


Whenever the product of two numbers ab = 0, either a=0 or b= 0; thus 
either 

x-5:+0 or x-8 =0; 
hence x=5 or x=8, 


These are the solutions of this last quadratic equation, but they may not 
be solutions of the original equation, Therefore, we must check these 
roots, 


Check: Replace x by 5 in the original equation. 
Jax+il+Je-4=3 
M36) +1+8- T= 3 
JisF1 +/i =3 
Jfi6é+1=3 
4+123 
5 =3 


Since substitution of x by 5 results in a statement which isn't true 
(5 = 3), x = 5 is not a root of the original equation, 


Now replace x by 8 in the original equation, 
Jx+il+je-4=3 
J3@) +1+8-4=3 
Jt4+i+j/a=3 
JB+x2=3 
5+2=3 
7=3 


Substitution of x by 8 also results in a statement which isn't true 
(7 = 3), therefore x = 8 is not @ root of the original equation, 
Thus, there are no real solutions to the given equation, 


@ PROBLEM 459 


Solve 2(x + 2)* = (x + 1)? - 2. 


Solution; Squaring gives 


A(x+ 2) ex¢1-4e+ 12 44 


dx +8 ext 5 - (x + 2)%, 
Transposing ~4(x + it = 3x + 3. 


Squaring again 16(x + 1) = 9x" + 18x + 9. 


lex + 16 = 9x* + 18x + 9. 


Transposing again 9x? + 2x-7=0. 


Factoring (9x - 7)(x +1) = 0. 


Set each factor = 0 to find all values of x for which 
the product = 0 


Sx -7=0 x+l1l=0 
7 
x= 9 x=-l. 


Check: for x = 3 
A}+ 2) 2(E +) 2 
eee OLICEE Ee 
24 z fg -2 
43) 3-2 


2 y 


+ 


=§ 
for x = -] 
2(-1 + 294 2 ¢-a + apt -2 
at 2-2 
2 #2. 


Neither of these values is a root of the given equation. 
The above example illustrates that: 


1. Two expressions involving radicals may not be equal 
for any value of the unknown. 

2. Extraneous roots may be introduced by squaring. 

3. Results must always be checked. There is no other 
way to determine whether or not a result is a root of the 
given equation. 


@ PROBLEM 460 


1 
3 rey 


Solve (5x - 4)" = (2x + 1) 


3, 


Solution: Squaring gives 5x +° = 2x + 1 + 2(2x + 1) 


Transposing 3x - 6 = 2(2x + 1)* 


Squaring again 9x” - 36x + 36 = 4(2x + 1) 
9x? - 36x + 36 = 8x + 4, 


Transposing again 9x? - 44x + 32 = 0, 
Pactoring (9x - 8)(x - 4) = 0. 


Set each factor = 0 to find all values of x for which the 
product = 0. 


9x-8=0 x-42=0 
x=§ x=4 
Check: for x = E@ - 4 bs +} +1 
Bagh Beg 
Ai fB+1 
Zefe1 
$¥ 5 
for x = 4 5a) - 47% 2 (aca) + ay? 4d 
Yié = +1 
a 2 3412 
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4 = 4, 
The value 4 satisfies the given equation, but § does not. 


© PROBLEM 461 


2/5 1/5 


Solve the equation 2x + Sx -3=0, 


Solution; This equation may be solved as a quadratic equation if we let 
P(x) sy = w!5, Then /5 y’ and, by substituting these expres- 
sions in the equation to be solved, we have 2y* + 5y-3= 0. We can 
solve this equation for y by factoring: 
2y’ + Sy -3=0 

Qy - ly +3) = 0 

(QQy- D=0 er (y¥+3)=0 
therefore, y= or y= -3 
Now recall that y = xi/5, Hence xi/s =k or xi/5 = -3, 
Hence, by raising both sides of each of these equations to the fifth 
power, we have x= 1/32 or x= - 243. 
Therefore the solution set is {1/32, -243}. 


@ PROBLEM 462 


x z 
If Z=t==, prove that 


x?+ a? ; y?+ b?, z?+ cL (atyte) “+ (atbto) © ; 
xta yt+b zt+c x+y+ztat 


Solution: Let = X= Z =k, so that x = ak, y = bk, 
z = ck; then, substi utifig for x we obtain: 


x? + a? _ (ak)? + a? | atk? + a? _ a? (k? +2 
xt+a ak + a ak +a a + 


o ao +1) . 


Similarly, by substituting for y and z we obtain: 
wtb’. bois), isc. of +2 
y+ + : zee + . 


2 2 2 2 2 


a(k? + 1) + b({k? + 1) + cKk? +1 


rs « Now, 


factoring (k? + 1) from the numerator we obtain: 


(x? +1) @ + b+) 
on 


Now, performing the multiplication in the numerator 
we have: 


ak? + a + bk? + b + ck? +c _ 
k+l 


k?(a + b + c) + (a + b + c) 


Multiplying both numerator and denominator by 


at+bte 


abo’ which equals 1 and does not change the value 


of the fraction, we then obtain: 

k? (a + b + c)? + (a + b +c)? 

aC EO ea 7 

Since the first term in the numerator can be re- 
written as 

k? (a? + ab + ac + ab + b? + be + ac + be +c”) = 

k7?a7+ k*ab + k?ac + k*ab + k?b? + k*be + k?ac 

+ k*be + k?c? = 
(ka + kb + kc)? , we can rewrite the fraction as 


(ka_+ kb + kc)? + (a + b + c)? 


(ka + kb + kc) tat bt+ec J 
and substituting for ka, kb, kc, we obtain: 


(x + y + 2)? + (a + b + c)? 


x+y+z+atzbte 


SOLVING BY COMPLETING THE SQUARE © PROBLEM 463 


Complete the square in x? +#+x-il, 


Solution; We proceed adding the square of half the coefficient of x 
and, also subtracting it. That is, we write 


we x- text ex-1+43-3 
=x? +x -1 + (4)? - (3)’ 
Associating, = [x7 + x + (a)7] -2 - 4" 
=[x+3)?-1-3% 
=(x+a-$-3 
=(x+ ay -3 


@ PROBLEM 464 


Solve x? - 6x.+ 8 = 0. 


Solution: This problem may be solved by the method of 
‘tompleting the square: Arrange the equation with the con- 
stant term in the right member 


x? - 6x = -8, 
Take 5 of the coefficient of x, square this, and add be 
result to both members. Thus, 3 of -6 is -3, and (- 3)? 
Add 9 to both members: 

x? - 6x+9=-8+9e81, 


This procedure makes the left member a perfect square. 
Factor, 


(x - 3)? = 1, 
Extract the square root of both members, 
x- 32 +1. 


When x - 3 = +1, then x = 4 and when x - 3 = -l, 
then x = 2, 


Check: for x = 4: for x = 2: 
2 - 6(4) +8 =0 2? - 6(2) +8 =0 
16 - 24+8=0 4-12+8#=0 
o=#0 0= 0, 


Sol: x = {4,2}, 
@ PROBLEM 465 


Solve 2x? + 8x + 4= 0 by completing the square. 


Solution: 2x” +8x+420 
2 
Divide both members by 2, the coefficient of x . 
x* +4x+2=0 
Subtract the constant term, 2, from both members. 
x? + 4m = -2 


Add to each member the square of one-half the coefficient of the term 
in x. 
x? + 4x+4=-24+4 


Factor (x + 2)? =2 
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Set the square root of the left member (a perfect square) equal to + 
the square root of the right member and solve for x, 


x+22=/2 or x+2<=-/8 
The roots are J2- 2 and -/2- 2, Check each solution. 
2G - 2)? + BGB- 2+ 4= 2(2- 4/84 4) + B/B- 1644 
= 4- 8/2+8+8/3- 1644 
=0 
2/2 - 2)7 + 8CyB- 2+ 4= 20+ 48+ - aff- 1644 
= 4+ 8/2+8- 8/2- 16+4 
= 0 
@® PROBLEM 466 


Solve the equation sa” + 6x 


Solution: This quadratic equation cannot be solved by factoring, but 
may be solved by the method of completing the square. Adding 7 to 
both sides, we have 3x° + 6x = 7, Multiplying both sides now by 4, 
we have 2 + 2x = 7/3. We are now in a position to complete the 
square. The computation can be arranged in the following manner: 
Add the square of § the coefficient of x to both sides, i.e., 1. 
Then rewrite as the equality of two squares, 


w+ 2xt)s Z +1 
(x + 1)? -(Jtaf 
(x+1)? = (3p 
Adding - {38 to both sides, 3 
(x + 1)° - (/3¥ = 0 
Factoring: [« Sah4 ENE #D- fig] =0 


Bence x71+ feo or x+1-4{2-0 


x= -1- /8 or x= 14/8 


Therefore the solution set is 


(ef, a By 
® PROBLEM 467 


Solve by completing the square: = 2x7 +3x+5=0, 


2 
Solution; -2x + 3x +50. Divide by -2, the coefficient of , 


2 3 5 
x 5X 0 
Add + 3 to both sides of the equation 


x -3x-3+3-04+3 


3x. 


Take & the coefficient of x and square it to make x - 2 x «8 
perfect square trinomial. 


Podeefe Dy deface dy o 2 -dee ede k 


2 
x -3x+%-8+% 2. 


To factor the trinomial perfect square, x - 2 x+ z » take the square 


roots of the first and last terms, and join these square roots by the 
sign of the middle term. Therefore, 


Le es ee 5 


(e-Fg. 


Taking square roots we obtain: 


Then, 


Solving for x: 


ee degedted 
x=-423--4221 


The two solutions are 3 
2 


© PROBLEM 468 


Solve 3x? + 5x - 2 = 0. 


See This problem may be solved by the method of 
completing the square: First, divide both members by 3, 


the coefficient of the x? term, 


24 Se-2a0. 


Arrange the equation with the constant term in the right 
member. Thus, 


Pe heed 


Take 5 the coefficient of x, square this, and the re- 
sult to both members. Thus, $ of 9 is Z and = 53. 

Add to both members, 

This makes the left member a perfect square. Factor: 
306 


-+3?-¥. 
Extract the square root of both 

x+Z=+ 
When x + z = ze then x = z 


When x + z =- z then x = - 


nn 
1 
Aan Aw On 
a 
uM on 
a 
we 


Check: for x = 5: 


s(2)? +5(3) = 2 «0 
x§) + 5(2) - 220 


For x = <2: 
3(-2)? + 5(-2) - 2 
3(4) + 5(-2) - 2 
12-10-20 


] t] 
o 9° 


0= 0. 
Sol: x= {} -2}. 
© PROBLEM 469 


Complete the square in both x and y in x*+2x+y?-3y. 


To complete the square in x, take half the coeffi- 
cient of x and square it. Add and subtract this value from 
the given expression. Therefore: 


[3c29] 2 = (1)? = 1, and x?+#2xty?-3y = x?+2x+y?-3ytl-1. 
Commuting, x*+2x+y?-3y = x?+#2xtlty?-3y-1 = (x#1)?+y?-3y-1. (1) 


Now, take half the coefficient of y and square it. Add and 
subtract this value from equation (1). 


[Ee] + (2) e+ be 


x? + 2x + y? - 3y = (x#1)? + y? - 3y -1+ 3 -Z- Commuting, 


wo 
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x? + 2x ty a3y = (xt1)? ty” -3y + 2-1-3 
bd . -3)?-1-9 = ~3\7-4 - 9. x 
ming gee ane yia-p sone 
= (x ¢v 3) 13 

® PROBLEM 470 


Solve the following equations by completing the square. 


(a) x2 + 2x -1=0 (c) 3t? - 22 +1=0 
(b) x? - 8x + 20 = 0 


To complete the square of any equation, take 
the coefficient of the variable term (i.e., the term 
in which the variable is raised to the first power) and 
square it. Then, add and subtract the resulting value from 
both sides of the original equation. 


(a) x? + 2x - 1= 0. In this case, the variable term is 
2x and the coefficient of this term is 2. Then, completing 
the square: 


[502]? = a)? = 1. Now, the original equation becomes: 
x74 2x-1+1-12#0+1-1 
(2 + 2x + 1)- 1-1-0 
(x +1)? -2=0 


Adding 2 to both sides: 
(x+1)2?-2+220+2 
(x +1)? =2 
Taking the square root of both sides: 


v(x + 1)? = +2 


x+1= +72 
Subtracting 1 from both sides: 
x+2-L= 47-1 
x= +/2-1 
Therefore, the solution set to the original equation, 


x? + 2x-150, is: (v3 -1, -¥3 - 1). 


(b) x? - 8x + 20 = 0. In this case, the variable term 
is -8x and the coefficient of this term is -8. Then, 


completing the square: 


5 (-8)]? = (-4)? = 16. Now, the original equation 
: 


x2 - 8x + 20+ 16-16= 0+ 16 - 16. 
(x2 - 8x + 16) + 20-16 = 0 
(x - 4)7 +420 
Subtracting 4 from both sides: 


(x - 4)7 +4 -M= 0-4 
(x - 4)? = -4 


Taking the square root of both sides: 
Vix - 4)? = 44-4 


x= 4 = 4/0 = HCI = 4-1 


= + i(2) 
or x- 42 + 2i 
Adding 4 to both sides: 
x -“M+ We + 2+ 4 
x=+ 2i+4 


Therefore, the solution set to the original equation, 

x2 - 8x + 20= 0, is: {(2i + 4, -2i + 4). 

(c) 3t? - 2t +10. In this case, the variable term is 
-2t and the coefficient is -2. Then, completing the 
square: 


[3-29]? = (-1)? 


1. Now, the original equation becomes: 


3t7 - 2+ l+1l-1l=+0+1-1 
(at?-2t + 1) +1-1-=0 
3t" - 2b +1=0 (1) 


The roots of equation (1) can be found by using the quad- 
-btvb2 - 4ac 


2a 
quadratic equation with a = 3, b = -2, andc=1. 
therefore, 


ecg ~(-2)2/(-2)2 = 403) () 


= 227% - 12 
ea 


_ 22758 
aa Ts 


ratic formula, x = , Since equation (1) is @ 
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= 22272 
cape 
Therefore, the solution set to the original equation, 
3st? - 22 +10, is:{ $+ 4:, YA), 
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CHAPTER 17 


SOLUTIONS BY QUADRATIC 
FORMULA 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 311 to 


358 for step-by-step solutions to problems. 


The quadratic formula is a very useful tool in mathematics because it allows 
one to solve all types of quadratic equations. The procedure for using the qua- 
dratic formula, given by 


-b+\b? -4ac 
x=; 
2a 
is as follows: 
(1) Eliminate any fraction from the equation. 
(2) Write the equation in standard form, 
ax’ + bx+c=0. 


(3) Substitute the coefficients a, b, and c of the quadratic equation in 
standard form into the formula. 


(4) Calculate the results to obtain the solution set. 


There is an interrelationship of the roots of a quadratic equation which allows 
one to have a rapid method for verifying the roots of the equation. In particular, 
the sum of the roots of any quadratic equation is -b/a and the product of the roots 
is c/a. For example, consider the equation 


x?-2x-8 =0, 
The sum of the roots is 
- bla = -(- 2)/1 = 2, 
and the product of the roots is 
cla = - 8/1=-8. 


311-A 


The roots of the equation are 4 and - 2. Thus, the sum and product of the 
roots are consistent with the above results. 


The expression b? - 4ac in the quadratic formula is called the discriminant. It 
provides a procedure for determining the character of the roots of the equation. In 
particular, if the discriminant is negative, then the roots are two complex num- 
bers; if the discriminant is a positive number that is also a perfect square, then the 
two roots are rational numbers; if the discriminant is a positive number that is not 
a perfect square, then the two roots are irrational numbers; and if the discriminant 
is zero, then there is only one rational solution. 


311-B 


Step-by-Step Solutions to 
Problems in this Chapter, 
“Solutions by Quadratic Formula” 


COEFFICIENTS WITH INTEGERS, FRACTIONS, RADICALS, 
AND VARIABLES © PROBLEM 471 


Solve for x: 4x* -7=0, 


t This quadratic equation can be solved for x using the 
quadratic forma, which applies to equations in the form 
ax*® + bx + c = O (in our equation b= 0). There is, however, an 
@asier method that we can use: 


Adding 7 to both members, 4x7 = 7 
dividing both sides by 4, xe + 


taking the square root of both sides, zaslin 12. 


The double sign + (read "plus or minus”) indicates that the two 
roots of the equation are 


VT 
+z and -4. © PROBLEM 472 


Obtain the quadratic equation in standard form that is equivalent 
to 4x-3= 5%, 


Solution; The standard form of a quadratic equation is ax? + bx +c = 0. 
Starting with our given equation 4x - 3 = 5x, we add (-5x") to both 


womere, (4x = 3) + G5) = 5% + C5x°) 
(4x - 3) + 5°) = 0 
commuting we obtain -5% + 4x-3=0 


This is the required equation with a= -5, b= 4, and c = -3, 
@ PROBLEM 473 


Find the roots of the equation x + 12x- 85 = 0, 


The roots of this equation may be found using the quadratic 
“B+ - 4AC 
——— 
In this equation A= 1, B= 12, and C = -85. Hence, by the quadratic 


formla 


x. 


formula, 
x= a fs ee x = 212 = ofith 3 38 
x= kt or xo R= 22 


Therefore x= 5 or x= -17. This is equivalent to the statement 
that the solution set is {-17,5}. 


© PROBLEM 474 


I Use the quadratic formula to solve for x in the equation l 


311 


px - +88. { 


Te 


Solution: The quadratic formula, x = = j 


a 
is used to solve equations in the form ax? + bx +c= 0. 
Here a= 1, b = -5, and c = 6. Hence 


x = 8) tos)" - es, 8 t ET 
f-5)* 5: ETH 


2527 

+ 

ast 

> ant 

5 +1 §-1 
> rs 
-$ or $ 
= 3 or 2 


Thus the roots of the equation x“ - 5x + 6 = 0 are x = 3 


and x = 2. 


@ PROBLEM 475 


Solution: We use the quadratic formula, which states 
- b+ “4b? - fac 


x=—y COCs for cases 


where ax’ + bx + c = 0. For this equation, a= 1, b= 5, 
c = 6. Therefore the solutions are 


- 5 + 5 =Tey 
1 


xs a 
«= 252 425-24, -52+ 71 
or x, = St. - 2, x, = 3 te - 3. 


Solve 6x? - Ix - 20 = 0. 


Solution: 6x? - 7x - 20 = 0 is not factorable. Therefore, 
find the roots of the quadratic equation ax? + bx + c using: 


“b+ S - 4ac 
x = Se 
a 
where a = 6, b = -7, c = -20. 
312 


7 + Ja9 ~ 46) (-20) 
ee | re 


Therefore, y"—p-"D"*t 


@ PROBLEM 477 


Solve the equation 2x? - 5x +3 = 0. 


Solution: 
(1) 2x? - 5x +3 = 0 


Equation (1) is a quadratic equation of the form 
ax? + bx + c = 0 in which a = 2, b= - 5, andc = 3. 
- b+ “Bb? = fac 


Therefore, the quadratic formula x = a 


may be used to find the solutions of equation (1). Sub- 
stituting the values for a, b, and c in the quadratic 
formula: 


- (- 5) + = 5)7 = Ta) 


x= S37 - +, and x = 274-1 


Check: Substituting x = + in the given equation, 


ay = 


+ 


3=0 


Substituting x = 1 in the given equation, 
2(1)? - 5(1) + 3 = 0 


e's © PROBLEM 478 


Solve x* - 7x +10 = 0. 


Solution: x? - 7x + 10 = 0 is a quadratic equation of the 


form ax” + bx +c = 0 witha=1, b=-+7, c= 10. The roots 
of the equation may be found using the quadratic formula: 


“b+ i? - 4ac 


x=—— zy 
Substituting values for a,b, and c 
~(-7) + K-71? + 4(1) (10) 
x = ———_ 77 


7 + 449 ~ 41) (10) 
i 


x2 24325; x%-15322, 

Check: for x= 5, (5)? - 7(5) +10 =0 
25 - 35 +10=0 

0=0 

for x = 2, (2) - 7(2) +10 =0 

4- 14+102+0 

o= 0. 


More simply, the problem could have been solved by factor- 
ing: 


x? - 7x +10=0 
(x - 5) (x-2) = 0. 


Set each factor equal to zero to find all values of x which 
make the product = 0. 


x-520 x-220 


x=5 x= 2 
@ PROBLEM 479 


Solve the equation 3x? - 5x +20 by means of the quadratic 


formula, 


aia - 4ac 


Solution; The quadratic formla, x = —z applies to 


equations of the form ax* +bx+c#=0, The equation 3x” -~ S5x+2= 
0 is in this form with a=3, b=-5, and c = 2, Substituting 
these values into our quadratic formula we obtain 
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=(-5) + At-5)? = 4(3)02) 


ee a 


6 4 
= and 
x=1 and 3 


Hence the solution set is {1,3}. We can verify that the elements 
of (1.3 are the roots of the given equation by means of the fol- 
lowing check: We replace x by 1 in our original equation 
30)? - 5) + 2=0 
3-54+220 


-2+2=2+0 
o=0 


Now we replace x by 5 in the original equation 


{GP -(2)+ 2-0 
(3)-7$+2-0 
12M. 5+ 20 
u-B+2-0 
a +a=0 
-2+220 

o=#0 


Thus {2,3} are indeed the roots of the given equation. 
@ PROBLEM 480 


Solve for the roots of the equation 6x + 5x-2=0 and for 


the roots of the equation 3% + 4x-4= 0. 


ae To solve for the roots of an equation in the form 
+ bx +c =0 we use the quadratic formle 


-b + J = hac 
2a . 
In our first case a= 6, b= 5, andc = -2. 
Substituting these values into the quadratic formule we obtain, 
-5+¥25- 46@)C2) -5t4/73 
12 "12 


In our second case a= 3, b= 4, and c= -4. Substituting these 
values into the quadratic formula we obtain 


4+ JF -6G)CH) -4+ Ab + es -44+ JH -4+8 
ee 2 = Ld 


2(3) 6 6 6 
315 


w-4t8,4.% 


6 6 3 
or 
~4-8.-2. 2 


Thus x= -2 or 2/3. 


@ PROBLEM 481 


Solve the quadratic equation 


6x* = x- 3550. 


Solution; Here we have a quadratic equation of the form ax’ + bx +e = 0 
with a= 6, b=-1, c = -35, Substituting in the quadratic formula, 


-b + A? - 4ac 


2a 


-(-1) + J@1)? - 4635) 1 +P 1429 


we find 


2-6 12 12 


Hence the roots are 


aes ee ee eee 
12 12° 22 


ts 
f 


The quadratic equation of this example could also be solved by factoring. 
We find that 2 
6x" - x - 35 = (2x - 5)(3x + 7), 


and since the equation will be satisfied if either of the two linear 
factors is set equal to zero, we get the two solutions found above. 
That is, 


2x-5=0 3x+720 
2x = 5 3x = -7 
x= 5/2 x= - 7/3 


To verify these results perform the following check. 
Check: Replace x by 5/2 in the original equation 
6x? - x - 35=0 
5 5 
"On -$- 35-0 
23).3-35- 
(2)-F- 25-0 
150. 2735). 35 = 
a HG) - 35 = 0 


120. 1.35 -0 


4 
140. = 
p° 35 60 
35 - 35=0 
o=0 


Now replace x by - Z in the original equations 
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@ PROBLEM 482 


Solution: x? + 2x - 5 = 0 is a nonfactorable quadratic 
aan: 


equation of the form ax? + bx +c #0. Therefore, to 
find the roots of the equation use the formula: 


x -p + & - aac 
ES 


with a=1, b=2, c = <5. 


This may be simplified as follows: 


-2 + 276 = 2(-1 + YB) 
ar sick me 


@ PROBLEM 483 


Solution: The quadratic formula, x = TE Be A? - tac : 


is used to solve -equations in the form ax? +bx +c 0. 


x? -7x-7=0 is in this form, with a= 1, b= -7, and 
¢=-7. Thus, 


x = het H-7)* = 40) (7 
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Thus, the solution to the given equation is x = 22777 : 
a La 8F 


@ PROBLEM 484 


Solve the equation 3x" + Sx-7=0, 


j. In order to solve a quadratic of the form ax? +bx+c#0, 
we employ the quadratic formula, 
“b+ Je = Gac 
—eo————_ .. 
2a 


In our example a= 3, b= 5, c = -7, Substituting these values in our 


formula we obtain, 
-5 + /¥ - GCN) 
2(3) 
“5+ J25 + 86 


5+ AAG 


6 


Thus the two solutions to the equation ax" +5x-7=0 are =5 4 9 


and 22/109 which can be verified by direct substitution in the 
original equation. 
@ PROBLEM 495 


Use the quadratic formula to solve the equation 


3x? + 4x - 5 = 0. 
Solution; The quadratic formula, 
- b+ Yb? - fac 
=e gee 


x applies to the situation 


where ax’? +. bx + c = 0. A comparison of the given equation 


3x? + 4x - 5 = 0 with the equation ax? + bx + c = 0 shows 
that a= 3, b= 4, andc == 5. Substituting these values 
in the quadratic formula we obtain: 


-4+ fie-4- 


-~ 4+ 416 + 60 
Ae 
~ 24+ 77 

6 


Since 76 = 4° 19 
« 2A +t f4-75 
eat 
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Recall Ya - b= “a+ 4B 
- 74+ 78+ WS 
er 
« 4+ 2 VIS 

6 


Pactoring 2 out of the numerator and denominator 


~ Z(- 2 + 79) 


Cancelling 2 from numerator and denominator we conclude 
- 2+ /i5 
= 


x = 
@ PROBLEM 486 


Solve t? - 8t + 3 = 0 by the quadratic formula. 


Solution: Recall the quadratic formula: 
-b+ 4b? - fac 
ae te 


which applies to the situation where ax? + bx +c = 0. 
In our case, a= 1, b= - 8, c = 3, and 


= 2‘ 8) + . . 
x > 
~ 8+ WG-32 _ 8 + VSR 
wake a eae 9 ee 
8, 52 
"5: > by the definition of addition of fractions 


ea: WES because 5 = 4, and 52 = 13+ 4 


04:54 Recall Yab = Ya + 4b 


~ 42293 because /7 = 2 


= 4+ /I3 
@ PROBLEM 487 


Solve the equation x’ = 4x - 1, 


Solution: Subtract 4x from both sides of the given equation: 


2 = 4x = 4x - 1 - 4x 


x 
x? ~4x=-1 (1) 
Add 1 to both sides of equation (1), 
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x?- 4x +1l=-1+1 
x? - 4x +120 (2) 


An equation of the form ax? + bx + c = 0 where a, 
b, and c are real numbers, and a # 0, is called a second 
degree or quadratic equation over the real numbers. The 
following formula, called the quadratic formula, may be 
used to find the roots or solutions to quadratic equations: 


- b+ “2? = fac 
x= —i . 
Therefore, equation (2) is a quadratic equation where 


a=1, b= - 4, and c = 1. Substituting these values into 
the quadratic formula, then: 


oad 4+ 42 4+ 44 6427 
x = 5 = 5 = 5 
2 (2+ Y3) 
ee 29 
x=2+/73 andx=2- 7 (4) 


If these values of x are substituted in the original 
equation it will be found that they satisfy the given e- 
quation, so that x = 2 + /3 and x = 2 - are roots of 
the equation. 

@ PROBLEM 488 


Use the quadratic formula to solve the equation 


8z{z +1) =1 for z. 


Solution: Distributing, 8z(z) + 8z(@1) = 1 
8z* + 8z = 1 
Adding (-1) to both sides, 8z* + 8 -1=0 


We use the quadratic formula, -b 0? = dae 
x= 


2a 


to solve equations in the form ax? + bx+c=0, In our case a= 8, 
b= 8, and c= -l, Applying the quadratic formula to solve for z 


we obtain 
8+ FTC 
ze wa. 
6+/as 
° ——i 
8 + S96 
16 
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© PROBLEM 489 


In order to eliminate the fractions in this equation, we 
multiply both sides of the equation by the lowest common multiple 
(L.C.M), the expression of lowest degree into which each of the ori- 
ginal expressions can be divided without a remainder. The L.C.M. is 
the product obtained by taking each factor to the highest degree. Thus 
in our case the L.C.M, is (x'})(x + 2)' and we qultiply each member by 


x(x + 2). 

x(x + aft - 4) = af x(x + 2)| 
Distributing, x(x + 2)(2) + x(x + (4) = 2x*(x + 2) 
Cancelling, x+ 24x = 2x? + bx 
Combining, 2x +2 = 2x? + Gx 


Dividing both sides by 2, x +1 = x + 2x 


Adding -(x + 1) to both sides, 0 = x2 + 2x -(x +1) 
x? + 2x ox 120 
x+x-120 


Since this is an expression in the form ax? + bx +20 ve may use 
the quadratic formula, 


2a 
to find its roots. In our case a= 1, b= 1, andc=-1. Hence 


-+Jay? -s6a@en 
20) 
elt Vi +4 


2 
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-1+/5 


2 
Thus, xe 228 228. 


Check: In order to verify these solutions, we substitute them for x 
in our original equation, 


(a) Replace x by ath , 


x+2 
— => Se 
“1+ “1+ 

2 ; ais 


2 
apEe* ELE, © 
aa a a 2 
1.24 zy, * 
2 2 
a = 
762 Ot Ten 2 ~w2 
ah. ak 
762 * «(2.62 m2 
1.61 + .38 m2 
1.99 m2 
(b) Replace x by ad 
a a 
x*x+2 2 
a Sees eee 
-14/5 3 
2 ale +2 


2 
a 
se * Teme | |? 
ps Se calhis 
=1.62 * 738 w2 
=.62 + 2.63 m2 
2.01 w2 


a+/5 


Therefore x = — 7 are indeed solutions to our equation, and our 


solution set is (az a5} , 


© PROBLEM 490 


Solve the equation x* -x+1=0. 


Solution, (1) x? -x+1=0 


Equation (1) is a quadratic equation of the form 

ax? + bx + c = 0 in which a=1, b= - 1, andce=1l. 
= b+ “bt = fac 
Therefore, the quadratic formula x = ——_—s5 


may be used to find solutions of equation (1). Sub- 


stituting the values for a, b, and c in the quadratic 
formula: 


-(-) + Me = 


2(1) 
l+v3 
(3) x= a, 
(4) x= eS and x = a =3 


Substitution of each of these roots in the original 
Equation 1 will show that they satisfy the equation. 


@ PROBLEM 491 


Solution: Add /8x + 1 to both sides, 
K+ 1+ Sx 3 = xt i. 
Square both sides of the equation, 
(4x FL + Vix FS) (Xe +1 + SOx + 3) = (fx +1)? 
(4x ¥1)? + 24x +1 MxF 3 + (VFR + 3)? = (Bx + 1)? 
Since va + vb = /ab, 
(ve 4 1)? + 2 Wx + 1) (ax + 3) + (¥2x + 3)? = (/8x + 1)?. 
Recall: (Ya)* = Ya + “a= vat = a, 
Thus, (¥x +1)? =x+1 
(¥2x +3)? = 2x + 3 


and (/6x +1)? = 8x +1 

Substituting these values we obtain, 

x +1+ 2 “(x + 1) (2x + 3) + 2x +3 = 8x +1. 

Combine terms, 3x + 4 + 2 /(x #1) (2x + 3) = 8x +1 
Add (-4) to both sides,3x + 2/(x + 1) (2x + 3) = 8x - 3 
Add (-3x) to both sides 2/(x + 1) (2x + 3) = 5x 


Multiply the terms within the radical 
2 /2x™ + Sx +3 = 5x - 3 
Square both members, 


(2 /2x? + 5x + 3)? = (5x - 3) (5x - 3). 
Since (ab)? = a*b’, 
(2)? (/2x™ ¥ 5x + 3)? = (Sx - 3) (Sx - 3) 
4(/2x* + 5x + 3)? = 25x? = 30x + 9. 


1 
w 


Once again recall: (2x7 + 5x + 3) = (2x? + 5x + 3). 
Substituting this value, we obtain 

4(2x? + 5x + 3) = 25x? - 30x + 9 
Distribute, 


8x? + 20x + 12 = 25x? - 30x + 9 
ada (- 8x*) to both sides, 
20x + 12 = 25x? - 30x + 9 - 8x? 
20x + 12 = 17x? - 30x + 9 
Add (- 20x) to both sides, 
12 = 17x? - 50x + 9 
Add (- 12) to both sides, 
17x? - 50x - 3 = 0 
We can find the roots of this equation using the 


abt, BF = Bs, which applies to 


the situation ax* + bx + c = 0. In our case a= 17, b= 
- 50, and c = - 3. Thus 


quadratic formula x = 


x= ry 

_ 50 + 2704 

~ 50 +52, 50, 52 
34 4° 34 
102 


Check: To verify that 3 and - 1/17 are indeed roots of 
the given equation we replace x by these values in the 
original equation, 


x + 1 + /2x +3 - “Ox *F+1l=0 
(a) Substituting 3 for x: 

¥3>+ 1+ 273) +3 - Y8(3) + 1=0 

4+ -V725 =0 

2+3 -52=0 

o=0 

Thus, 3 is a root of the equation. 


(b) Substitute - oh for x: 


1 
+ 


Since substitution of x by - 1/17 does not result in 
a Mee iat tion, - 1/17 is not a root, and our solution 
set is {3}. 


@ PROBLEM 492 


Solve for y if 6x* + 9y7 +x - by = 


Agjutions Note: The standard form of a quadratic equation is 
az +bz+c=0 where a #0. This type of equation can be solved by 
using the quadratic formula: 


-> + J bac 
2a 
Thus, we first put the equation in standard form, 
oy - by + (6% +x) = 0 
where 2 = 9, b= -6, and c= 6x° +x. Therefore the solutions are 


6 + /36 - 36(6x + x) 


18 


y= 


6 + /36l1 - (ox + x)) 


18 
6+6/-or -x lt+/l- 6 -x 
18 3 


or 


@ PROBLEM 493 


Solve for y if 2% + y*? + 2xy - 2x 


Solution: In standard form, the equation becomes 
y? + (2x)y + @% - 2x) = 0 a) 


uation (1) is now in the standard form of a quadratic equation, 
az’ +bz+c=0, where a #0, This type of equation can be solved 
by using the quadratic formula: 
-b+ - 4ac 
late 2a 
Then, a = 1, b = 2x, and c = 2° - 2x, Therefore the solutions are 


-2x + Loe - 4x - 2x) 


y= 2 


-2x + Jale - Ge - &)) 


SO 


Solve for x by using the quadratic formula. 
(a) 3x7 = x+6 (b) 5x® - 6x+7=0, 


Solution: The quadratic formula, 
“b+ J ~ 4ac 
x= — 7 
is employed to solve equations in the form ax® + bx +c = 0. 


(a) 3x7 = x+6 
In order to transform this equation into the desired form, we 


add -(x + 6) to both sides, 
3x? = (x + 6) = (x + 6) - (x + 6) 
3x7 -x-6=20 
Thus a= 3, b= -1, and c= -6, Substituting these values 
326 


into the quadratic formula, we obtain 


-(-l) + /CI)* = 405) C-4) 


(b>) 5x” - 6x+720 


This equation is already in the form ax* +bx+c=0 with 
a= 5, b= -6, and c=7, Therefore 


(6) + (Cat - ae) 
=s 205) 


10 
6 + 1(2)/26 
=o 
Pactoring out a 2 from each term: 
2(3 + 1/26) 
x= 36) 
3+ 1/26 
ve Ga © PROBLEM 495 


Solve the equation 


fp 7 eae. 


Solution: Although this equation is not in quadratic form, the fact 
that the two radicals in the left member are reciprocal to each other 
Suggests that the equation may be reduced to a tractable form. For 


brevity, let = 
y* 43 +x 


Then the equation becomes 
ay >= i = 72, 
y 
Multiplying by y and transferring terms to one side, we obtain: 


sf -1-¥2y 


ay? - j2y - 1 = 0, which ts 


a quadratic in y. The solutions of this equation are found from the 


quadratic formula 
, “b+ AP ~ bac 
fees 2a 
where a= 4, b= -/2 and c=-l, Solving, we find 


A+h+06 
ls 8 
i+ fe 2+ 32 
... 
Aa+3 
ie ee 


ye B, ot 


2° 


Thus, 


ae oe 
Now, since y= » denotes a square root with a prefixed positive sign 


understood. Hence y may be either real and positive or complex, but 
not real and negative. Consequently the value y = +/274 can lead only 
to extraneous solutions and may therefore be discarded. Therefore, we 


have: 


Squaring both sides: 


ei 
3*#x 2 


’ 
Cross-multiplying, we have: 
6-2x=3+x, 
Collecting terms so that the variable x is on one side and the 
numerical quantities on the other side; 
3x = 3, 


Dividing by three: 
xl. 


This is the only solution of the given equation; its correctness may 
readily be checked as follows: Substituting x = 1, 


@ f&,. 

oa ae 

a tee 

a a 

22 5 A 

Multiply by /2: 2/2 /2 - 2 = 2 2 
4-202 

2=2 


IMAGINARY ROOTS 
©@ PROBLEM 496 


Solve for -x: 3x7 +5=0, 


Solution: This quadratic equation can be solved for x using the 
quadratic formula, which applies to equations in the form ax* + bx + 
c=0 (in our equation b= 0). There is, however, an easier method 
that we can use: adding -5 to both sides, 


3x? = -5 
dividing both sides by 3, 
2-3 


Taking the square root of both sides, 
x=tv-G= +Vve® = + vik 


By definition /~l = i. Thus, 


VTA os Beh 3-25-21 Be 


a7 
Thus, a5 35 
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Use the quadratic formula to solve 2x’? - 5x + 8 = 0. 


Solution; Recall the quadratic formula: 


- b+ Ybi= fac 
= 2a 


which applies to the situation where ax? + bx + c = 0. 


In our case a = 2, b = - 5, and c = 8. Substituting these 
values into the quadratic formula we obtain: 


5+ 725 -4-2- 86 
= 2.6 -5 = 


5+ 75-64 _ 5+ K-39 


Note that the /= 35, the square root of a negative 
number,is not defined for real numbers, hence we must use 
the imaginary number system. 


Since Yab = Ya + vb, Y= 39 = Y= I) (39) = HH 1+ V3 
By definition i = YI, so - 35 = i /35 


Therefore x= ce eL) 


@ PROBLEM 498 


— the quadratic formula to solve the following equation 
| or x: 


| x? + 2x +420 | 


Solution: The quadratic formula, 


-pt/p* - aac 
creat 7 brane 


is used to solve equations in the form ax? + bx +c 0. 


Consider the equation x? + 2x +42: 0, Herea=1, b= 2, 
c = 4. Hence the roots are 


2+ fot - 4-3-4 | -200= 8 ~2t/=12 
"See, ga ke” Ge eG 


~22VT3)4 _ -22V=3_ VE -22VT V3 _ -242/5 
OT Rese Ot er ge Re Ny ee 


2(-1V=3)_ f-1 + Vd =-1 + TG = -1+ 
SOOT Fal - AS 1 - ATS = -1 -AT 


= -1 + iv3 
=-l- if3 


Notice that the roots of a quadratic equation may be imaginary, 
@ PROBLEM 499 


Solve x? + 2x +5 = 0. 


even though the coefficients are real. 


Solution: x? + 2x + 5 = 0 is a nonfactorable quadratic 


equation of the form ax? + bx +c = 0. Therefore, to find 
the roots of the equation use the formula: 


~b + he - 4ac 


x= ———zuCith asl, b= 2, c= 5. 


In this case the roots involve imaginary numbers. The 
result can be simplified by using i = /-1 to give 


aS ie ek 
a . 
lace aa = te © PROBLEM 500 


Solve the equation 2x* + 5x+8=0. 


ee Letting A= 2, B= 5, and C = 8, we substitute these values 
quadratic formula in the following ma 
Bt fe - _B- B: aac 


== * = =- = = 8 
* 2(2) al 2(2) 


Therefore the solution set is 
(2p fat . = Eom 


Since /-39 is not a real number, we recognize that the members 
of the solution set of the tion are mixed imaginary numbers. 
Furthermore, since ./-39 = ws 39 , the solution set may be rewritten as 


This emphasizes a need for the extension of the set of real numbers 
into the set of complex numbers. 


© PROBLEM 501 


Solve x? + 2x + 5 = 0, by the quadratic formula. 


wQhution; Recall the quadratic formula: 


-be 2 = 4ac 


x= Ta + which applies to the situation 


where ax? + bx + c = 0. In our case, x? + 2x +5 = 0, 


- /(2)2 - 4(1) (5 
a=1, b= 2, and c = 5; hence x = 2 se) 4(1) (3) 


-2+ 0-7 _-2:+ -T 
2 2 


Note “ab = Ya + vb, therefore /- 16 = Yié - (- 1) 


= 7ié - “- i) 
= 4 v(t I) 
By definition i = YT-T), 
= 4i 
hence, = 2234 . Therefore, 


x=- 1+ 2i. 
As a check we substitute x = - 1 +t 2j into x? + 2x + 5: 
(- 1 + 24)% + 2(- 1 + 24) +5 
= 17 4i + 447-24 4445 


¥ 4i + 4i = 0 by the additive inverse 
331 


property and since i? = - 1 by definition, 4i7 = 4(- 1) 
= - 4 hence, 


~- 4-245 
=6-6 


= 0 
@ PROBLEM 502 


Solve the equation ax? = 8x - 7 by means of the quadratic 


formula, 


Solution; The quadratic forma, x = ap » applies to 
equations of the form ax” +bx+ec=0, If we add (-8x% +7) to 
2 


both sides of our given equation we obtain 4x - 8x + 7=8x-7=0 
which is an equation in the form ax? +bx+ec=20 with a= 4, 
b= -8, and c= 7, Substituting these values into the quadratic 


formula we obtain -(-8) + f-sy? ~ 4(4)(7) 
ST Mee 


8 + - 11 


Since fab = Ja + Jb, 48 = 1-48 = FI JB, Recall 1 = i. 
Thus /-48 = 1 J/@8 = 1/48 and 
8 + 1/8 

i we 
We can further break down this radical by noting 

J = f63 = f6- f= 48. 
Thus, 8 + 41/3 

se j-~ 
44/3 


8 
x=gt 


ree" 


Hence the solution set is f = ; 1- 48}, 


We can verify that these two complex numbers are the roots of the 
given equation by means of the following check; We replace x by 


1+ =z in the original equation: 


a(x + +fP - oa + 48)-7 
41 48. (8)']-0- 0-7 


fa + 8. GF] 21 + as 


{i+ us- (G4) 21+ as 


qi+ 8-3 = 1+ 443 


4+ 445-3214 44/8 
1+ 44/3 =14 44/3 


Now we replace x by 1--> in the original equation: 
2 
da = BY =o - 28) 
sf - 28. GRY] -0- SB - > 


sf - us + 2G) ] -2- as 


sf an-2 @Y)-1- as 
{1-48 -G)01- a8 


4- 4/3 -3=1- 443 
L- 4f5=1- 41/3 © PROBLEM 503 


Find the roots of the function F whose rule of correspondence 
is F(x) = 2% + 8x + 4. 


P(x) 


Solution; The roote of the function F are those values of x which 
satisfy F(x) = 0. Therefore we seek the solution set of 2x° + &x+4= 
0, or © + 4x +2 = 0 (dividing both sides of the equation by 2). 

Using the quadratic formla, 


-b + VF - Sac 


2a 


with a= 1, b= 4, and SS ay 
“4 iG)" - 401) (2) 


xe te 


Hence the roots are x, 2-242 and m0 72-2. 


The graph of the quadratic function F is a parabola and 
intersects the domain axis at the points P, (-2-/72,0) and 


P, (-2+72,0). 
© PROBLEM 504 


Solve 3x’ - 5x+4= 0 by the quadratic formula. 


-b + fb? - 
Solution: Recall the quadratic formula, x = op th = tac » which 


2a 
applies to equations in the form oat + bx+c#=0, In our case 
a*3 b=-5 ee4, 
Substituting these values into the quadratic formula we obtain, 


=(-5) + M(-5)? = 4(3) (4) 
xe: 
2-3 


5$+/25-48  5+./-23 
6 


rc 


Since /-23 is not a real number, x is not a real number, and, con- 
sequently, the equation has no real roots, The graph of y = 3x2 = 5x 
+4 is shown in the accompanying figure. Notice that the graph does 
not cross the x-axis. This is because on the x-axis y= 0. Hence 


y*Oe« 3x? - 5x + 4, which is the equation we have just shown to have 
no real roots, 


INTERRELATIONSHIPS OF ROOTS: SUMS; PRODUCTS 
@ PROBLEM 505 


Determine the quadratic equation whose roots are 
1 


= = (4. 


Solutio: x= (1) x=--3 (2) 


Subtract a from both sides of equation (1), 


Therefore: x - =0 (3). 


Add + to both sides of equation (2), 
2 2 2 
ie a Tea TERR Ye 


Therefore: x + +4 = 0 (4), 


Hence, from equations (3) and (4): 


2x -1 


=o (5) ana 2% +2) 


= 0 (6), 


Multiply both sides of equation (5) by 2 and 
multiply both sides of equation (6) by 3. 


Therefore: 2x - 1 = 0 and 3x +220 
Hence, (2x - 1) (3x + 2) = (0) (0) = 0 
or 6x? - 3x + 4x - 2=0 
or 6x7 +x- 220. 


@ PROBLEM 506 


Show that the roots of the quadratic equation x? -x-3=0 
are 


7 ~ i+ fis st x, « =f 


1 


: We use the quadratic formula derived from the quadratic 
equation, aX + be +c = 0: 


-b + JF - 4ac 


as 2a 


For x -x-3=0,a=1, b= -1, and c= -3, Replacing these values 
in the quadratic formula, 


-(-1) + MGI - 40) C3) 


2(1) 
1+/13 
xs 2 
~i+/3 -i = /i3_ 
*] 2 


According to the Factor Theorem: If r is a root of the equation 
f(x) = 0, t.e., if £(r) = 0, then (x-r) is a factor of f(x). 


x, and x, are roots of # -x-3-+0, Thus, 
(e- Ape) (1-8 ) 


are factors, and 


Pane ae(¢-1pliG 1p) 
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@ PROBLEM 507 


Find the sum and product of the roots of the equation 


3x? - 2x +1= 0. 


st The given equation is a quadratic equation 
n ch a= 3, b= - 2, andc =1, Using the quadratic 


- b+ “p= Tac 
formula x = —"s C=C‘ find the roots of the 
given equation: 
-Q)+ VEO -TM kt 
i a | +} ee ees 
i hey ESE Te gD 
3 = 6 3 - 6 
1+ 72 
:_—>— 


The sum of the roots is: 


1+ Y=2 , 1-2. 14+ H2+1- AH 2 _ 2 
io Pe a a ee eT ge ee oe aes 


The product of the root is: 


(244) [457 |-4+42 4 


@ PROBLEM 508 


Find the sum and product of the roots of the equation 


3x? + 13x - 10 = 0. 


Solution: The roots of an equation of the form ax? + bx +c 


= 0 can be found using the quadratic formula 


x= 2 + Sa - 4ac 

= — ss 

For the given equation, a = 3, b= 13, c = -10. Therefore, 
the roots of the equation 3x? + 13x - 10 = 0 are 


x = 13+ ESF 120 2 13 $17 «As or 2. 


The sum of the roots is -5 + 3- - 3. The product of the 
roots is (-5)(2) =- ». 

Check. The sum of the roots of a quadratic equation is 
rm +r = = and the product of the roots of a quadratic 


equation is r,*r, = £. Prom the equation, - bs - 3B 
c¢...10 
and a ba i 


@ PROBLEM 509 


Without solving, find the sum and product of the roots of 


8x? = 2x + 3. 


Se eee Given a quadratic equation in standard form, 


ax” + bx + c = 0, the sum of the roots is given by 2 


and the product of the roots by ‘. Adding “i + 3) to 


both sides of the given eneatica, we obtain 8x? - 2x - 3 
= 0, a quadratic equation in standard form with a = 8, 
b= -2, andc = -3. Thus: 


Sum of roots = -2 = (=3] =F 


¢., 23 
Product of roots a7 & 


@ PROBLEM 510 


Find the sum and the product of the roots in each of the 


following equations: x? - 3x +2 = 0, 2x2 + 8-5 = 0, 
and /ix? + 5x - 8 = 0 


Solussoni There are two relations between the roots and 
coefficients of a quadratic equation. When we want _to 
find the roots of the quadratic function, f(x) = ax2 + 
+bx + c, we set f(x) = 0. Then ax2 + bx +c = 0. By the 
quadratic formula, the roots are 


abt hac | |, -b- AP ~ tac 
wa ay | ae 


T) a a7 a 
2 ys 2 
Adding r) + ry = typ tac , <p = “b= fac 
- toe - y= 
Multiplying r) + r, - (2+ 4F= ae) ab = = fac te 
. b? = (b? - 4ac) _ fac | c 
4a a . 


Therefore, the sum of the roots is -b/a and the pro- 
duct of the roots is c/a. Thus in the following tabula- 
tion -b/a is the sum of the roots, and c/a is the product 
of the roots. 
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Equation 


2_-3x+2-=0 
Thus a =1, b= -3 
c=2 


Sum of roots 


These two relations provide a rapid method for 


verifying the roots of a quadratic equation. 


equation, x? - 3x + 2 = 0, we can solve for the roots by 


factoring. 


x? - 3x +4220 
(x = 2)(x - 1) = 0 
x, = 2 X2 = 1 


The sum was found by the formula to be 3. 


xX) +X) = 2+1ls3 


The product was found to be 2. 


%) ° X= 2-122 


Similarly for the last two equations. 


2x? 
~ 78 + ¥B* - 4(2)(-5 
1 ay BL 
_ 7-8 + Y104 
x 7h08 


-8+vI04d , -8- == 438 ., 


+ o——_ 
x, +X 


+ 8x - 5 = 0; -b/a = -4; c/a = -5/2 


x, = == 7e2 - 4(2) (-5) 


_ -8 - “104 
Bt 


= -4 = -b/a 


ne( Gaon a) ale ios 28 ce 


YZ x? + 5x - 


pean 
1 2v2 


a =5_+ = ws 
2/2 
-5 + /41 
2v2 


= 2-45 TCE 
2 av 


22> = 
2v2 
-5 - 4 
273 


Product of roots 


For the first 


eee G2): ez -#-%-2 


-5 + /41\/-5 - “4 25 - 41 -16 
fy Ste I 
av JX v2 2+2+2 


@ PROBLEM 511 


Determine the quadratic equation whose roots are x = 2 + /3 


and x = 2 - . 


Solution: We can determine the quadratic equation from the 
‘sum and the product of the roots. A quadratic equation whose 
roots are x, and X2 may be written in the form 


~ (x + xp) + xy +x, = 0 
where the sum of the roots is x) +X = 2 and the pro-~ 
duct of the roots is x, +x, = =: Here, 


x, = 2+ V3 and x, = 2 ~ v3. 
Then, x; + x, = 2+ 73 +2- ¥3 = 4 and 


and x ' kX, = (2+ ¥3)(2 - 4) 4-381, 
Hence, the equation is: 
x2 - 4x41 = 0, 
@ PROBLEM 512 


Find the equation whose roots are 3 + 72 and 3 - 2. 


ution: The roots of a quadratic equation ax? +bx +c 


can characterized by the following: 
the sum of the roots 
-b 
T) + to = “<r and 
the product of the roots 
21° *2 "3 
The sum of the roots is (3 + 72) + (3 - 72) = 6. Hence, 


- «6 or B= -6. 


The product of the roots is 


(3 + ¥2)(3 - 73) = 37 - (2729-22 7, 


This is the constant term of the required equation. We 
obtain this from the quadratic function 


ax? + bx + c= 0. Divide by a. 


2,6 c 
x + yx te= 0. 


Then 2 is the coefficient of x and is the constant term. 
Thus, here B = -6 and <= 7. Hence, the equation is 


x? - 6x +7 = 0. 


Check: x? - 6x +7= 0 witha=1,b=-6,c=7. 


+h - - M6)? - = 
xn 2S —_ es (-6) + (6) 4(1) (7) _ 6 + Wb = 28 


= S58 28 3 + ana - J. 


@ PROBLEM 513 


ag ae quadratic equation whose roots are 3 + 2/5 and 3 
- 2v3. 


Solution: A quadratic equation is an equation of the form 


ax + bx + c = 0,where a,b, and c are constants and a # 0, 
If both sides of this quadratic equation are divided by a, 
then: 


ax” + bx +c _ 0 


a 
b c 
x + ox+e= 0 (1) 


Note that this last result is valid since af0. If r) and 


Yr5 are the roots of a quadratic equation, then the sum of 
ese roots, S, is, 


S=rt TT * -b and the product of these roots, P, 
a 
is: P= ryrs = c/a. 
Note that the coefficient of the x-term in equation (1) is 
B. In relation to the sum of the roots, S, this coefficient 


= 2 a- @2) = -(S) = -S. Hence, equation (1) can be rewrit- 
ten as, 


x? + (-s)x +E = 0 


or 
x? -sx+f=0 (2) 


Also, note that the constant term on the left side of 
equation (1), or = is also the product, P, of the roots. 
Hence, equation (2) can be rewritten as: 


x? - sx +P =0 (3) 


The sum of the roots is: 


S =r, + 45, and here r, and r, are 3 + 2v3, 3 - 273 


Thus, 
S = (3 + 273) + (3 - 273) 
= 34+ Wd + 3-247 


=3+43 


= 6 
The product of the roots is: 
Per: © 
= (3 + 2¥3)(3 - 273) 
= 9 + 6f% - 6f3 - 4(3) 
#9 - 12 
= -3 


Then, replacing S and P by 6 and -3 respectively in equation 


x? - sx +P = x? - 6x + (-3) = 0 
or 


x? - 6x -3 = 0, 


which is in the form ax? + bx + c = 0 of a quadratic equa- 
tion. 


@ PROBLEM 514 


Form the equation whose roots are 2 + J3 and 2-3. 


Solution; The roots are 2+/3 and 2-.f/3. Hence, x=2+43 
and x =2 - 3 + Subtract (2 + M3) from the first equation: 

x - (2+/3) = (2+/3) - (2+/3) = 0, 

x - (24/3) = 0. 
Subtract (2 - /3) from the second equation: 

x- (2-/3)= 2-/3)- 2-3) =0, 

x- (2-./3)=0. 


or 


or 
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Therefore, 
[x - (2+ /3)][x - (2 - J3)] = (0)(0) = 0, 


{x- (2+ J) ]{x- (2-J)] <0. qa) 


Equation (1) is in the form (x - a)(x -_b) = 0 where a corresponds to 
(2 +./3) and b corresponds to (2 - J3). Also: 


(x = a)(x - b) = x - ax - bx + ab 
=< - (a+ b)X+ ab. (2) 


Notice that a and b are the roots; that is, 2 +/3 and 2 - /3 e 
The sum of the roots is: 


atb= (2+/3) + (2-/3) =24+)0+2-8 


4, 


or 


The product of the roots is: 
a-b = (2 +./3)(2 - /3) = 4+ 3/3 - W/3 - 3 


=4-3 
=1. 


Hence, using the form of equation (2): 
(x - (2+ J/3)]{x - (2 - f3)] = 2 - ()x+1=0 


¥-4xt+1l<0, 
which is the equation whose roots are 


2+/3 and 2-3. 


or 


@ PROBLEM 515 


Find the equation whose roots are 28 


Ba 
Solution: The roots of the equation are x=¢ and x=& + Subtract 
$ from both sides of the first equation: 
ee ful fad 
BOB . 
or 
4 
x-3 Oo. 


Subtract B from both sides of the second equation: 


Kg "ag 7a" Os 


or x-£eo 
Therefore: ( . 9)( > 8) = (0)(0) = 0, 


S (x-Ya-2-0. a 


Equation (1) is of the form: (x - c)(x - d) = 0, or 

~ -cx-dx+cd=0, or 

2 -(c+d)xtcd=0. (2) 
Note that c corresponds to the root 3 and d corresponds to the 
root 2 . The eum of the roots is: 


2, 8.90), 80) 2%, & 
e+ d= 6 +a” a(6) * Ba) ~ ob” of 


ete 
342 ap 


The product of the roots is: 
eg ut. B. BBL, 
B a Ba oB 


Using the form of equation (2): 
(BD -e -Egepe ree. 
2 -(FtE)x+izo, (3) 
Multiply both sides of equation (3) by af. 


off 2 - (=). + 1] = 2800) 


of - @ +P )x+oG=0, 


which is the equation whose roots are 3 ’a? 


Hence, 


Distributing, 


@ PROBLEM 516 


Find the equation whose roots are the negatives of the 
roots of x* + 7x - 2= 0. 


; The roots of a quadratic equation ax? +bx +c=0 
are given by the quadratic formula 


-b + 4 - 4ac 


x——...._._.— . 


2a 
Therefore: 
- _ b+ 4 - aac eo 22h =fa¢ 
1 a . 


By adding ry and ro? 


~b + he ~- 4ac -b - ie - 4ac _ -2b _ -b 
oS 


+ = =, 


*y a =2°* a a a a 
We see that the sum of the roots is: 


= 2D 
T) + To “a 


Then multiply: +r * (= fF a) fe ~ A = us| 


a 
- (bp + nS = dac)(-b = tS = tac) 
4a 
Pa b? +b 4ac -b dac - b2~4ac) 
4a 
4ac c 
= —s =z —, 
4a * 


Por the given equation a=1, b= 7, ¢ = -2. If the roots 
of the given equation are ry) and To, we seek an equation 


whose roots are -r, and -r5. From the given equation, we 


have r) + ro = aa = -+ =-7. Thus 
-r, + (-r2) = “(ry + >) = 7 


and the coefficient of the first-degree term in the required 
equation is -7. The product of the roots of the given 
equation is < = 4 = -2. Since r°%2* (=r) (-r9) , the 
product of the roots of the required equation is also -2. 


Hence, the constant term of the required equation is -2. 
The required equation can be written 
x? - 7x -2=0. 
© PROBLEM 517 


Find the value of k if one root is twice the other, 


x? = kx + 18 = 0. 


Solution: If x, and x, are the roots of the quadratic equation 


ax? + tx + ¢, then x, + 2 = ~/a and X)°%_ = c/a. For x? ax + 


18 = 0, a=1, be=~-k, and c= 18. Since for this quadratic, one 
root is twice the other, let the roots be r and 2r, Their sum is 
r+ 2r= 3r, The sum of the roots is - b/a =k. Hence k = 3r. 
The product of the roots r-2r = ar? is equal to c/a = 18, 

Thus, or? = 18; 2 9; r=+3 


Therefore, kKe+3-3=+8 


Check: The roots of x” - 9x +18=0 are 3, and 23 = 6. 
The roots of x* + 9x +18 =0 are -3, and 2(-3) = -6, 


@ PROBLEM 518 
Find the values of the constant k in the equation 


2x? - kx + 3k = 0 


if the difference of the roots is > 


Solution: The given equation is a quadratic equation since 
it is in the form ax* + bx +c = 0. If both sides of the 
given equation are divided by 2, then: 


2 


2x" _- kx + 3k _ 0 
z 


x? - Fx + dk = 0 (1) 


Equation (1) os in the form x? - Sx + P = 0, where S = sum 
of the roots = + and P = product of the roots = x. 
Let the roots be r) and r>- Since the difference of 


the roots is 5 and the sum of the roots is 5 the following 
equations result: 


mr -') "5 (2) and r+," F (3) 


Multiplying both sides by 5 


3(22,) = 344 +k 


ae 5 +k 
1 q 
k + 
r= Kee (4) 
Solving for ro by subtracting equation (3) from equation (2): 
$ 
mr) - = 
¢ ry + ro = - 5) 
ae 
~2r, + es is 
5- 
-2r, = 25+ (5) 


Multiply both sides of equation (5) by = 


[-3](-2=2) = [3] [24 
r= Ge 


~ +k 
es 


r* 38 (6) 


Multiplying equations (4) and (6): 


ac be ta () a 
_ k2 + Se - Se - 25 


2 
k“ = 25 
4° = 
However, it was found earlier that the product, P, of the 
roots was a that is, TT) = x. Then, setting these two 
expressions for r)r> equal: 


k™ = 25 3 
=—_ 
k? - 25 _ 3k 
3k td 
Subtract > from both sides of this equation: 
x? - 25 3k | 3k _ 3k 
16 Tr 
«2 =- 25 3k 


“fe - 7 = 0. 


Obtaining a common denominator of 16 for the two fractions 
on the left side of the equation: 


2 


k™ = 25 8(3 

Se - HER - 0 

x2 - 25 24k 
"4% 

2 

k“ = 25 - 24k 1 

WE - he - 25 2g 
16 


Multiply both sides of this equation by 16: 


2 
16 ayes = 16(0) 


x? 


Pactor the left side of this equation into a product of two 
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~ 24k - 25 = 0. 


polynomials: 
{k - 25)(k + 1) = 0 (7) 


Whenever a product ab = 0,where a and b are any two numbers, 
either a = 0 or b= 0. Then, equation (7) becomes: 


k- 25=0 or k+1=0 
k = 25 or k= -l. 


Hence, the two solutions are k = -1 and k = 25, 
@ PROBLEM 519 


Find the value of k if, in the equation 2x” - kx? + 4x + 5k = 0, 


one root is the reciprocal of the other. 


Solution: By using the distributive property in relation to 
the x* terms, the given equation becomes: 


2x? - kx? + 4x + 5k = (2k) x? + 4x + 5k = 0 or 
(2-k)x? + 4x + Sk = 0. 


Divide both sides of this equation by (2-k): 
2 


(2-k)x? + 4x + 5k _ 0 
{ - (2-k) 
x? + she + es ay 


Equation (1) is in the form x? - Sx + P = 0, where S is the 
sum of the roots of this equation, and P is the product of 
the roots of this equation. If Ty and ro are the roots of 
equation (1), then 


Perro" 3K 


¥1To al 3-k° (2) 


It was also given in this problem that one root is the re- 
ciprocal of the other. Then, 


Multiply both sides of this equation by Io? 


1 
ro(r,) = _— 
2'¥) nz] 
tor, = 1 or 
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mr," 1 (3) 


Since equations (2) and (3) are two expressions for T4T2, 


the right sides of these equations can be set equal to 
each other: 

Sky 

a-k . 


Multiply both sides of this equation by (2-k): 


(2) =) = (2-k) (1) 


= 2-k. 
Add k to both sides of this equation: 
Sk+k=2-k +x. 
6k = 2, 
Divide both sides of this equation by 6: 


6k . 2 
6 6 


2 
k=¢ 


or k= ; 
Therefore, the value of k in the equation 2x? - kx? + 4x + 
5k = 0 is 3. 
@ PROBLEM 520 


8 rai roots of x - px +q=0, find the value of 


e+, @ at 
The roots of the given equation are @ and B. Hence, 
x=q@ and x= 68. Subtract a@ from both sides of the first equation: 
x-@ea-ae0O, 
or 
x-ae0O, 
Subtract 6 from both sides of the second equation: 


x-B*6B-B=0, 


or 
x-B=0, 
Hence, 
(x - a) (x - 8) = (0)(0) = 0, 
or 
(x - a(x - B= 0. 
Also, (x - a)(x - B) = x - ox - Bx + ob = 0 


or 
¢ - (2 + B)x + oP = 0 q@) 


Comparing the given equation with equation (1): 
a+B=p (eq.2), and oP =q (eq. 3) 
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Therefore, squaring both sides of equation (2): 
(a + B)® = p* 
(a + B)(a + B) = 
Pf +of + on + & = 
Ff +20p+ P= - (4) 
Subtract 2af from both sides of equation (4): 
+ Poh + & - RH= FP - 208 
+P =P - 208 
+P a -2q, 
since af = q. 3 3 
To obtain an expression for @ + 8, cube both sides of equation (2). 
(@+B)>=p° 
(a + B)(a + BY? = pe 
(a + B)@ + 208 + F) =p 
Distributing the left side of this equation: 
@ + 20? p + of?) + B+ 208 + B= P 
Combining terms and simplifying the left side of this equation: 
a? + 2078 + of? + ofp + 208° +B? = p* 
a? + 3° 8 + 308? +B = p? 
(0? + 8°) + Go's + 306") = p? 
Factor out 308 from the second term on the left side of this equation: 
(a? + 8°) + soB(a + 8) =p 
(a? + B°) + 3q(p) = P ’ 
since oP =q and a+B=p. Hence, 
(a? + 6°) + 3pq =P” 
Subtract 3pq from both sides of this equation. 
(07 + 8°) + 3pq - Spq= Pp? - 3pq 
(a? + 8°) = p? - 3pq 
Factor out p from the right side of this equation. 
a +8 = pF - 39) 
Therefore, & + B = p* - 2q, and a + p= pG - 3q) - 
@ PROBLEM 521 


Nx + 0) - 2002 - x“) eo, 


Solution; The given equation may be rewritten by finding the product 
of the first two terms on the left side and distributing the remaining 
terms on the left side; 


Qa - a7) + 0) - 200 - x?)=0 
(x - ax +0 - a°)- (20 - 20x”) = 0 
x- ax 4+a- a= 20 + 2ax =0 
eee ee ee ee Ce 
tax? +(1- a*k-a- 2 = 0 


gax* + (1 - a*)e- o(1 + 27 )e 0 qa) 
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Equation (1) is in the form os* + dz +e = 0, which is a quadratic 
equation. Therefore, equation (1) is a quadratic equation, and 2a 
corresponds to c,(1l- a ) corresponds to d and -a(1 + a?) com 
responds to e. One of the roots is clearly ®& because, when <x = a, 
the given equation is satisfied; that is, 


(1-2? x+a)-20(1-x") = (a-2”)(a+a)-2a(1-a7) = (1-27)¢22)-28(2-27) 
Using the commutative property: 
(1-2?are) - 2a(i-2”) = (1-2? 20)-2aG-2?) 
= 2a(1-0")- 201-2”) 
The product of the roots = x, + x siete 


Since one of the roots is a , let fe rogt be % Hence, 


xx za+x=- i+a 


or = (ase? 


@ PROBLEM 522 


Find the condition that the roots of ax? +bx+c=0 may be 


(1) both positive, (2) opposite in sign, but the greater of them nega- 
tiv 


Solution: The given equation, ax" + bx +c = 0, is a quadratic equa- 
tion. Let @ and § be the roots of this equation. The product of 
the roots of the quadratic equation is; 


c 
8 e 7 . 
The sum of the roots of the quadratic equation is; 
=-b 
a+B= a a 


(1) If the roots are both positive, aS is positive, and therefore c 
and a have like signs, b 
Also, since a +8 is positive, = is negative; therefore b and 


a have unlike signs. 
Hence, the required condition is that the signs of a and c 
should be like, and b and a have unlike signs. 


(2) If the roots are of opposite signs, of is negative, and therefore 
c and a have unlike signs. 

Also, since a@ +8 has the sign of the greater root, it is nege~ 
tive, and therefore b is positive; therefore b and a have like 
signs, a 
Hence, the required condition is that the signs of a and b 
should be like, and c and a have unlike signs. 
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DETERMINING THE CHARACTER OF ROOTS 


@ PROBLEM 523 


Find the discriminant of 3x" - 7x +520, Then solve. 


Solution: Recall that the discriminant is b ~- 4ac, which appears 


under the radical in the quadratic a 
2 
-b+ - 4ac 


=. 2a 7 


applying to equations in the form ax” +bx+c= 0. In our case, 
a= 3, b= -7, c= 5 and the discriminant is 
b? - gac = (+7)? - (4-35) © 49 - 60 © -11. 


A negative discriminant means there is a negative under the radical, 

which results in imaginary roots. Hence, 3x2 - 7x +5 = 0 has two 

imaginary roots. To find these roots, we use the quadratic formula: 
-b +o? - gee 7 +411 

Since Jab = Jab, ./-11 = J-101) = /C1)/11 . By definition 

i= JCI), thus ./-11 = 4/11 and the roots are 


7+ 4/11 


6 


@ PROBLEM 524 


Compute the value of the discriminant and then deter- 
mine the nature of the roots of each of the following 
four equations: 


4x? - 12x +9 = 0, 


3x2 - 7x -6=0 


5x2 + 2x - 9 = 0 


2 


and x” + 3x +5 = 0. 


Sererrati The discriminant, the term of the guadratic 
ormula which appears under the radical, is b* - 4ac. 

It can be used to determine the nature of the roots of eq- 
uations in the form ax? + bx +c = 0. Assuming a,b,c 
are real numbers, then, 


(1) if pb? - 4ac > 0, the roots are real and unequal 


(2) if »* - 4ac = 0, the roots are real and equal 
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(3) if b* - 4ac < 0, the roots are imaginary 
Assuming a,b,c are real and rational numbers then, 


(1) if p? - 4ac is a perfect square #0, the roots are 
real, rational and unequal, 


(2) if pb? - 4ac = 0, the roots are real, rational, 
and equal, 


(3) if p? - 4ac > 0, but not a perfect square, the 
roots are real, irrational and unequal, 


(4) if pb? - 4ac < 0, the roots are imaginary. 


(a)4x? - 12x +9 = 0 
Here a,b,c are rational numbers, 
a= 4, b =~12 andc = 9. 
Therefore, 
p? - 4ac = (-12)? - 4(4)(9) = 144 - 144 = 0 


Since the discriminant is 0, the roots are rational and 
equal. 


(b) 3x2 - 2x - 6 = 0 


Here a,b,c are rational numbers, 
a=3, b= <7, andc #-6. 
Therefore, 


2 


b? = fac = (-7)? - 4(3)(-6) = 49 + 72 = 121 = 117 


Since the discriminant is a perfect square, the roots 
are rational and unequal. 


(c) 5x* + 2x - 9 =0 
Here a,b,c are rational numbers, 
a= 5, b= 2 andc =-9 
Therefore, 


2 


b* - 4ac = 27 - 4(5)(-9) = 4 + 180 = 184 


Since the discriminant is greater than zero, but not a 
perfect square, the roots are irrational and unequal. 
(a) x? +3x+5=0 


Here a,b,c are rational numbers, 
352 


azl, b=3, andc#5 
Therefore, 
pb? - 4ac = 37 - 4(1)(5) = 9 - 20 = -11 


Since the discriminant is negative the roots are imagi- 
nary. 
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Discuss the nature of the roots of 


(a) 3x7-7% +3=0 (b) 5x" +3x+4+1=0 


Solution: Equations (a) and (b) are of the form, 
ax? + bx +c = 0. 
In (a): a=3, b= -7, c =3 
In (b): a=5, b= 3, c#l. 


First we find the value of the discriminant, b? - 4ac, 
in each case. 


If b? - 4ac > 0 the roots are real and unequal. 


If pb? ~ 4ac = 0 the roots are real and equal. 


If b? - 4ac < 0 the roots are imaginary. 


(a) b* = ac = (-7)? = (4°33) 


49 - 36 
= 13. 
Thus, the roots are real and unequal. 
(b) b* = 4ac = (3)? - (4+ 5+) 
= 9 = 20 
=-1ll. 


Thus, there are no real roots, i.e., the roots are imagin- 
ary. 


Determine the character of the roots of the equation 


2x? -x+5=0. 


Solution: The given equation is a quadratic equation 
where a = 2, b= -~ 1, and c = 5. The discriminant of a 


quadratic equation is: b* - 4ac. Therefore, the 
discriminant of the equation is 1 - 40 = - 39. 


- b + vb? = fac 
By the quadratic formula x = —s 


the roots of the given equation are: 


Therefore, x = oa + Bi. Considering that the 


discriminant is less than zero, and the roots obtained 
—— given equation, the roots are conjugate complex 
n rs. 
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Determine the character of the roots of the equation 
4x* - 12x +9 = 0. 


Solution: The given equation is a quadratic equation 
ere a= 4, b = - 12, andc = 9. The discriminant of 
this equation, 


b? - 4ac, is 144 - 144 = 0. 


- b + Yb? = fac 
By the quadratic formula, x = —____—_—_—_—__—__ ,, 
2a 


the only root of the given equation is: 


- (- 12) + 70 3 
ao ——. aa -+}- a ea 


Since the discriminant is equal to zero and by the 
root obtained for the given equation, there is only one 
real rational root. 
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Determine the character of the roots of the equation 


7 - Sx +6= 0. 


ion: The given equation is a quadratic equation 
ere a= 1, b= - 5, and c = 6. The discriminant of this 
equation, b* - 4ac, is 25 - 24 = 1. 
- b + vB%= fac 
By the quadratic formula, x = 0 


the roots of the given equation are: 
- (-5) +7 5+1 
aera oe eS 


Therefore, x = aS e's, ethan Ss ws. 


Hence, the roots of the given equation are real, 
unequal, and rational. [Note: The roots are rational 


since x = 3 = and x= 2= +}. 
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Without solving the equation 


2x? - 3x +5 = 0, 


determine the nature of its roots. 


STE SEES To determine the nature of the roots of a 
quadratic equation we look at the discriminant 

b ?= fac (this is the term that appears under the radical 
- b+ “b7= fac ) 
Se 


in the quadratic formula x = which is 


2a 
used for equations in the form of ax’? + bx + c = 0. 
In our example a = 2, b = - 3, c = 5. Thus, the discrimi- 
nant, b? - 4ac = 9 - 4(2)(5) = - 31 < 0. 

Our discriminant is negative. This means that we have 
a negative number appearing under the radical in our 


quadratic formula, which indicates that the roots are 
imaginary. 
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Compute the value of the discriminant and determine the nature 
of the roots in each of the following three equations: 


5 a pla ata Jax? - 6x + /TZ = 0, and 


2x” + 3x + 45 = 0. 


Solution: The discriminant, the term of the quadratic 
ormula which appears under the radical, is 


b? - 4ac. It can be used to determine the nature of the 


roots of equations in the form ax? +bx +c = 0. 
Assuming a, b, c are real numpers, then 


{1) if p? - 4ac > 0, the roots are real and unequal 
(2) if pb? 4ac = 0, the roots are real and equal 
(3) if pb? ~ 4ac < 0, the roots are imaginary. 


Assuming a, b, c are real and rational numbers, then 


{1) if b* ~ 4ac is a perfect square 7 0, the roots 
are real, rational and unequal. 


(2) if pb? - 4ac = 0, the roots are real, rational and 
equal 


(3) if b? - 4ac > 0, but not a perfect square, the 
roots are real, irrational and unequal, 


(4) if b* - 4ac< 0 the roots are imaginary. 


(a) 4x? - 4¥5x +5 = 0. Here a, b, c are real, but not all 
rational, with a = 4, b = -4/5, and c = 5. Therefore 


b? = dac = (-445)? - 41475) = (42S) - 80 = (26-5) - 80 
= 80 - 80 = 0, 


Since the discriminant equals zero, the roots are real 
and equal. 


(b) Ax? - 6x + /I2 = 0. Here a, b, c are real, but not 
all rational, with a = V3, b = -6, and c = VIZ, Therefore 
b? = 4ac = (-6)7 - 4V3VIE = 36 - 47S12 = 36 - V6 

= 36 - 4(6) = 36 - 24 = 12. 


Since the discriminant is greater than zero, the roots 
are real and unequal. 


{c) Jax? + 3x + ¥5 = 0. Here a, b, c are real, but not all 


rational, with a = /3, b = 3, andc = /5. Therefore 
b? - 4ac = (3)? - 4(72) (YS) = 9 - 4vEBL= 9 - 4/70 
~9 - 4(3 2) =9-12.8 <0. 


Since the discriminant is less than zero, the roots are 
imaginary. 
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Can the expression 16x? - 76x + 21 be factored into 


rational factors? 


: To determine if this quadratic polynomial has 
rational factors we look at its discriminant, b? - 4ac 
(this is the term that appears under the radical in the 


- b + 4b? - fac 
———o— 


a + used for 


quadratic formula: x = 
equations in the form of ax? + bx +c = 0). 


In our example, a = 16, b = = 76, c = 21 and our 
discriminant b? - 4ac = (- 76)? - 4+ 16+ 21 = 


5776 - 1344 = 4432. 


Now, recall what the discriminant tells us about 
the nature of the roots: 


If the discriminant (b*-4ac) is positive or zero, 
roots are real 


If the discriminant (b*-4ac) is negative 
roots are complex 
If the discriminant (b?-4ac) is a perfect square 
roots are rational 
If the discriminant (b?-4ac) is zero 
roots are equal and rational. 


Hence, roots are rational only if the discriminant is 
zero or a perfect square. 


Looking at the column of perfect squares in a table 
of square roots, we note that 4,432 is not a perfect 
square, hence the expression 16x? - 76x + 21 cannot be 
factored into rational factors. 


Show that the graph of y = -x? +x - 1 has no real zeros. 


Solution: The real zeros of y = =x? +x - 1 are those real 
values’ of x for which the curve crosses the x-axis, i.e., 
satisfying: 


0 = -x* + x = le. ee) 


The discriminant, p? - 4ac, of Equation (1) is equal to 


(-1)2 - 4(-1)(-1) = 1 - 4 = -3. Since the discriminant is 
negative, Equation (1) has no real roots, and the given 
function has no real zeros. 
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Show that the equation 2x2 - 6x + 7 = 0 cannot be satisfied 


by any real values of x. 


wee eh We want to show thatthe values of x, that is the 
roots, are not real. The discriminant, 


p? - 4ac, of an equation of the form ax? + bx +ce#0, is 
useful in describing the nature of the roots. If the dis- 
criminant is negative, the roots are not real. They are 
complex in the forma + bi. Here 


a= 2, b= -6, c = 7; so that 


2 


b? = 4ac = (~6)? - 4(2)(7) = -20. 


Therefore the roots are imaginary. 


To show that this is true, we apply the quadratic 
formula. 


x = > + vb - 4ac 
ta 


-(-6) + f(-6)* = 4(2)(7) 6 + IE = 56 
on 


x= 


— 


4 


6+ 20 6 + VAV5V-I 6 + 21/5 
ey Gee eo mee 
3+ ivS 
xe—>p— 


~/3+ivS 3 -i/5 
x —— 
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If the equation x + 2(k+2)x + 9k = 0 has equal roots, find k. 


3 The given equation is a quadratic equation of the form 
+bx+c# 0, In the given equation, a= 1, b = 2(k+2), and c = 9k. 
A quadratic equation has equal roote if the discriminant, i - 4ac, is 
zero. 


BP = dac = [2(k+2)P - 4(1)(9k) = 0 

4(kt+2)® - 36k = 0 

4 (+2) (+2) - 36k = 0 

4QP+4k+4) - 36k = 0 

Distributing, 4 + 16k + 16 - 36k = 0 
4 - 20k +16=0. 


Divide both sides of this equation by 4: 
4 _- 20k + 16 | 0 
4 4 


or 
WW -5k+4 =0. 


Factoring the left side of this equation into a product of two poly- 
nomials: 
(k-4) (k-1) = 0. 


When the product ab = 0, where a and b are any two numbers, either 
a=0 or b=0. Hence, in the case of this problem, either 


k-420 or k-1=0, 
Therefore, k=4 or kel. 


CHAPTER 18 


SOLVING QUADRATIC 
INEQUALITIES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 359 to 


373 for step-by-step solutions to problems. 


A quadratic inequality is a mathematical statement that can be put in one of 
the forms 


ax? + bx+c>0, 

ax? + bxr+c¢<0, 

ax? + bx +c2z0, or 

ax? + bx+e0, 
where a = 0. One general method for solving quadratic inequalities is by factoring, 
if indeed 

ax? + bx+c 
is factorable. The procedure is as follows: 


(1) Arrange the inequality such that only 0 is on one side. 
(2) Factor ax? + bx +c. 


(3) Use the factors from Step 2 and the inequalities that satisfy the cases 
below and find a solution set for each. 


Case I: The product of the factors is positive. 
Case II: The product of the factors is negative. 


(4) Obtain a complete solution set of the original inequality by combining 
all of the solutions found in the two cases into one set. This is done by 
taking the union of the solution sets of the two cases. 


Graphing each of the various solution sets on a number line is useful in 
finding the complete solution set of the original quadratic inequality. 


359-A 


In the event that 
ax+bxr+c 
in a quadratic inequality is not factorable, then completing the square using one 


of the quadratic formulas is an appropriate solution procedure. Once the roots for 
the corresponding equation 


axt+bx+c=0 


have been determined, then in order to find the complete solution set we must 
determine the region into which the roots divide the x-axis and satisfy the original 
inequality. 


Step-by-Step Solutions to 
Problems in this Chapter, 


“Solving Quadratic Inequalities” 


Solve the inequality (2x - 1) (x + 2) < 0. 


anrones Since the two factors must be of opposite sign 
or e@ir product to be negative, we have the two 
tentative possibilities: 

2x -1< 0, x+2> 0, 
or 2x-1> 0, x+2 <0. 


Soiving the first pair of inequalities: 


2x-1<0 and x+2>0 
add 1 to both sides: | subtract 2 from both sides: 
2x <1 | 


divide both sides by 2:| 
x<h and x>- 2 


Thus, the first pair implies that x < k and x > - 2, 
or - 2 <x < &; the graph is as follows: 


= ~~ 


-2 3-1-1011 32 


2 2 2 2 
Solving the second pair of inequalities: 


2x-1>0 and x+2<0 
Adding 1 to both sides: | 


2x >1 | Subtracting 2 from 
both sides: 
Dividing both sides by 2:| 
x>h and x<-+-2 


Thus, the second pair implies that x > & and 
x < - 2; the graph is as follows: 


Since there is no x such that x > & and x < - 2 we 
reject this solution. 


The complete solution is thus the solution to the 
first pair of inequalities, {x : - 2 < x < %}. 


Solve the quadratic inequality 3x? - 13x - 10> 0. 


Fig. A sr 
-2/3 0 5 

Fig. B ——— 
-2/3 0 

Fig. C 


"=2/3 0 
Solution; This statement may be written in factored form as 


(3x + 2) - 5) > 0 


Hence we know that either both factors are positive or both are nega- 
tive, since the product of a positive factor and a negative factor 
would be less than zero. This leads us to the following cases: 


Case (1) 3x+2>0 and x-5>0 
3x >-2 and x>5 
x>-§ and x>5 


On the number line this part of the solution set may be represented 
as the intersection of the intervals (-$,~) and (5,©), as pictured in 
Fig. A. Hence (-$,2) M (5,©) = (5,©), which is represented by the 
double~shaded region in diagram A, 


Case (2) 3x+2<0 and x-5<0 
x< 5 and x<5 
From Fig. B it can be seen that this appears as 
(-=,-8) 1 (e,5) = (-@,-%) 


Finally, since Case 1 and Case 2 represent the disjunction of two 
propositions, we conclude that the solution set of our inequality is 
the union of the sets identified in these two cases, That is, 


(5,2) U (-@,-$) 
is the solution set of the inequality, as pictured in Fig. C. 
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Obtain the solution set of 2x? > x + 6. 


Solution: 2x? >x+6 given 
2x? -x-6>0 adding -x -6 to each 
member 
(2x + 3) (x - 2) > 0 factoring the left 
member 


Now the product of the two factors on the left is greater 
than zero, or positive, if both factors are positive or 
if both are negative. Hence we seek the simultaneous 
solution set of the two inequalities 


2x +3>0 
and x-2>0 


and also the simultaneous set of 


2x +3< 0 
and x-2<0 


The first two inequalities form Case I. 


2x +3>0 x-2>0 
2x > =3 
x3 
a and x>2 


Therefore, in order for x > -3/2 and x 


> 2, x must be 
greater than two. That is, x > -3/2fM x > x>2 


2= 


3 
> = 
Case I x 3 


" -4 -3 -2 -1 : 1 —— 


Case II concerns the second pair of inequalities. 


2x+3< 0 and x-2<0 
ax < 3 
x < -3 x<2 
The total solution for Case II isx< -$Nx<2=x< 3 


Case II x< 3 
“4-3 -2-1 913 3 


x <2 


The solution set for 2x“ > x + 6 is the union of 


Case I and Case II; that is; {x|x > 2} U {xlx < +3} 


sn P-1e : i fe: 


© PROBLEM 538 


Sopubion: To get the required set, we find the solution 
set Oo 


x? + 2x-8< 0 


by the following procedure: 


(x +4) (x - 2) < 0 factoring left member of given 
inequality 


In order for a product to be negative (less than zero), 
one factor must be positive and the other must be negative. 
Thus there are two cases to be considered here: 


Case I x+4>0 
x-2<0 

or 
Case II x+4<0 
x-2>0 


The solution to Case I is x > -4 and x < 2. We can 
see this from diagram (A). Note that the solution includes 
all those numbers between -4 and 2, but not the endpoints 
themselves. 

-4<x< 2 

(A) 

-§ -4-3 -2-1012 3 45 

For the second case, the solutions are x < -4 and 
x > 2. See the accompanying number line ((B)). 

x < -4 x >2 
(B) 
-5 -4 -3 -2-1 0123 4 5 


However, we can see from diagram (B) that x cannot at the 
same time be less than -4 and greater than 2. Hence, there 
is no solution for this case. That is x<-4f x>2=@ 


Therefore, the solution set is S = {x| -4 < x < 2}. 
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Find the solution set of (x + 1)/({x - 2) > 0. 


x >2 


’ maim 


(A) 
-5 -4 -3 -2-10123 4 5 


x>-l 
x<2 


EN 


—_—_—_——O0 
(B) OCR: el a PT ao 
-5 -4 ~3 -2 -1 12345 
Se ed 


x<-l 


(Cc) ey Ua Qa 
-6 -5 -4-3 -2-10 1 3 45 6 


Solution: The fraction (x + 1)/(x - 2) is positive, i.e., 
greater n zero, if the numerator and denominator are 
both positive or both negative. Hence, we seek the set of 
numbers that satisfies the two inequalities 


x+1>0 (1) 
x-2>0 (2) 


simultaneously, and also those which satisfy 


x+1<0 (3) 
x-2<0 (4) 


simultaneously. 


Thus, we have two cases to consider in order to find 
the solution set of (x + 1)/(x - 2) > 0. 


Case I 
x+1> 0 and x-2>0 
x > -1 and x>2 


We can see the solution from diagram (A). 
Hence, for Case I the solution set is the solution 


of x > -1NM x > 2, {x > 2}. 


Case II 
x+1<0 and x-2<0 
x<-l and x<2 


Thus the solution is the solution to x < -1f x < 2 or 


{x | x < -1}. See (B). 
Note that none of these solutions include the endpoints. 


The solution set of (x + 1)/(x - 2) > 0 is thus the 
union of Case I and Case II; that is {x | x > 2}. U {x|< -1} 
(see diagram (C)). 
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Solve x® - 5x +4 £0, 


Solution; We factor x® - 5x+4 and have 
(x =-Dx-@ <0 


Since the product is negative, one of the factors is positive and the 
other is negative. Therefore, either 


x-120 and x-450 Case 1 


or x-1<50 and x-420 Case 2 
Solving for x in each inequality, we obtain 

x21 and x <4 Case 1 
or x $1 and x24 Case 2 


The solution to the equation is the set of all x, such that x 21 
and x = 4, or 
x <1 and x 24, 
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Find the solution set of 2x* - 3x - 5 > 0. 


Solution: Factoring, we have 
(2x - 5) (x + 1) > 0. 
If the product of two factors is positive, both factors 
must be positive or both factors must be negative. We must 
consider two cases. 
Case 1 Case 2 


(2x - 5 > 0 and x +1 > 0) or (2x - 5 < 0 and x + 1 < 0) 
«& >} ana x > -1) or (& < } ana x < -1) 

{x: x > 3} O {x: x < -1} 

Since } > -1l, then x > $ implies x >-l. Therefore the 


solution set of Case 1 is {x: x > 3}. Similarly, 


-“1< 3 so that x < -1 implies x < > The solution set of 


Case 2 is {x: x < -1}. The solution set is the union of 
the solution sets of Case 1 and Case 2. 
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Solve the inequality x? -~x-2<«.0. 


Solution: Factoring the left side of the given inequality, 
(x - 2) (x +1) «< 0. 

If the product of two numbers is negative, one of the 

numbers is positive and the other is negative. Hence, 

there are two cases: 

Case l: x-22>0,x+1+0 

Solving these two inequalities, 


x22, x<£-1 


Graph these new inequalities on number line (A). 


(A) 
“3-2-1 01 2 3 


Key: Wl ».<. -» WG x> 2 
Note that there is no value of x which satisfies both 
inequalities at the same time since these two inequalities 
do not intersect anywhere on the number line (A). 
Thusx< -l1fix>2=6 
Case 2: x-2< 0, x+12 0, 


Solving these two inequalities, 


Graph these inequalities on number line (B). 


(B) 4 
2-101 2 


QG|GF[ WW. . H 
Key: WW x2 YW! x>-l 


The interval of x which satisfies both inequalities at the 

same time is -1 < x < 2. Note that the two inequalities 

intersect in this interval on number line (B), that is 
x>-LN x<2=e-1lex< 2, 


Hence, the solution to the inequality x* - x - 2 < 0 is 
the set: - 


{x] -l < x < 2} 
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Find the solution set of x" - 5x + 4< 0. 


Solution: Pirst we find the solution for the equality. 


x? - 5n 4420 


(x - 4)(x - 1) #0 
x=e4orx2il 
Por the product (x - 4)(x - 1) to be less than sero, either 


of the two expressions must be less than zero, but not both 
simultaneously. (x - 4) (x - 1) will equal zero only when 


x = 4 or x = 1 so that the endpoints 1 and 4 must be in- 
cluded in the solution set. (x - 4)(x - 1) is less than 
zero when x is greater than one but less than four. The 
solution set is the union of the set whose elements are 

the included endpoints and the set whose elements are values 
of x between 1 and 4. Therefore the solution is the closed 
interval {x: 1 <x < 4}. 
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Solve the inequality x? >4, 


Solution: The given relation may be replaced by an equivalent one, 
by subtracting 4 from both sides of the inequality. Thus, 


x7 -4>0 @) 


Now xt = 4 may be factored into two linear expressions, and we 
have 
(x + 2)(x - 2) >0 (2) 


This expression is not true,when either of the two factors is zero; 
that is, when 

(x +2) =0 or (x - 2) =0, 
or when 

x= -2 or x= 2. 


Hence we have the product of two factors, one of which vanishes for 
x = ~2 and the other for x= 2, These are therefore the critical 
values: as x increases from values less than -2 to values greater 
than <2, the expression x + 2 changes sign, from negative to pos- 
itive; likewise, x - 2 changes from negative to positive as x pas- 
ses through the critical value 2. 


We now make use of the fact that the product of two quantities of like 
sign (both positive or both negative) is positive, whereas the product 
of two quantities of unlike sign is negative. Hence x must be such 
that either both factors in (2) are positive or both are negative, 
This yields the desired ranges 


x>2 or x<-2 @ 


It will often be found helpful to plot the critical values on a line 
representation of the real numbers, and then to consider in tur those 
values of x less than the left most critical point, those between 
each adjacent pair of critical points, and finally those greater than 
the rightmost critical point. It is possible also to plot the function 
y = f(x) and thus determine the values of x for which f(x) >0, 
Thus, if we plot y = x* - 4, we find that the graph lies above the 
X-axis when either of the inequalities (3) is obeyed, 
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Solve the inequality 2x? + 3x +2 <0. 


Solution: Divide the left side of the given inequality by ?: 


2x? + 3x +2. 0 
z 


x +3421 <0 (1) 


To factor the left side of inequality (1), complete the 

square in x. This is done by taking half the coefficient 
of the x term and squaring this value. The result is then 
added to and subtracted from both sides of the inequality. 


or Perks sl ri-g<o+g-& 
2 
[x + 3] +1i-s<o+g-y 


[xed eecore-% 


Subtract = from both sides of this inequality: 
2 
[k+a] +R -Reo+R-K-w 


2 
[e+ 3] <-% ~ 
(Note that the constant term in the squared polynomial, namely 
i is just half the coefficient of the x-term in inequality 


(1)). 

In reference to inequality (2), the square of any real 
number is always greater than or equal to zero; that is, the 
square of any real number cannot be negative, Therefore, 
there is no solution to inequality (2) and hence there is no 
solution to the given inequality. 
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Solve the inequalities 


~ -6x+4>0 and x - 6x+4<0. 


ol eae . 

: The function which ve are considering here is x - 6x + 4; 
that is, f(x) = <x - 6x +4. We must find where this function is posi- 
tive or greater than zero and where it is negative or less than sero. 
We set f(x) «0 and find the roots of this equation, x - 6x+4= 0, 
Apply the quadratic formula. In this case a= 1, b= -6, and c= 4, 


--6 +Veer - 6m 6¢%36-16 6 +420 


aaa: |) eres 2 se 
we eat) seeds 


Thus, the roots sre: 
x0 34/5 mu 342.2 = 5.2 
x" 3-/5m3- 2.2% 0.8 


Mark the roots on the x-axis and consider the regions into which the 
roots divide the x-axis (see Figure). They are x < 0.8, 0.8 <x < 5.2, 
x > 5.2. For each of these regions choose a value of x and see if 
f(x) < 0 or if £(x) > 0 holds. For the first region, we select 
x= 0. Substitute this value into f(x): 

P - 6(02) +42£0-0+4#4>0 
Therefore 

f(x) >0 for x<0.8 
or more precisely 

x<3- Js . 

For the second region, 0.8 < x < 5.2, we choose x = 3. 

(3)? - 6(3) +4=9-18+4=-9+42-5<0 
Therefore 

f(x) <0 for 0.8<x< 5.2 or more exactly 


3-J5<x<3+J5. 
For the third region x > 5.2, we try x= 6. 

@ - 666) +4= 36 - 36+4504+4=470 
Therefore 

f(x) > 0 when x > 5.2; 
that is, 

f(x) >0 when x>3+/5. 


In conclusion, rectlling that f(x) = x - 6x + 4, we_have found 
that x - 6x+4>0 for x<3-./5 and for x>3+/5. Further- 
more, # - 6x+4<0 eh ee +.J/5. Note that the function 
is zero at the points 3-./5 and 3+/5. 

@ PROBLEM 547 


Solve the inequality + %-7<50. 
5 ? 


Fig A 


Fig. B a 


~-9-7109 -9 -94+/109 
2 2 
a We solve the given inequality by the method of completing 
square, To complete the square, take one half of the coefficient 
of x and square it, Add this quantity to both sides of the inequality. 
Here it is &(9) = 9/2 and (9/2) = 81/4 
© + Ox + a <7+ (1) 


Write this quadratic sion as a binomial squared. 
yad i . iZ (2) 


Subtracting i from both sides and expressing it as (Az)? on the 


left side of ere (2) 
G + 2p - -(AB} < 0 


The expression a* - b” can be factored into (a - b)(a + b). Similarly, 
for this example: 


[G+ 2)- ABYCx + 2)+ AB] <0 
Hence we know that, since the product here is nonpositive, either 


Case (1) (x+2)-4B 20 and (x+2)+ AB <0 


or 

Case (2) (x+2)- 2% <0 and x+2)+ LB zo 
Case (1) x+2-UB2 and x+2+4B<o 

and x < 22 fl 


2 
But this conjunction is logically false since no number can be larger 


than or equal to 
-9 + 109 
2 


and at the same time be less than or equal to the smaller number 
-9 - wf 
2 


x 2 =2+/185 


(See Figure A). Thus, x cannot be a value in both sets at the same 
time. Therefore this case leads to the null or empty set. 


Case (2) x+2-AB<o and x+244B 20 
ect AOS ayy 2 


2 


Diagrammatically, the solution set is given in Figure B. Thus, the 
solution set for this inequality is 


(ep2s A < , «2+, [32 =f, -2 + L9| 


@ PROBLEM 548 


Solve the inequality 


18 - 15x 


x- 6 > SIR + ix - 


Solution: Wwe first subtract pS from both 


sides of the inequality, obtaining 


18 - 15x 


x- 6 - 35P ox - 


> 0. 


In order to combine terms, we convert x - 6 into a 
fraction with x* + 2x - 3 as its denominator. Thus 


18 - 15x 


2x - 
x ° &- 6) - sae 


> 0 


= 1, multiplication of 


(x - 6) by this fraction does not alter the value of 
the inequality. 


(x?_+ 2x - 3) (x - 6) _ 18 = 15x 1 
x? + ox - x? + ax - 3 


x? + 2x? - 3x - 6x? - 12x + 18 _ 18 - 15x 


x? + Ox - xi + x- 37° 
x* - 4x? - 15x + 18 _ 18 - 15x_ . 4 
x? + ax ~- 3 x? + 2x = 
x? ~ 4x? - 15x + 18 - 18 + 15x , 0 
x* + 2K - 
x? - 4x? 
xi Fax = 37° 
Now we factor numerator and denominator. Thus 
x?(x = 4 
wey > & 
2 (x = 
We now want all values of x which make mets x 4) 


greater than zero. If (x - 1) = 0 or (x + 3) = 0 this 

fraction is undefined, thus we must place the restrictions 
x-1l #0 and x+3;#0 

or xl and x - 3. 


Next we must eliminate all values of x which make 


x? (x = 4) 
x- x + 


be greater than zero). The numerator will be zero if 


x? = 0 or x - 4 = 0, thus x # 0 and x # 4. We now have 
critical values x = - 3, x= 0, x=1, x = 4, 

We must test values of x in all ranges bordering 
on these critical values: (a) x < - 3, (b) - 3 <x < 0, 
(c) O< x <1, (d) 1 <x < 4, (e) x > 4, to find the 
ranges in which the inequality holds: 


equal to zero (for we only want it to 


(a) To test if the inequality holds for x < - 3, 
choose any value of x < - 3, we will use - 4, and 
replace x by this value in the given inequality: 


- 128 > 0 
Since a negative number is not greater than zero, the 
range x < - 3 is not part of the solution. 
(b) To test if the inequality holds for 
-~3 <x < 0, choose a value of x between 0 and - 3, 


we will use - 1, and replace x by this value in the 
inequality: 


x? (x - 4) 

ee x + > 0 

(- 1Iy27(- 1-4 
erie ° 


l(- 5) , 9 


Since 5/4 is indeed greater than zero, the range 
- 3 <x <0 is part of the solution. 


(c) Testing if 0 < x < 1 is part of the solution, 


we choose a value of x between 0 and 1, we will use 
4s, and replace x by this value in the inequality: 


x? (x - 4 
Glass ° 


=t + > 0 

1 4) (- 3 > 0 
A 4) (- 7/2 >0 
= 5% 56 
-F-F>0 
> 0 


Since \ is indeed greater than zero, the range 
0 <x <1 is part of the solution. 


(a4) Testing if 1 < x < 4 is part of the solution, 


we choose a value of x between 1 and 4. We will use 2, 
and replace x by this value in the inequality: 


x?(x - 4 
x - He rm ) 


$71 


2)7(2 - 4 
aes > 0 


Since a negative number is not greater than zero, 
the range 1 < x < 4 is not part of the solution. 


(e) Testing if x > 4 is part of the solution, we 
choose any value of x greater than 5, we will use 5, 
and replace x by this value in the inequality: 


x? (x - 4 
tj - i)ie+ 3) 7 ? 
fgr' is = 4) $9 


25 (1) 
Tay ay °? ° 


Since 25/32 is indeed greater than zero, the range 
x > 4 is part of the solution. 


Thus, the permissible ranges for which the in- 
18 - 15x 
equality x 6 > x? + ox - 3 holds are 
-~3<x<0, o<x<l, x> 4, 


© PROBLEM 549 


x 4420-11 
If x is ae real quantity, prove that the expression = 


can have all numerical values except such as lie between 2 and 6, 


-12 -10-8 -6 -4 -2 2 4 6 8 10 12 


Key: WQy< 2 WL’ >6 
Solution; Let the given expression be represented by y, so that 
x42e1l 
tes) yi 


then crose-sultiplying and transposing, we have 


x +2e-11 = 2y(x-3) 


wo 


x +2x-11 = 2xy ~- 6y 
x +2x-1l-2xy+6y = 0 
x +2x-2xy+6y-1l = 0 
x +2x(1-y)+6y-11 = 0, 


or 2 
x +2(l-y)x + (6y-11) = 0 qa) 
Equation (1) is in the form as* + bz +c = 0, which is a quadratic 
equation, Hence, equation (1) is a quadratic equation, with a= 1, 
b = 2(i-y), and c =6y-11. In order that x may have real values, 
the discriminant, b*-4ac, must be positive; that is, in order that x 
may haye real values, [2(1-y)]? - 4(1)(6y-12) mugt be positive; or 
4(l-y)* - (24y-44) must be positive, i.e., 4(l-y)“ - (24y-44) 2 0, 
Dividing by 4 and simplifying: 


2 
4Q-y)* - 44) , 0 
sQry) arias 


4Q-y)? = 24y+44 — 
ee 


a-y)? - 6y +1120 
(a - 27 + y”)- ey + 20 
y’- By +1220. 


Factoring the left side of the inequality into a product of two poly- 
nomials: 

fy - 6)(y - 2)20. 
Hence, the factors of this product must both be positive or both 
negative, since the entire product is positive, 


Case 1: Both factors positive: 


y-620 and y-220 
y26 and y2z2 
The two inequalities, y 26 and y 2 2, mean y26fy 2 2, and thus 


yield the single inequality y = 6, since this single inequality sat- 
isfies the two inequalities, 


Case 2: Both factors negative: 


y~6<50 and y- 250 
y*6 and ys2 


The two inequalities, y< 6 and y< 2, mean y= 6fliy< 2, and thus 
yield the single inequality y < 2, since this single inequality sat- 
isfies the two inequalities, Therefore, y may have real values 
only when y 2 6 (Case 1) and y < 2 (Case 2), The real values of y 
are indicated on the accompanying number line. Therefore, y cannot 
lie between 2 and 6, but y may have any other value. 


CHAPTER 19 


GRAPHING QUADRATIC EQUATIONS / 
CONICS AND INEQUALITIES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 374 to 


403 for step-by-step solutions to problems. 


Parabolas, circles, ellipses, and hyperbolas are conic sections. Procedures for 
using formulas and obtaining graphical representation of each of these conics is 
given below. 


PARABOLA 
Equations of the standard form 
yrar+bx+c, 


where a » 0, have parabolas for graphs. The common method of graphing the 
solution set of any given quadratic equation is to first put the equation in standard 
form and then find a number of ordered pairs in a table that satisfy the equation 
and graph them. 


The points associated with the intercepts and the vertex of a parabola are 
very useful in the procedure for graphing 


yrartbx+e. 


The y-intercept is given by y = c when x = 0 is substituted in the equation. The 
point associated with the intercept is (0, c). The x-intercepts (if they exist) are found 
as a result of substituting y = 0 in the original equation and solving for x using the 
quadratic formula. The points associated with these intercepts are of the form (x, 0) 
and (- x, 0). 


The vertex is the highest or lowest point on a parabola and it always occurs 
on the graph when the x-coordinate is x = - b/2a, which we use to solve for y in the 
equation for the parabola. 


Using the points associated with the intercepts and the vertex one can sketch 
the graph of 
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yrar+bxt+c, 


the parabola. Note that if the coefficient of the x? term is positive, then the pa- 
rabola is concave upward. On the other hand, if it is negative, then the parabola is 
concave downward. 


Another way to locate the vertex of a parabola is by completing the square of 

the expression 

ax? + bx, 
where a must be 1 or - 1 in the equation 

yrar+brec. 
For example, one can complete the square of 

y =-x*-6r41 
as follows: 

yo (x? + 6x49) 414+9=-(r4+ 37+ 10. 


Hence, the x-component of the vertex is - 3. The y-component is found by substi- 
tuting x = — 3 in the original equation and solve to obtain y = 10. The vertex is 
(- 3, 10). The parabola will be concave downward. If the equation has the form 


x=ay’+b, 


then the parabola opens to the right if a is positive and to the left if a is negative. 
If 


fix) = - f&) 
then the axis of symmetry is the x-axis which is a horizontal line through the ver- 
tex. Notice that the graph is not a function. 
CIRCLE 
The equation of a circle with center (a, 5) and radius r is given by 
(x-aP+(y-b¥ =P. 


To graph the equation of a circle, the first step is to write the given equation in 
the above form such that the center and radius are easily determined. The next 
step is to plot the center and find and plot points that are r distance in horizontal 
and vertical positions from the center. Finally, connect the plotted points with a 
smooth curve to form a circle, 


ELLIPSE 
The ellipse is given by the equation 


34-B 


Ha? + y?/b? = 1, 


where a » 0, b # O, in standard form. The ellipse will cross the x-axis at (a, 0) and 
(- a, 0) and cross the y-axis at (0, b) and (0, - 5). If a = b then the ellipse will be 
a circle. A reasonably accurate sketch of the graph of an ellipse can be obtained 
by plotting the above four points and connecting them with a smooth curve. 


HYPERBOLA 
The graph of the equation 
xia? - yb? = 1 


is the standard form of a hyperbola centered at the origin with a horizontal 
transverse axis. The graph will have x-intercepts at - a and a. The equation of the 
form 


Pla -x7/b? =1 


with a vertical transverse axis has a graph that is a hyperbola centered at the 
origin with y-intercepts at -a and a. To draw a graph, we can plot the points asso- 
ciated with the intercepts and construct a rectangle whose sides pass through 
these points. An important aid in sketching either of the preceding equations is to 
draw the asymptotes of the graph. The asymptotes can be found by drawing a 
line through curves of the rectangle whose sides pass through (-a, 0), (a, 0), 
(0, - 5), and (0, 6) on the axes. These points are the vertices of hyperbola. 


The graphical method for the solution set of the equation 
ar+bx+c>0 or axr+br+c<0 
entails plotting the graph of 
ax? + bx+c=0 


and determining what set of points satisfy the original inequality. Once this is 
determined, the graph is completed by shading the area that represents the solu- 
tion set. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Graphing Quadratic Equations/ 
Conics and Inequalities” 


PARABOLAS © PROBLEM 550 


Draw the graphs of f(x) = x’, g(x) = 3x”, and also h(x) = ¥ 


on one set of coordinate axes, 


£ (x) =ax* ,a=0 


a=2 


Fig. A Fig. B 


Solution; We construct a composite table showing the values of each 
function corresponding to selected values for x. 


In the example, we graphed three instances of the function 
f(x) = ax?, a >0. For different values of a, how do the graphs 
compare? (Fig. A). Assigning a given value to oe has very little 


effect upon the main characteristics of the =. bene coefficient 
a@ serves as a “stretching factor* relative ae goatee ~ Asa 
increases, the two. branches of the curve HB. 4 y-axis, 


The curve becomes “thinner”. As a decreases, the curve becomes 
"flatter" and approaches the x-axis. 


The graph of f(x)"= ax, a # 0, is called « parebola, (Fig. B). 
The point (0,0) is the vertex, or turning point, of the curve; the 
yraxis is the axis of symmetry. The value of a determines the 
shape of the curve. For a >0O the parabola opens upward and for 
a<0O the parabola opens downward. e@ PROBLEM 551 


Graph the function 3x? + 5x - 7. 


374 


Sosuesen let y = 3x? + 5x - 7. Substitute values for x 
ani en find the corresponding values of y. This is done 
in the following table. 


24 5x - 7 


x y = 3x 


These points are plotted and joined by a smooth curve in 
the figure. © PROBLEM 552 


Graph y = 2x? - 5. 


Solution: Graphs of the form y = kx? + c are parabolas 
stretch upward from a minimum point on the y-axis. 
From the table 


x | -2}J-1] of 12 
y 34-3 |-5 |-3]3 


we obtain the graph shown in the accompanying figure. 
© PROBLEM 553 


Sketch the graph of the function { (x,x?)). 


375 


Solution: Substitute values of x and obtain the correspon- 


ding values of f(x) = x’, This was done in the following 
table: 


We plotted these points and then joined them to obtain the 
part of the graph shown in the figure. 


@ PROBLEM 554 


Find the graph of y = x? - 3x + 2. 


Y, 
x 
=2712 
-1/6 
0} 2 
1jo 
2] 0 
3} 2 
4/6 
Fig. 1 5| 12 -12-10-8 -6-4 -2}+ 24 6 81012 


Fig. 2 


pipe yon First, construct the chart given in Fig. 1, by 
Sing values of x and finding the corresponding value 
for y by substituting into the equation, 


y = x? - 3x + 2. 

Next, plot the corresponding ordered pairs on the 
coordinate system. Having done this, connect the points 
with a smooth curve as in Fig. 2. 

If we had recognized the function as a parabola 


whose general s is that of the given curve, then we 
could have done almost as well with three or four points. 


@ PROBLEM 555 


Draw a graph of the set of ordered pairs which satisfy the 


function f(x) = x? - 7. 


The following table lists a sufficient sequence 
of ordered pairs to determine the general nature of the 
curve: 


x 0 1 2,3 ]4 | -2 | -2 | -3 | -4 
y = £(x) -7 |} -6 | -3 | 2; 9 | -6 | =3 2 9 


Plotting these points, we obtain the curve illustrated in 
the figure. Note also that the function is given by a 


quadratic equation with the coefficient of the x*-term 
positive. This implies that the graph will be a parabola 
opening upward. Since for this function, f(x) = £(-x), 
the graph will be symmetric with respect to the y-axis. 
The point with x-coordinate 0 will be the vertex and mini- 
mum point of the parabola. The graph should confirm what 
the table suggests; the minimum point is (0,7). The range 
of the function is then limited to real numbers equal to 
or greater than -7. The domain of the parabola is the set 
of real numbers. The points A(-4,9) and B(4,9) in the 
figure are said to be symmetric with respect to the y-axis. 
Similarly, C and D, E and F, and G and H are symmetric with 
respect to the y-axis. 

@ PROBLEM 556 


Construct the graph of the function defined by 


y= x? - 6x + 10. 


(0,10) (6,10) 


(1,5) (5,5) 


eee We are given the function y = x? - 6x + 10. 
most general form of the quadratic function is 

y= ax? + bx + c where a, b, and c are constants. If a 
is positive, the curve opens upward and it is U-shaped. 
If a is negative, the curve opens downward and it is 
inverted U-shaped. 


Since a = 1 = 0 in the given equation, the graph is a 
parabola that opens upward. To determine the pairs of 
values (x,y) which satisfy this equation, we express the 
quadratic function in terms of the square of a linear 
function of x. 


y = x? - 6x +10 = x? - 6x +941 


= (x - 3)7 +1 


y is least when x - 3 = 0 This is true because the square 
of any number, be it positive or negative, is a positive 
number. Therefore y would always be greater than or equal 
to one. Thus the minimum value of y is one when x - 3 = 0 
or x = 3. 

In order to plot the curve, we select values for x 
and calculate the corresponding y values. (See the table.) 


The points and graphs determined by the table are shown in 
the accompanying figure. 


@ PROBLEM 557 


Solution: First we solve for y. Subtract x? from both sides of the 


given equation. 
wiey-m-Ms0-x 
y - x= x? 
Add 2x to both sides of this equation. 
y Dr nag= 1+ 
y=urx + 2x 


Then we construct the table by substituting values of x into this 
derived equation to find corresponding values of y, 


@ PROBLEM 558 


(2,-5) 
Solution: In general, the graph of the quadratic function y = ax + 
tx+c isa parabola. Some of its properties are: 

1. If a>O, the graph opens upward. 

2. If a< 0, the graph opens downward, 


We note that a= 4 in the equation y = lp? - 2x - 3. Hence the graph 


is @ parabola opening upward since a>0, In order to determine the 
vertex (x 1¥y) of the parabola, we complete the aquare by the following 


procedure! 
Factor out § from y = - 2x - 3. Then Sx? - 2x - 3 = kG? - 4x - 6) 
Complete the square of - 4x. This is done by taking & of the co- 


efficient of x and squaring it. Thus, the constant term is 
(4(-4) P = (-2)? = 4. 


To keep the same equation we aust retain -6. Thus, we express it as 
4-10. Then, k(x” - ax - 6) = 4(0 - 4x + 4- 10). 


Factor GP - 4x +4) into (x-2)(x-2) = (x-2)*. 

Then, AP = Gx +4- 10)= 5 [(x-2)? - 10]. 

How, y = (2? - 10|. Since the parabola opens upward, the vertex 

is the value where y~ is minimum, (x-2)* will always be positive since 
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the square of a positive or of a negative number is always positive. 
Therefore, the minimum value of y will occur when (x-2) = 0. Con- 
sequently y is least when x-2 = 0 or when x= 2. To find y, sub- 
stitute x= 2 into y= 3 [(x-2) = 10]. 
y = 3[(2 - 2)” - 10] 

= 4{0 - 10) 

= 4[-10] 

=-5S. 
Hence, the vertex is (2,5). 

We now assign numbers to x and calculate the corresponding y- 


values to obtain points on the parabola, This is done in the following 
table: 


¥(-4)"-2(-4)-3 


The graph is shown in the accompanying figure. 
®@ PROBLEM 559 


Show that the quadratic equation y = 2x7 - 20x + 25 is the 


equation of a parabola. 


Solution: If we can write y = ox” - 20x + 25 in the standard form 


y = a(x - n)? +k, we will show that its graph is a parabola. The 
axis of symmetry will be the line x =h, The vertex will be at 
(h,k). Notice that the standard form has a term with a perfect 
square in it. We use a method known as completing the square to re- 
write 


y= 2x? ~ 20x + 25 

(a) Subtract the constant term, 25, from both members, 
y - 25 = 2x7 - 20x 

(b) Factor 2 from the right member, 
y- 3= 2G - 10%) 


(c) We need to add 25 within the parentheses since 25 js the 
square of one-half the coefficient of the term in x. If we do, then 
we must add 50 to the left member to maintain equality, since we have 
in fact added two times the quantity added in the parentheses 
(2 X 25 = 50) to the right member, 


y + 2 = 2G" - 10x + 28) 
(a) The expression within the parentheses is now a perfect square, 
2 
y+ 2 = 2(x- 5) 
(e) Next we subtract 25 from each member, 


y = (x - 5)? - 25 


This is now in standard form y = a(x- bh)? +k, Here a= 2, h= 5, 
and k = -25, ‘Thus, the graph of y = 2x“ - 20x + 2 is a parabola, 
Its axis of symmetry is the line x = 5; its vertex is at (5,-25), 


© PROBLEM 560 


Sketch the graph of the quadratic function y = x? - Sx + 4, 


10 

8 

6 
4 


Solution: Since the coefficient of the x?-term of the 
quadratic function is positive, its graph will be a 
parabola opening upward. Therefore the minimum point 
occurs at the vertex. The x-coordinate of the vertex is 


coefficient of x (3) 5 
given by - =- = 3. The 
2 + coefficient of x ) z 


y-coordinate is then y = 6)’ = (5) +4e- i The 


minimum point is (5/2 , -9/4). The axis of symmetry is the 
vertical line through the point (5/2, -9/4). The y-inter- 


cept, found by setting x = 0, is y = 0? - 5(0) +4= 4, 
i.e., (0,4). The point symmetric to (0,4) is a point with 
the same y-coordinate, 4, but 5/2 units to the right of 


the axis of symmetry, line x = ;- The point is therefore 
(5,4). The x-intercepts satisfy 


o=x?- 5x44 
O = (x - 4) (x - 1) 
x- 40 x-1l=0 
x= 4 x=1l 
The x-intercepts are therefore (1,0) and (4,0). These 


points are also symmetric with respect to the axis of 
symmetry. Each point has y-coordinate 0 and is either 


F units to the left or right of the axis line x = ; 
@ PROBLEM 561 


The graph of the quadratic function y = ax* + bx +c isa 
parabola. Pind the equation of a parabola passing through 


the points (- 1, 11), (1, 3), and (2, 5), by determining 
the values of a, b, and c from the given data. 


Each of the three points given lies on the 
parabola and therefore each one must satisfy the quadratic 
function for a parabola, 


ax? + bx +c y. 


For each point we substitute the coordinates of x and y 
into the quadratic function, 


Por (~ 1, 11) a(- 1) + bl- 1) +c 11 


a -b +e#ll (1) 
For (1,3) a(l)? + b(1) +c=3 

a +b +co23 (2) 
For (2,5) a(2)? + b(2) +c25 

4a + 2b +ce2#5 (3) 


We have obtained a system of three equations with 
three unknowns. 


a- btecece#ll (1) 
at b+tce= 3 (2) 
4fat+2e+eeo= 5 (3) 


We can eliminate by by adding (1) and (2). We obtain a new 
equation in a and c. 


a-b+ cell (1) 
atb+ c#=3 {2) 
a + 2c = (4) 


We have one equation in two unknowns. We need another 
equation in a and c before we can solve for a or c. 


Eliminate b from two other equations. Let us choose 
(2) and (3). 
at b+teewx3 (2) 
4a+2b+teow5 (3) 


Multiply (2) by - 2 in order to eliminate the variable b. 
Then add (5) and (3) 


- 2a - 2b- 2c =- 6 (5) 
4a + 2b+ c# 5 (3) 
2a - c#-1 (6) 


Now we have two equations (4) and (6) in two un- 
knowns, a and c. 


2a + 2c = 14 (4) 
2a- c#-21 (6) 
Subtract equation (6) from (4) to eliminate a. 


2a + 2c = 14 (4) 
- 2a- c= -l (6) 
3c = 15 (7) 
Divide (7) by 3 
e=5 


Substitute c into either (4) or (6) to find the 
value of a. Choose (4) 


2a + 2c = 14 (4) 
2a + 2(5) = 14 
2a+10= 14 
Za= 4 (8) 
Divide (8) by 2 
a=2 


To find b substitute a and c into any of the three 
original equations (1), (2), or (3). Let us choose (2). 


a=2;c=5 


a+b+e= 3 (2) 
2+b+5=3 
b+7=3 
be-4 
Therefore the solution of the original system is 

a=2 
b=-4 
c=5 


The equation of a parabola is 
y = ax? + bx +c 

For this particular parabola the equation is 
y = 2x? - 4x + 5, 


by substituting the values of a, b, and c. 
Each of the three given points satisfy this equation. 
Check 
Por (- 1, 11) 
11 = 2(- 1)? - 4(- 1) +5 
ll= 24+4+5 
ll = 11 


For (1, 3) 


3 = 2(1)? - 4(1) +5 
3=2-4+5 
3 = 3 


For (2, 5) 
5 = 2(2)? = 4(2) +5 
S=8-8+5 


5=5 © PROBLEM 562 


What is the minimum value of the expression 2x? - 20x + 17? 


y = 2x? - 20x +17 


Se Consider the function y = 2x* - 20x +17. This 
unction is defined by a second degree equation. The co- 
efficient of its x? term is positive. Hence the curve is 


@ parabola opening upward. Thus, the minimum point of this 
curve occurs at the vertex. The x-coordinate is equal to 


coefficient of x term  ._ b , _(-20) , 20... 

_—AEeoreeee es 2 
2° coefficient of x” term qa zi 

For x = 5, y = 2(5)7 = 20(5) +17 = -33. Therefore the 


minimum value of the expression 2x? - 20x + 17 for any value 
of x is -33. This minimum value is assumed only when x = 5, 


I yiak tea aceuliadas oP ehacacis ces uote oF 44; Gabon | 


| y* -3x7 - 12x + 5, and locate the axis of symmetry. | 


Solution: The curve is defined by a second degree equation. 


The coefficient of the x? term is negative. Hence, the 
graph of this curve is a parabola opening downward. The 
maximum point of the curve occurs at the vertex and has the 
x-coordinate: 

coefficient of x term ._ b,. _ -12_ . u = -2, 


hy PE Pay 31-3) "= 
2(oefficient of x term) za 


For x = -2, y = -3(-2)? - 12(-2) + 5 = 17. Hence the 
coordinates of the vertex are (-2,17). The curve is sym- 
metric with respect to the vertical line through its vertex. 
The axis of symmetry of this curve is the vertical line 
through the point (-2,17), i.e., the line x = -2. 


@ PROBLEM 564 


Find the equation of the tangent to the parabola 


y = x" - 6x + 9, if the slope of the tangent equals 2. 


Solution: The equation of a straight line is y = mx + k 
where m Ts the slope and k is the y-intercept. The 


equation y= 2x+k (1) 


represents a family of parallel lines with slope 2, some 
of which intersect the parabola in two points, others 
which have no point of intersection with the parabola, 
and just one which intersects the parabola in only one 
point. The problem is to find the value of k so that the 
graph of Equation 1 intersects the parabola in just one 
point. If we solve the system 

y= 2x+k (1) 


y= x? - 6x +9 (2) 
by substitution, we get for the first step 


2x +k = x? -6x + 9 or 


x? - 8&x +9-k=0 (3) 


This is a quadratic equation of the form 
ax? + bx + c = 0, The discriminant determines the nature 
of the roots when ax? + bx + c = 0. The condition that 


Equation 3 has but one solution is that the discriminant, 
b? - 4ac equals 0. Therefore, ifa=1, b= - 8, ¢c=9-k, 


then b? - 4ac = 64 - 4(9 - k) = 0 or k = - 7. 


Substituting this value of k in equation 1, we have 
y = 2x - 7 which is the equation of the tangent to the 
given parabola when the slope of the tangent is equal to 2. 
The figure is the graph of the parabola and the tangent. The 
student may verify that the point of contact is (4, 1). 
This is shown by substituting (4, 1) into 


y = 2x - 7 = x*-6x + 9 
l= 2(4) - 7 = 4? - 6(4) +9 
l= l=1 


@ PROBLEM 565 


The surface S of a cube is given by the formula S = 6x", where 
x represents the length of an edge. Graph S as a function of x. 


Solution; In the formula S$ = 6x", negative values of x may be used 
as well as positive ones. The points determined by these negative 
values of x belong to the graph of S = 6x2, although they have no 
meaning in relation to the cube. The table of values from which the 
graph in the figure was constructed follows: 


Note that the axis of ordinates is labeled S. Moreover, units of dif- 
ferent size are used on the two axes; this may be done if convenient, 
but should be avoided where possible. 


@ PROBLEM 566 


2 


s the graph of the equation y” = 12x, 


Solution: The equation written as x = oy’ is a quadratic 


equation with the coefficient of the y? term positive. 
Therefore the graph is a parabola opening to the right. 
Since f(x) = -f(x) the parabola is symmetric with respect 
to the x-axis. Point (0,0) satisfies the equation and lies 
on the axis of symmetry. Hence the vertex of the parabola 
is at (0,0), (see figure). The focus of the parabola lies 
on the axis of symmetry, y = 0, at the point (p,0) where 
4p = coefficient of x in the original equation: 4p = 12, 
p= 3. Therefore the focus is at (3,0). The directrix is 
the vertical line x = -p = -3, When x = 3, y= 12x = 12(3) 
= +6. Therefore the points (3,6) and (3,-6) are points on 
the graph. The graph of this parabola is not the graph of 
a function since for any given value of x there is more 
than one corresponding value of y. 


@ PROBLEM 567 


Discuss the rational integral equation 


x? + 2xyey® + 2x - 3= 0, 


and plot its graph. 


Solution: We solve this equation for y in terms of x. 


x? - ony + y* + 2x-3=0 (1) 


Subtract x from both sides of equation (1): 
# - oy ty? + 2x -3-#£ 2 0- x? 


w2ay + y* + 2x = 3 = ox? (2) 


Subtract (2x-3) from both sides of equation (2): 
o2uy + y? + 2x = 3 (2x - 3) @ ox? = (2x - 3) 
“day ty? + ye - Ye et Qe nn? - 2x43 
yt = tayo ont eee 3 (3) 


To complete the square on the left side of equation (3), take half the 
coefficient of y and square it. 


(y(-2x)]? = [-x]? = x? . 
Add this value to both sides of equation (3): 
y? = ay t xt M243 MR 
y = oxy + x? = -2n +3 
y - 2dxy+x = 3- 2x 
GY - x)? =3-2%. 
Take the square root of each side: 


Vey-n)? = £3 - 2x 
y-x=tV3- 2 

Add x to both sides: 

y-\+k=xtV3- 2x 

y=xtV3- 2x (4) 
This explicit relation shows immediately that: (a) for every real value 
of x less then 3/2, there are two distinct real values of y; (b) for 
x = 3/2, there is only one y-value; namely, y = 3/2. (c) for x > 3/2, 
y is complex. Hence, we know that the graph of equation (1) will not 
extend to the right of the line x = 3/2. In addition, relation (4) 
enables us to compute the two values of y cor sponding to each per- 
missible value of x; thus, when x = 0, y = +./3, and when x=1, 
we get y= 2 and y=0. Substitute values for x and find the cor- 
responding value of y. This is done in the following table: 


x tV3-2x = y 


or 


“3 | -3 t./3-2C3) = -3 + JH = -3+./9 = -34380, -6 

3 | - 313-2(- 3)--2tVno--246--2+ 2.45 = 0.95,-3.95 
0 | ot¥3-200) = 0 t¥3-0 = 0443 «+ 43 = + 1.73 

1 1 £¥3-20) -12¥3-2 +141 -141-2,0 

3 3 eVs22)-22V55-22Vo-320~2 


These points may be plotted and joined by a smooth curve. 


The graph obtained with the help of the above discussion is shown in 
the figure. By the methods of analytic geometry, it may be shown that 


this curve is a parabola, and additional characteristics of the curve 
may be determined. 


CIRCLES, ELLIPSES AND HYPERBOLAS 
@ PROBLEM 568 


Discuss the graph of the equation x? + y? = 25. 


(-5, 0) 
(4, -3) 


Sorenson: This is an equation of the form x? + y? = r’, 
an erefore its graph is a circle with radius r= 5 and 
center at the origin (see figure). Note that the graph does 
not represent a function since, except for x = -5 or x = 5, 
each permissible value of x is associated with two values of 
y. For example, for x = 4, we have the ordered pairs (4,3) 
and (4,-3). The domain of this function is 
{xl -5 <x <5}. The range of this function is 
fy| -5 Sy <5}. 

@ PROBLEM 569 


Sketch the graph of the equation x? + y? = 4. 


So : Substitute values for x and then find the cor- 
ries Fe ng values of y. This is done in the following 
table: 


These points have been plotted and a smooth curve has 
been drawn through them in the figure. We could plot 
more points and then "fill in” the rest of the graph, 
but instead we will use some of our knowledge of the co- 
ordinate plane. Our given equation is equivalent to the 


equation M2 - y = 2. In the distance formula 


a= Kx, - “yr + (vy, - ¥,)*swhere da is the distance be- 


(2,0) * 
72, -72) 
(-1,-3) (0,2) 


tween the points (x,, y,) and (x 1Y9)s let the origin or 
(0,0) = (x,-¥,) and let (x,y) = (x,.¥2)- Therefore, 


a= Ax - 0)? + ty - 0)" 
aekiay, 


Hence, the number /x“ + y“ is the distance between the 
point (x,y) and the origin. Thus, in words, our equation 
says, “The distance between the point (x,y) and the origin 
is 2." Clearly, the set of points that are two units from 
the origin is the circle whose center is the origin and 
whose radius is 2. This circle is therefore the graph of 
our given equation, and we have drawn it in the figure. 


Most of the graphs of equations that we deal with in 
mathematics are “one-dimensional” figures, such as the 
circle we just drew. In these cases, we say that the graph 
is a curve. Not all simple looking equations in x and y, 
however, have graphs that are simple curves. 


@ PROBLEM 570 


Graph the equation ax” 4 ay? - 13 © 0. 


Solution: In order to verify that this is the equation of a circle, we 
@quation in the standard form: add 13 to both sides of the 

given equation. 2 2 

2x + 2y -134+13=0+13 
ax” + ay? #13 


Divide both sides of this equation by 2. 


a say, 18 
or 
x+y? = 3 , which is the 


standard form for the equation of a circle with ite center at the origin 
(0,0) and 


fs VIS _ YS Vz _ YE 
radius = r= TA =>. 
5.1 


Therefore, the radius of the circle is approximately zr or 2.55, 
The graph is represented in the Figure. 
@ PROBLEM 571 


Find the equation for the circle whose center is at the origin and 


whose radius is 3. 


(x,y) 


Solution: A circle is the set of all points in a plane at a given 
distance from a fixed point. The fixed point is called the center of 
the circle and the measure of the given distance is called the radius 
of the circle. Thus to find the equation for the circle whose center 
is at the origin and whose radius is 3, we wish to find the equation 
of all points at a distance of 3 from the origin, (0,0). 

The distance formula for the distance between two points (*)%,) 


me ae - Ke, 2 x) +(.-)> 


In our case d= 3)(*159,) = (0,0) . Thus 


3 = Jt - 0)? + fy - 0)" 


3= ne + y* 


Squaring both sides, x + y =9. 
Hence the equation for the circle whose center is at the origin, 
with radius 3, is x + y* =9. @ PROBLEM 572 


2 2 
Discuss the graph of ae + y =1l, 


(0,-3) 2 2 
Solution: Since this is an equation of the form = + ty =, 


with a = 5 and b = 3, it represents an ellipse. The 
simplest way to sketch the curve is to find its intercepts. 


391 


If we set x = 0,then 


y= [Ti - Pal - fh - es = +3 


so that the y-intercepts are at (0,3) and (0,-3). Simi- 
larly, the x-intercepts are found for y = 0: 


x= /\: - ¥)os 


to be at (5,0) and (-5,0) (see figure). To locate the foci 
we note that 


fa @atestcn 


c? = 25 = 9 = 16 


ce#+4, 


The foci lie on the major axis of the ellipse. In this 

case it is the x-axis since a = 5 is greater than b = 3, 
Therefore, the foci are (+c,0), that is, at (-4,0) and (4,0). 
Therefore, the foci are at (-4,0) and (4,0). The sum of the 
distances from any point on the curve to the foci is 


2a = 2(5) = lo. © PROBLEM 573 


Sketch the graph of the function { (x,1/x*) }. 


Solution: Substitute different values of x and find the corresponding 
value of y or I/x . 


The graph is shown in the figure. 


@ PROBLEM 574 


Draw the graph of xy = 6, 


Since the product is positive the values of x and y must 
have the same sign, that is, when x is positive y must also be 
positive and when x is negative then y is also negative. Moreover, 
neither x nor y can be zero(or their product would be zero not 6), 
so that the graph never touches the coordinate axes. Solve for y and 
we obtain y = 6/x. Substituting values of x into this equation we 
construct the following chart: 


The graph is obtained by plotting the above points and then joining them 
with a smooth curve, remembering that the curve can never cross & co- 
ordinate axis. The graph of the equation, xy = k, is a hyperbole for 
all nonzero real values of k. If k is negative, then x and y must 
have opposite signs, and the graph is in the second and fourth quadrants 
as opposed to the first and third. © PROBLEM 575 


Graph the equation xy = -4. 


: The graph of the equation, xy = c, is @ hyperbola for all 
non-zero real values of c. In this case, c = -4 and thus the particu- 
lar equation is xy = -4. Since the product is negative, the values 
of x and y must have different signs. If x is positive, then y 
is negative and so part of the graph lies in quadrant IV, On the other 
hand, if x is negative, then y is positive and the other part of 
the hyperbola is located in quadrant II. If we solve for y, then 
y = -4/x and x #0, Then the graph never touches the y-axis. Thus 
the line x = 0 is an asymptote of the graph. On the other hand, 
solving for x, we have x= -4/y and y #0, Thus the graph never 
crosses the x-axis and the line y = 0 is an asymptote. We now pre- 
pare a table of values by selecting values for x and finding the cor- 
responding values for y. See table and graph. 


@ PROBLEM 576 


Sketch the graph of the equation y = 2/x. 


See Substitute values for x and then find the cor- 
ros pt ng values for y. This is done in the following 
e. 


The graph is shown in the figure. This graph is an exan- 
ple of an equilateral hyperbola. Notice in the graph that, 
when x takes on larger and larger positive values, y gets 
closer and closer to 0. When x takes on larger and larger 
negative values, y also gets closer and closer to 0. Also, 
when x gets closer and closer to 0, y either takes on 
larger and larger positive values or larger and larger 
negative values. Note also that x cannot be 0, since y = x 


= 4 is not defined. 


@ PROBLEM 577 


2 


2 
Discuss the graph of - - + 


2 2 
Solution: . - - = 1 is an equation of the form 


2 2 
eo - = 1 with a = 3 and b = 3. Therefore the graph is 


a b 
a hyperbola. The x-intercepts are found by setting y = 0: 


2 2 
x 0 
ore 
x? = 9 
x = +3. 


Thus, the x-intercepts are at {(-3,0) and (3,0). There are 
no y-intercepts since for x = 0 there are no real values 
of y satisfying the equation, i.e., no real value of y 
satisfies 


y =-9, y= v3, 
Solving the original equation for y: 


y= A. - x*) .-9) or y= fe -9 


shows that there will be no permissible values of x in the 
interval -3 < x < 3. Such values of x do not yield real 
values for y. For x = 5 and x = -5 use the equation for y 
to obtain the ordered pairs (5,4), (5,-4), (-5,4), and 
(-5,-4) as indicated in the figure. The foci of the hyper- 
bola are located at (+c,0), where 


oc? = a* + b* 


co? = 37 +372 9+9=18 
c = +718 = +372. 
Therefore, the foci are at (-372,0) and (3¥2,0), 
395 


© PROBLEM 578 


Discuss the graph of the function y = 


x 
-10-8-6-4-2"' 24 6810 
poaetions Intercepts: Since division by zero is not de- 

+ % cannot = 0, hence there is no y-intercept. Simi- 
larly, there is no x-intercept since y cannot = 0, because 
no value of x allowed in the given equation yields a value 
of y = 0. Symmetry: The curve is symmetric with respect 
to the y-axis since the x-term appears squared in the given 
function and hence f(x) = f(-x). Domain: There is no 
limitation on x, except that x #0. Range: Since 


y= Hu is a positive number divided by a positive number, 
x 


y must be positive. Therefore, the curve exists only in 
the first and second quadrants, Plotting: We note that, 
in the first quadrant, as x increases y decreases. Several 
points to illustrate this are listed in the following table, 


x 0.5 1 2 3 eee 10 
y 48 12 3 1.3 eos 0.12 
After plotting these points, and tracing the curve in the 


first quadrant, the second branch is drawn in quadrant II, 
using the principle of symmetry. The curve is illustrated 


in the figure. 
© PROBLEM 579 


Dome eee SSC~*@«d 


Fig. A lid Pig. B x<2 
——— 
“2 -1 1 a 
2 -2 
——- << 
{x]x>2Mx>-2}={x|x>2} {x] x<-2?tx<2}={x] x<-2} 


Solution; First, we shall determine the intercepts. Set x= 0, 
and find -2y? = 4, y* = -2, y= + 1/2. This means that the curve 


does not meet the y-axis. Set y= 0, and find x= + 2, Thus, the 


graph only crosses the x-axis, To avoid fractions and negative radi- 
cands, we solve for x in terms of y rather than for y in terms 
of x: x= + fy + 4. Assigning values to y and computing cor- 


responding values of x, we get the accompanying table. 


Now plot the points. Note for each value of y, there are two values 
of x. For example, if y = -3, x= + 4.7 and x= -4.7. Thus the 
two points are (4.7,-3) and (-4.7,-3). The curve of x* - 2y?7 = 4 
is called a hyperbola and consists of two parts, or branches. See 
Figure. If we solve the equation for y, we obtain: 


x - dy? o 4 
Ta ee 
4- 
y2= = 
- 4+? -= 4 
2 2 
y=+ ms 


Now to obtain real values for y, the radicand cannot be negative. 
Therefore, x* - 4 20, and factoring (x - 2)(x + 2) 20. There are 
two statements (x - 2)(x + 2) =0 and (x = 2)(x + 2) >0 to be con- 
sidered, The roots are x= 2 and x = <-2 when the factors are set 
equal to zero. 


If we consider the inequality (x - 2)(x + 2) >0, the two factors must 
be both positive or both negative. 
Case I: both are positive 


x-2>0 and x+2>0 
x>2 = and x>-2 


Therefore, x >2 (see number line A) 
Case II: both are negative 


x-2<0 and x+2<0 
x<2 and x <-2 


Therefore, x <<-2 (see number line B) 


{x|x <-2 Nx <2} = {x|x <-2} 


To summarize x= -2 and x= 2, and x <-2 or x >2, More 
simply, the domain of x is {x}k <-2 or x 22}, From 


ref ae 


- 2 
the range is the set of all real numbers. 
@ PROBLEM 580 


Find the inverse function of f if y = f(x) = ab -x and 


f has domain {x|-3 < x <0} and range {ylo < y < 6}, 


Solution; The equation = f(x) determines the number y in the 
range of f, {y|O < y < 6}, froma given number x of the domain, 
{x|-3 < x < 0}. Now we want to know if this equation also determines 
x when y is given, If a function f is given by a simple formula 
y = f(x), we can often obtain ci by solving this for x so that 
x= f(y), Therefore, 


yoab-2 = 0-2" 


nae ak ees 216 - i? = 4(9 - x”) 


Distributing, y =36- 4& 
y? - 36= 4x” 


aY 36 , 36-y" 
= —«£° 
+ 2 

x=: -y 


In order to obtain a function of y, we must have for each value of 
y one and only one value of x, Thus, we choose only one sign. 

Now the domain of the inverse function is the range of f, and the 
range of the inverse function is the domain of f. Therefore, the 
domain of f(y) is to be O0<y<6 and the range is -3<x< 0, 
Now since x can are — 5 values then we must consider the 
negative values of + - y*. Hence, the inverse function is 

x=" = e 
Plot each function by selecting values in the domain and finding the 


corresponding values in the range, 
or ye ab- elena 


Domain {x|-3 < x < 0} Domain {y|o < y < 6} 


See graph y 


x 


(2¥5,-2) 


The graphs of f and ft show that if (a,b) 1s @ pojnt of the 


graph of f, then (b,a) is a point of the graph of f°. Further 
more, this is true by the definition of an inverse function which 
states that, given the function f£ such that no two of its ordered 
pairs have the same second element, the inverse function f! is 
the set of ordered pairs obtained from f by interchanging in each 
oxgered pair the first and second elements. The graphs of f£ and 
ft are symmetric with respect to the line y = x; that is, each is 
the image of the other in the mirror y = x, 


INEQUALITIES 
@ PROBLEM 581 


Find the solution set of x? - 6x + 10> 0 by the 


graphical method. 


Solutions First we graph the function y = x? - 6x + 10. 
Assign values to x and then calculate y-values. 


(- 1)? - 6(- 1) + 10 


(0)? - 6(0) + 10 


(1)? - 6(1) + 10 
(2)? = 6(2) + 10 
(3)? - 6(3) + 10 


See graph. The curve is the graph of y = x* - 6x + 10. 
Since the graph is entirely above the X axis, the 


solution set of x? - 6x + 10 > 0 is the set of all real 
numbers. 


Find the solution set of -x® - 4x -5>0, 


; To find the graphical solution, select values of x and 
find the corresponding y values. See the table. Kote that 
y = =x? - 4x - 5 & -[x? + 4x + 5], 


ee A ee 
Ce Be Ee 


ae | - (em? same) =-a-e+0-| a | 


-(o? seeped =-a-4+09=] 2 | 
fo | ~ (00)? + 400) + 5) =-(0 +045) = fs 
pa ~- (97 + 4@) +5) = - 4445) = }-10 | 


~ (cay? + 4(2) + 5) = -44 + 84 5) = paz | 

~ (ca)? + 403) + 5) = -(9 +1245) = Em 
The graph of y = -x* -4x - 5, as shown in the figure, lies 
entirely below the x-axis. Consequently 


{x|- x* - bx - 5>o} = g, the empty set. 
@ PROBLEM 583 


Solve the inequality ~2x? - 15x + 27 > 0. 


Solution: The graph of the corresponding quadratic function 

y = -2x° - 15x + 27 is a parabola which is concave down 

since the coefficient of the x?-term is negative. Its zeros 

are the solution set of the quadratic equation -2x? - 15x + 

27 = 0. 

(2x - 3)(-x - 9) = 0 factor 

2x-3=0/]-x-9 = O set each factor = 0 to find all 
x's which make the product 0. 

x= 3 x= -9 


Therefore, the solution set of the given inequality is the 
set of all x's such that the graph of 2x? - 15x + 27 lies 
above the x-axis, i.e., {x]y = -2x? - 15 + 27> 0}. This 


set is {x| -9 <x <3}. (see Figure). © PROBLEM 584 


Solve: x < 2x +2. 


i. To solve the inequality eo <2x+ 2, transfer all the terms 
to one side. Subtracting (2x+2) from both sides, 


< -2x-2<0. 
We shall solve this inequality graphically. The function that we are 
dealing with is f(x) = x - 2x - 2. We must find the region where it 
ie lese than zero, Thus, we graph the left side as a function of x. 
Choose values of x and calculate the corresponding f(x) values, as 
shown in the following table: 
x x -2x-2 £(x) 


(-3)? -2(-3)-2 = 946-2 
(-2)?-2(-2)-2 = 8-2 
(-1)? -2(-1)-2 = 142-2 
(0)°-2(0)-2 = 0-0-2 


(2)*-2(2)-2 = 4-4-2 


(3)? -2(3)-2 = 9-6-2 


The graph of f(x) = x*=2x-2 is shown in the accompanying figure. 
f(x)<O when the curve lies below the x-axis, that is, for 
values of x between -0.7 and 2.7. (see figure) Hence, -0.7<x<2.7. 

Since these results were read from the curve, they are only ap- 
proximations. If the student should read 2.6 or 2.8 instead of 2.7, his 
result would be acceptable. 

In case more accuracy is desired, we can golve the corresponding 
equation x - 2x-2=0 and find x= 1 3. Thus the curve crosses 
the x-axis when x= 1-/3 and x= 1+ ee and the inequality is true 
for 1-/3<x<1+J3, Note xo l+3m2.7 and x= 1-3 mm -0.7, 

@ PROBLEM 585 


Construct a graphical representation of the inequality 


x? - 2x - 8 < 0 and identify the solution set. 


x?-2x-8<0 


eee! The graph of the relation{(x, y)|y = x? - 2x 
= s sketched in the figure. A table of values can be 
constructed. 


We have to find the values of x for which y < 0 


where y = x? - 2x - 8, First we consider the case y = 0. 
Factor y into (x - 4) (x + 2). Set y = 0 and find the 
reots of this equation. 


x-4==0 x+22=0 
x, = 4 X22 =- 2 
Now, we must find where x? - 2x - 8 < 0. 


We mark the roots on the x-axis and consider the 
regions into which the roots divide the x-axis. They are 
x<- 2, - 2 <x < 4, and x > 4. For each region choose an 
x value and investigate the algebraic signs of the 
factors of f(x) and also their product sign, f(x). See 
the following table. 


Thus, y<0 for-2<x< 4. 


Furthermore, y < 0 when - 2 < x < 4. See Graph. 


The darkened portion is the part which represents the 
inequality. The solution set is the interval [- 2) 4). 


CHAPTER 20 


SYSTEMS OF QUADRATIC 
EQUATIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 404 to 
463 for step-by-step solutions to problems. 


A system of two equations in two variables, in which at least one equation is 
quadratic, is considered to be a quadratic system of equations. The solution set 
for such a system consists of all ordered pairs that satisfy both equations. In most 
cases, the solution procedure used for quadratic systems is the substitution method; 
however, the addition method can also be used if the like variables are raised to 
the same power in both equation. In a case where the resulting equation is 
quadratic, then the usual procedure for solving a quadratic equation is used. The 
final step is to check the original system of equations to ensure that the obtained 
solution set is really a true solution set. These methods are the same ones that are 
well-known in the solution of systems of linear equations in two variables. 


As a precursor to the above solution procedure, it is helpful to graph each 
equation in the system on the same x — y coordinate system in order to anticipate 
the number, approximate position, and value of the solution(s). Sometimes it is 
absolutely necessary to construct a graphical solution of the system. This is 
especially true if the system contains quadratic inequalities. Such a system requires 
that the solution set, if it exists, is a shaded region in the plane. 


If both of the equations in a system of two equations in two variables are of 
the second degree in both variables, then the use of linear combinations of the 
equations often provides a simpler means of solution than does substitution. For 
example, solve the following system of equations: 


3x? - Ty? + 15 =0 (1) 
3x2 - dy? - 12=0 (2) 


By forming the linear combination of - 1 times equation (1) and 1 times equation 
(2) we obtain 


3y?- 27 = 0 


y= 
yos3 

Substituting 3 for y in equation (1) or (2), we have 

xw=16 or x=24. 
Hence, (4, 3) and (- 4, 3) are solutions of the system. Now substitute - 3 for y to 
obtain 

X=16 or x=24. 
Hence, (4, ~- 3) and (- 4, - 3) are also solutions. 

The solutions of some systems require the application of both linear combi- 
nations and substitution. Also, it may be necessary, after substitution does not 
yield a simplified equation, to replace an expression in the equation with a new 
variable u and solve the system with it included. Once the solution has been 
found, the replacement variable can be removed by substituting back into the 
original expression and simplifying to obtain the solution for the original vari- 
able. 


Step-by-Step Solutions to 


Problems in this Chapter, 
“Systems of Quadratic Equations” 


QUADRATIC/LINEAR COMBINATIONS 
© PROBLEM 586 


Solve the system 


xy = 24, 


y-2x+2= 0. 


See ataeE This system is most easily solved by the method 
of substitution. Solve (2) for y in terms of x: 


y= 2x - 2. 
Substitute 2x - 2 for y in (1): 
x(2x - 2) = 24, 


2 


2x” - 2x = 24, 


2x? - 2x - 24 = 0, 


x? - x-12= 0, 


or factoring (x+3) (x-4) = 0, 


Set each factor = 0 to find all values of x for which the 
product = 0. 


x+32=0 x-42=0 
x = -3 x= 4, 


In Equation (1): for x = -3, (-3)y = 24 or y = -8; 
for x = 4, (4)y = 24 or y = 6. 


In Equation (2): for x = -3, y - 2(-3) + 2 = 0 or 
y = ~8; for x = 4, y - 2(4) +2=0 ory = 6. 


@ PROBLEM 587 


Solve the system 
2 


2x ~ say - ty? + x+y -120, 
ax-y=3. 


Sglution: A system of equations consisting of one linear and one 


404 


quadratic is solved by expressing one of the unknowns in the linear 
equation in terms of the other, and substituting the result in the 
quadratic equation. From the second equation, y = 2x - 3. Replacing 
y by this linear function of x in the first equation, we find 


ax” - sx(ax - 3) - 4(ax - 3)? 4x4 Ox -3-120, 


ax? ~ sx(ax ~ 9) - a(ax! - tax + 9) + x4 Be - 3-1-0 
Distribute, 2x7 - 6x* + 9x - 16x7 + 48x - 36+x+ 2-3-1520 


Combine terms, ~ 20x" + 60x - 40=0 


Divide both sides by -20, 


-20x" . 60x _ 40 0 
2 * 20” 20" 


x? -3x+220 


Factoring, (xe - Dtixk-) =0 
Setting each factor equal to zero, we obtain: 
x-22#0 x-12=0 
x22 =1 


To find the corresponding y-values, substitute the x-values in 
y = 2x - 3: 


when x=l, when x= 2, 
y=2() -3 y= 2(2 -3 
=2-3 =4-3 
ysl yell 


Therefore the two solutions of the system are 


a,-D, (2,1), 
and the solution set is (2,-1), (2,1) }. 


@ PROBLEM 588 


Solve the following system: 


x? + y? = 25 


2x +y = 10 


Bolution: We solve equation (2) for y by adding - 2x to 
both sides: 


y= 10 - 2x : (3) 


Replacing y by 10 - 2x in equation (1): 


x? + (10 - 2x)? = 25 


x? + 100 - 40x + 4x? = 25 


5x” - 40x + 100 = 25 


5x? 


5(x? - ax + 15) = 0 
Dividing both sides by 5, 

x? - 8x +15 = 0 
Pactoring, 

(x - S)(x - 3) = 0 


- 40x + 75 = 0. Factoring out 5, 


Whenever the product of two numbers ab = 0, either a = 0 


or b = 0; therefore 
x-5 =0 orx-3#0 
x=5 or x=3 


Replacing x by 5 in equation (3): 
y = 10 - 2(5) 
y=10-10=0 


Replacing x by 3 in equation (3): 
y = 10 - 2(3) 


y2 10-6 


yed 


Thus our solutions are(5,0) and(3,4). Check: 


(x,y) by (5,0) in each equation: 


x? + y* = 25 a) 
5? + 07 = 25 

25 + 0 = 25 

25 = 25 

2x + y = 10 (2) 


2(5) +0 = 10 
10 + 0 = 10 


10 = 10 


Replacing 


Replacing (x,y) by (3,4) in each equation: 


x? + y* = 25 (1) 
37 + 4? = 25 

9 +16 = 25 

25 = 25 

2x + y = 10 (2) 


2(3) + 4 = 10 
6+4=10 
10 = 10 
Therefore the solution set is (5,0), (3,4)} . 


@ PROBLEM 589 


Obtain the simultaneous solution set of 
2 


x? + 2y? = 54 


2x - y = -9. 


ane Equation (2) is readily solvable for y in terms 
of x, and so we proceed as follows: 

-y = -9 - 2x 

y = 2x + 9. (3) 


x? + 2(2%+9) 2 = 54 replacing y by (2x+9) in equation (1) 


x? + 2(4x7+36x+8}) = 54 squaring (2x+9) 


x? + 8x? + 72x + 162 = 54 by the distributive law 


9x? + 72x + 108 = 0 adding -54 to each member and combining 
terms 


x2 + 68x +12=0 dividing by 9 


(x+6) (x+2) = 0 factoring. 


Whenever a product of two numbers ab = 0, either a = 0 or 
b = 0; thus either 


x+6=80 or x+22=0 and 


x@ -6 or x = -2. 


To find y, we proceed as follows: 


y = 2(-6) + 9 = -12 + 9 = -3 replacing x by -6 in equation 
(3) 


y = 2(-2) +9 = -4 +9=5 replacing x by -2 in equation (3) 


erefore the simultaneous solution set is {i-6.-3), 
(-2,5) . 


Check. Replacing x and y by (-6) and (-3) in equations (1) 
and (2), 


x? + 2y” = 54 (1) 


(-6)? + 2(-3)? = 54 
36 + 2(9) = 54 


36 +18 = 54 
54 = 54 
2x - y= -9 (2) 


2(-6) - (-3) = -9 
-12+3=-9 
“9 = -9, 


Now replacing x and y by (-2) and (5) in equations 
(1) and (2), 


x? + 2y* = 54 a) 


(-2)? +2(5)? = 54 
4 + 2(25) = 54 


4+ 50 = 54 
$4 = 54 
2x-y=-9 (2) 


2(-2) - (5) = -9 
4-5-9 
-9 = -9, 


@ PROBLEM 590 


Solve the systen 
2ey=l 
2 


3x - xy- y’ = -2, 


Solution: Solving the first equation for y in terms of x: 
408 


aey=l 
Subtracting 2x from both sides: 
Mmty- mMal- & 
yel- & 
When we substitute this value for y in the second equation we 
obtain: 2 
3x” - x - 2x) - (1 - ax 2-2 
3x” - (x - 2x”)- (1 - 4x + 4x”) = -2 
Sx - x+ 2x14 ae ae? -2 
ga” + oe? - oe? cs 8 
x? 4on-12-2 
Adding 2 to both sides: 
x4 ox 1422-242 
x4 n 4120 (1) 


Equation (1) is a quadratic equation since it is in the form ax” + 
bx +c = 0, This equation can be solved by using the quadratic 
formula, 
-b+ = 4ac 
x=—— 


2a 
In this case, a=1, b= 3, and c=1, Then, 


-3 + fay" - aayay 
aT a 
34+ 8-7 
_ ae Sara! 
34 
= Sa 
x= 9154 


To obtain the corresponding y-values we use the equation y = 1-~- 2x, 
When x = - 3/2+1/2,5, 


pote deds) 
w1- 3) G8) 
=1+3-8 

yr 4-8 


yeaa 3-34s) 
~1-o-3)- of-5.4) 
=1+34+8 
y= 4+ 
Therefore, the solution set to the Original system of equations is: 
409 


Find the solution set for the system: 


3x - Sy = 13 
y? = bx 


j Use the method of substitution to solve the system. From 
equation (2) we obtain: 2 
xe 


Then upon substitution for x, equation (1) becomes: 
(2) - Sy = 13 

Multiplying both sides of the equation by 4: 
ay? - 20y = 52 

The equation in standard quadratic form is: 

ay” = 20y - 52 =0 
(3y - 26)(y + 2) = 0 
By - 26=0 or y+2#0 
¥= a8 or y= -2 


2 
Returning to x= 2, we see that . 
y ~ 28 implies that x = 26/3)", 168 and 


y = 2 implies that x= cpt =l 
Check to see if equation (1) is satisfied. 
for x= 9° ¥ - 28, 
206) - (4) = 4-1 - aB 
for x=l, y 2-2: 
3(1) - 5(-2) = 3+ 10 = 13 
Hence the solution set is 


Ce a 


Solve the following linear-quadratic system: 


ax + 3y =1, 
x" - Sxy - 8y? + by = 0. 
i To solve a system of equations consisting of one linear 
and one quadratic, express one of the unknowns in the linear equa- 


tion in terms of the other variable. Substitute the result in the 
quadratic equation. We solve for x in terms of y. 
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2x +3y=1 (1) (adding -3y to both sides) 


2x = 1 - 3y (dividing both sides by 2) 
x Ps — (3) 


Substitute in the quadratic equation: 
Q522)' - R=2ty - op? + ey 20. 
CERNE Z) - 5A ERY wt vrao 
Laem" S187" 62, gy a0, 


Multiplying the equation by 4, 
2 2 
uaers es ~ 05 + 6y] = (0) 4 


2 . 2 
Ae ee oa Oe 


1 ~ 6y + gy” ~ 10y + 0y” - say? + ay = 0 


gy” + soy” - say” - by - loy + ay +1 = 0 


Ty? + By +120 


Pactoring: (7y + Ib(y +1) <0. 
Set each factor equal to zero. Solve for y. 


Wy+1ls=0 y+iezd 
Ty = -1 
ye-2 ye-l 
Substitute in the linear equation (3). For y = -3; 
1 3 lo 65 
1-s(-2) 1.43 = 
Falk) A i AO a Ae SOP OE} 
iene cena ier omar fae Mik ted 


For Sey neers 


1-3), ore 


The solutions are (2,-1) and (5/7, -1/7). Each solution should 
be checked by substitution in both of the given equations, 


Check: For (2,-1) ror($, -3) 
2x+3yel1 2x + 3y=1 
2(2) + 3(-1) = 1 2(5/7) + 3(-1/7) = 1 
4-321 10/7 - 3/7 = 1 
lel W/Ial 
lt=l 


x? - sxy - By” + 6y = 0 x 0 +6y=0 

2 2 ) 1 
(2) = 8(2)(-1) - 8(-1)~ + 6(-1) = 0 =fe- -=)-8 

4+10-8-6=0 G X ) €:) 

6-6=0 

o=0 


25 8 | 
pti” as Ta7° 
25, 25 42 
49° 49° 49° 49 = 0 
25 + 25 = 8 = 42 
3 a8 
Bat-8 
43512 
«0 
0 
rc) =0 
0 =0 


In choosing the variable to be eliminated, it is advisable to avoid 
fractions if possible. For example, the linear equation 6x - y = 7 
should be solved for y in terms of x: y = 6x ~ 7, rather than 


for x in terms of y: 


2 4 ay? - by + 2x-320, 


Solve for x and y: f 


= 2x = 12. 
Solution; From the second equation, 3y - 2x = 12, add 2x to both 
sides, 
3y = 12 + 2x 
divide both sides by 3 to obtain, 
ye 4+ ax. 


Substitution of this in the first equation gives 
x? + 4G + $9? - 8G + $d + 2x - 3-0, 


x + 6G +4964) - 32- tht mx - 3-0 

P+ ois + (Be +h?)- 2 - Mev ax- 3-0 

x? + 64+ N85 4 1G? 32 Is ox - 3-0 
Group terms raised to the same exponent of x, 

x? + 16? 4 Sa Ms on + Oh - 2-320 

BEE 6 Mes aceon eo 

23,7 + 16x + 2x + 29 = 0 

23,7 + 18 + 29 = 0 


Multiply both members by 9, 


x? + 18x + 29) = 9-0 
G 
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25x" + 162x + 261 = 0 
Factor (25x + 87)(x + 3) = 0. 


When the product of two numbers ab= 0 either a=0 or b=0, 
thus with (25x + 87)(x +3) =0 either 


25x + 87 = 0 or x+320 
25x = -87 


x= or x= -3 


To obtain the corresponding y values to each x value, replace the 
x values in equation (2) and solve for y, 


« -82 ; - 2(-82). 
for x= "55 sy 2¢ a) 12 
12%4 
3y + 75 12 
multiply both members by 25, 


25(3y + 228) = 25:12) 


75y + 174 = 300 
75y = 126 


y = 126. 2 
75 25 


for x = -3: 3y - 2(-3) = 12 
3y +6 = 12 
3y = 6 
y= 2 
Hence, our two pairs of solutions are (-3,2) and ( ; 2) - 
Check: A) Replace x and y in (1) and (2) by (-3,2), 
1) x2 + ty? - by + 2x - 300 
(-3)? + 4(2?)- 8(2) + 20-3) - 3=0 
9+16-16-6-3=0 


3-320 

o-0 
) By - 2x = 12 
3(2) + 2(-3) = 12 
6+62+ 12 
12 = 12 


3) Wow replace x and y in (1) and (2) by (82, 42), 


(1) x? + ty? - by + 2x-3=0 


CBY + 48Y - (8) + GH) - 3-0 
12.1104 + 4(2.8224) - 8(1.68) + 2(-3.48) - 3=0 
12.1104 + 11.2896 - 13.4400 - 6.96 - 3= 0 
23.4 - 6.96 - 16.44 = 0 
23.4 + 23.420 
0-0 
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(2) 3y = x= 12 
42). 4-81 

Z - 0-H - 

426,174. 

25* 25" 12 

300. 

Oe = 12 

12 = 12 


@ PROBLEM 594 


Solve the system 


y = -x? + 7x -5 


y- 2x=2 


pee Solving Equation (2) for y yields an expression 
or y in terms of x, Substituting this expression in 
Equation (1), 


ax +2 = -x2 + 7x - 5 (3) 


We have a single equation, in terms of a single variable, 


to be solved. Writing Equation (3) in standard quadratic 
form, 


x? - 5x +7=0 (4) 


Since the equation is not factorable the roots are not 
found in this manner. Evaluating the discriminant will 
indicate whether Equation (4) has real roots. The dis- 
criminant, p* -4ac, of Equation (4) equals 


(-5)" - 4(1)(7) = 25 - 28 = -3. Since the discriminant 

is negative, Equation (4) has no real roots, and therefore 
the system has no real solution. In terms of the graph, 
the figure shows that the parabola and the straight line 
have no point in common, 


© PROBLEM 595 


[ Solve the system | 
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y = 3x2 - 2x45 (1) 


y = 4x + 2. (2) 


(1,6) 


To obtain a single equation with one unknown 
var e, x, substitute the value of y from Equation (2) 
in Equation (1), 


2 


4x + 2 = 3x“ - 2x + 5. (3) 


Writing Equation (3) in standard quadratic forn, 


3x* - 6x +3 = 0. (4) 


We may simplify Equation (4) by dividing both members 
by 3, which is a factor common to each term: 


x? - 2x+1=0. (5) 


To find the roots, factor and set each factor = 0. This 
may be done since a product = 0 implies one or all of the 
factors must = 0. 

(x - 1) (x - 1) = 0 (6) 

x-l=#=O]x-1=0 

x=1 x=1 
Equation (5) has two equal roots, each equal tol. Por x=1, 
from Equation (2) we have y = 4(1) + 2= 6. Therefore the 
system has but one common solution: 

x=1l, y= 6. 

The figure indicates that our solution is B pocige on correct. 


We may also check to see if our values satisfy Equation (1) 
as well: 


Substituting int ye# 3x? - 2x +5 
6 2 3¢1)? - 20) + 5 


623-245 
6 = 6. 
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© PROBLEM 596 


Solve the system of equations 


y= x? - 6x +9 


y=x+3. 


olution: A single equation in terms of theone variable x 
may obtained by the method of substitution. Substitute 
the value of y, x + 3, from Equation (2) for y in Equation 
(1). 


x+3=x7- 6x+9, (3) 


Writing Equation (3) in the standard form of a quadratic 
equation, 
x2 - 7x +6=0. (4) 


Use the usual method of solving quadratic equations. Factor 
the equation. Then find the values of x for which each 
factor may = 0. 
(x - 1)(x - 6) = 0 (5) 
x-l=0 x-6=0 
x=1 x= 6 


The roots of Equation (4)are x = 1 and x = 6. Since 
y = x + 3, the solution of the given system is 


x=1, y= 4andx=6, y= 9. 


In the figure, the graph of the system, indicates that our 
solution is probably correct. We may prove that the solu- 
tion is correct by substituting each solution in both 
equations of the given system, as usual. The values of y 
were obtained by satisfying equation (2). Now for Equation 
(1): 


check for x=1, y= 4 check forx=6, y= 9 


y= x? - 6x +9 y=x?-6x4+9 
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a2 (1? - 6) +9 9 2 (6)? - 616) +9 


azi-649 9236 -36+9 


4=4 9=9 © PROBLEM 597 


Solve the system 


Solution: We solve the linear equation for x in terms of y by 
ng -2y to both sides to obtain x= 1- 2y. We substitute the 
Tesult, 1 - 2y, for x in the quadratic equation to obtain 


(1 = 2y)? + y? = 10 


Then we have 


1 ~ Gy + dy? + y* = 10 
We add (-10) to both sides and combine terms: 

Sy? - ty - 90 
We factor, Gy -9G+)=0 


Whenever the product of two numbers ab=0 either a=0 or b=0, 
Thus (Sy - 9)(y+1)= 0 implies either Sy-9=0 or y+1#0 
Sy «9 or ye#-l 
Thus, y = 2 or ye-l,. 
Substituting these values in turn in the linear equation, we find 
the corresponding values for x: x + 2y = 1, for y-2 


x+X2)-1,x01-28,2--B 


x+2(-l)=1,x-22e1, x83, 


and for y= -1l 


The solutions of the system are therefore 
(«--8,,-2) and (x= 3, y= -1). 


To consider the corresponding graphs of this system, we notice 
that x°+y*= 10 represents «circle with radius /i0 and x+2y*1 


is the line passing through the points (1,0) end (0,%). 
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The two points where the circle and line intersect are the solu- 
tion to our problem, CE. 2) and (3,-1), the points where x* + y* = 10 
and x + 2y = 1 simultaneously, 

© PROBLEM 598 


Solve the system 


y’ 
Creieatin Solve (2) for y (the problem can be done simi- 
arly for x instead): The method of substitution is most 
easily employed in this example to solve the system. 
y=x-l, (3) 


Substitute x - 1 for y in (1): 


x? + (x - 1)? = 25. (4) 
x? +x? - 2x 41 © 25, 

From (4) 2x? - 2x - 24 = 0, 

or x?-x-12 <0. (5) 


Solve (5) by factoring: (x - 4) (x + 3) = 0 
x-420 x+32#0 
x= 4 or -3. 

Substituting 4 for x in (2), we obtain 

4-yr=lory=3. 
Substituting -3 for x in (2), we obtain 

“3 -y=lory = -4. 

x= 4 x= =-3 


This gives and for the solutions. 
y=3 yours 
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Check: 


for x = 4, y = 3 


in Eq. (1): (4)? + (3)? = 25 
16+ 9=25 
25 = 25 
in Eq. (2): (4) = (3) #1 
l= 


for x = -3, y = -4 


in Eq. (1): (-3)? + (-4)? = 25 
9+ 16825 
25 = 25 
in Bq. (2): (+3) - (-4) =2 
-3 + 4=1 
1©1. 


Graphical meaning of the two solutions. We may plot the 
graph for each of the equations (1) and (2). The graph of 


x-yel 
is the straight line shown in the figure, and the graph of 


x? + y? = 25 


is the circle there shown. To draw the graph of (1), the 
student may give various values to x and calculate the cor- 


responding values for y from y = + #25 - x”. 


Any point on the straight line (2) has coordinates 
that satisfy Equation (2). Any point on the circle (1) has 
coordinates that satisfy Equation (1). The points (4,3) 
and (-3,-4) lie on both graphs and satisfy both Equations 
(1) and (2). That is to say, each point of intersection of 
the graph of (1) with the graph of (2) gives a pair of 
numbers that is a solution of the system. 


© PROBLEM 599 


Solve the system 


x? + y? = 25, a) 


x+ye#10, (2) 


and draw the graph to explain the fact that the solutions 
are not real. 


y' 
Solution: Use the method of substitution to obtain a single 
equation in terms of either one of the variables x or Y- 
iy Equation (2) for y (we could have chosen to solve for 
x). We get 


y= 10-x. (3) 
Substitute this expression for y in Equation (1) 
x? + (10 - x)? = 25 
x? + 100 - 20x + x? = 25 Expand the equation 
2x? - 20x + 100 = 25 Combine like terms 
2x? - 20x + 75 = 0 Put in standard quadratic 
form. 


This is a nonfactorable quadratic equation of the form 


ax? + bx + ¢ with a = 2, b = -20, c = 75. To find the roots 
of this equation use the formula 


“b+ 4 - 4ac 
2a 
substituting our values of a,b, and c we get 


x = 70720) + f(-20)° = 4(2) (75) 


eu 20% = . 20 + 200 
> 


g = 20+ VOOOTEN _ 20 + 10. 2. =I 
SS ——_— 


square roots of a product. 


Recall i= (AT then x = 20 + 1047? reauces to x = 5 + 3H7. 
Using Equation (3): 
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for x= 5 + 4/7, y= 10-x 10 - [5 + $3] 
Sigs . Sig 
10 - [5 - $3] 


10-5+Be5+5ie 


10 - 5 


for x= 5 - 37, y = 10 - x 


Check: 


for x = 5 + S477, y 


Eq. (1): x? + y? = 25 


[5 + S2]" + (5 - Sva]* 2 as 


5i 
5 - 2 


remember i? = -1 
(25 + Sp8sr - SP) + (a5 - Ste - 50) 2 os 


50 # 25 
These roots do not check. The roots are extraneous. 
for x = 5 - yt, y=5+ yt 
Eq. (1): x?+ y* = 25 
5i x)? Sig)? 2 
[5 - $77] + [s+ 34] £25 


remember i? = -1 


. 504 50 501i 50 

[2s SPz + 50) + [a5 + S0tve - 99) 2 as 
50 # 25. 

These roots do not check. 


© PROBLEM 600 


Solve for x and y: 


{ - ley? = 144 


x- 2y = 4. 


Algebraic solution: We solve equation (2) for x, 
x= 4+ 2y (3) 


and substitute this expression for x in equation (1). 
This gives 
9(4 + 2y)? - l6y? = 144, 
9(16 + 16y + ay?) - l6y? = 144 


Dividing both sides by 4, 9(4 + 4y + y*) - dy? = 36. 


Distributing, 36 + 36y + Sy? - 4y* = 36 
Combining terms, 36 + 36y + Sy* = 36 
Subtracting 36 from both sides, Sy? + 36y = 0 
Factoring, y(5y + 36) = 0 


Whenever the product of two numbers ab = 0, either a = 0 
or b = 0; thus either 


y=0 or Sy + 36 = 0 
Sy = - 36 
peta. 

Thus, y= 0, - %. 


Placing these values in linear equation (3): 
when y = 0 
x=4+2(0) =4+0=4 


when y = - 36, 


36 72 20 7 52 
x= 42 [- 38 = 4-3 - e-S 


Thus the two solutions of the equations are seen to 
(4, 0) and (- 52/5, - 36/5), which are then the act 
coordinates of the points of intersection of the 
and the hyperbola to be discussed. 


tric solu Construct the graph of each equation 
and no’ re two graphs intersect. The graph of the 
first equation cuts the x-axis at x = + 4, and y is 
imaginary for any value of x between - 4 and 4. The graph 
consists of the two curved branches in the diagram, and is 


a hyperbola 

The graph of the second equation is a straight line 
through the points (4, 0) and (0, - 2). This line inter- 
sects the hyperbola at the points P and Q, whose co- 
ordinates are approximately (4, 0) and (- 10, - 7). 


© PROBLEM 601 


Use the graphical method to find the simultaneous solution 
set of 


The slashed lines represent 
the simultaneous solution set. 


Fig. B 


Solution: We construct the graphs of 
y=x*+x- 2 andy 7*+ 5 


Set up tables for both equations to calculate y values. 


Por y = x* + x - 2 


3)7 + (- 3) - 2 


ze 
4 |e 
3 | 
- 2 | (- 2)? + (- 2) - 2 
2 | 
| 0 | 
ze 


(- 1)7 + (- 1) - 2 


1] (1)? + (2) - 2 


zi 
Dor 


a 
n 
ra 
Pos = 2 [a 
= 
m4 
: 4 


See Pigure A for graphs. 


Now, find the region where the inequality x? + x - 2>0 
holds. The function f(x) = x? + x - 2 can be factored 
into (x + 2) (x - 1). Set £(x) = 0 and find the roots of 
this equation. Here x = - 2 and x = 1. Mark the roots on 
the x-axis and consider the regions into which the roots 
divide the x-axis. They are x < - 2, - 2< x <1, and 
x > 1. See Figure B. 


Por each of these regions,choose a value of x and in- 
vestigate the algebraic signs of the factors of the 


function f(x). Then look at the sign of their product, 
f(x). The table summarizes the process. 


£(x) = (x + 2) (x = 1) 


| txr2) (wan x2) (x = 1) 
os 


£(x) > 0 f(x) < 0 


(x42) (x-1) 
(+) (+) 
f(x) > 0 


Factors of f(x) 


Signs of factors 


For our problem we now know that the graph of x* + x - 2 
is greater than zero, that is, above the x-axis, for 
x<-2o0rx>l. , 


3 
Call the second function g(x). Thus, g(x) = 4** 3° 
We are interested in finding the values of x for which the 
function g(x) is negative or when it is below the x-axis. 
Therefore, 


gx+dcomix<c-fes<-6 ox<-2 


Hence, the solution set is {x |x < - 2}. That is, the graph 
of y= ox+ 3 lies below the x- axis when x<-2. 


Simultaneously we solve for x and we obtain 
{x |x < - 2}. See Figure A. 


QUADRATIC/QUADRATIC(CONIC) COMBINATIONS m 


Determine whether or not,the given number pair (x,y) is a solu- 
tion of the accompanying system of equations. 


(a) (3,-2; x-y=8 @) (4,-2); /e- y= -2 
x* = y= 17 xy? = 4 


A given number pair (x,y) is a solution of a system of 
equations if substitution of (x,y) into each equation of the system 
results in a valid equation. 


(a) Replacing (3,-2) in 2x- y= 8, with x=3, y = -2: 
2(3) - (-2) = 8 
6+2=8 
8 = 8 , which is true. 
Replacing (3,~2) in x* - y? = 17: 
3? - (-2)? = 17 
9 = (8) = 17 


94+8=17 
17 = 17 , which is true. 


Therefore (3,-2) is a solution of this system of equations. 
(b) Replacing (4,-1) in /x - y = -l, with x= 4, y = <1: 
JT - (-D = -1 
2¢+¢1:2 -1 
3 = -l , which is not true; 


thus, even though replacing (4,-1) in xy? = 4 yields 4 = 4 which is 
true, (4,-1) is not a solution of this system for it fails to satisfy 
the first equation. 


@ PROBLEM 603 


Obtain the solution set of the following system of equations 
by substitution: 


xy = 2 (1) 
15x? + ay? = 64 (2) 


ie Sea (1) can be solved for y in terms of x by 
Vv g both sides by x, 


y=2 (3) 


We now replace y by 2/x in equation (2) and complete the 
process of solving as follows: 


15x? + (2? = 64 

15x? + “{-) = 64 , squaring 2/x 

isx* + 16 = 64x* , multiplying each member by x” 

sx! - 64x? + 16 = 0, adding -64x* to each member and 
arranging terms 

(.?-4) (5x24) = 0, factoring 


Whenever the product of two numbers ab = 0, either a = 0 or 
b= 0. Thus, either 


x7-4=0 or 15x27 -480 
x? = 4 15x? =4 
x = + x? “ 
x @£2 x =the 
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“2° 
To obtain y, we replace x by all four of its values in eq. (3) 
y “5: replacing x = + 2 in (3) 


= +1 
2 
= ——— , replacing x + 2/15/15 in (3) 
+2/15/15 31 bales . 
2(15 15. VIS 15/15 
= + al iy — te — tal ts | ee 
~ 2vI5 “WS “5 — 2/5 


Therefore the simultaneous solution set is 
{2, 1), (-2, -1), (2/15/15, /T5), (-2vT5/15, -/15)} 
The solution set can be checked by the usual method. 
@ PROBLEM 604 


Obtain the simultaneous solution set of 


4x? 


- axy-y?=-5 


ytl«#-x 


Solution: Solving equation (2) for y, 
y =- x? -x-1 (3) 
Replacing y by (-x* - x - 1) in equation (1), 
ax? - 2x(-x? - x - 2) - -x?-x-1)?=-5 


ax? + 2x? + 2x? + 2x - (x? - x - 1) Cx? - x - 1) = -5 
4x? + 2x? + 2x? + 2x - (x*+ x?+ x7+ x*+ x*+ x+ x*+x+1)=-5 
2x? + 6x? + 2x - a! + 2x? + 3x74 2x +1)=-5 

ax? + 6x2 + 2x - x! - 2x9 - 3x2 - 2x- 28-5 

ox! + 3x7 -12-5 

- x! + 3x7 +420 (4) 


Equation (4) is in quadratic form. This can be seen more 
easily by the following: divide both sides by -l; thus 


x! - 3x? - 4 = 0, and this can be rewritten as (x*) = 3x7- 4 
= 0, which is in quadratic form. Now, factoring, we have: 


(2? - 4) &? +1) = 0 


Whenever the product of two numbers ab = 0, either a = 0 or 
b= 0. Thus, either 


2 2 


x - 4=0 or x" +1l=0 
x? = 4 x? = -1 
x = +7F x = +/-1 
x = +2 x =ti 


Now we obtain the value of y corresponding to each of the 
four values of x: replacing x by 2 in equation (3), 


y#- x? -x-l 
= -(2)7- 2-1 
s=-4-+2-1 
=-7 
Replacing x by - 2 in eq. (3), 
y = -(-2)? -(-2) - 1 
=-(4) + 2 <1 
=-3 
Replacing x by i in eq. (3), 
y=-(i)? -i-1 
we-(-l) -i-1 
e-i 
Replacing x by -i in eq. (3), 
y = -(-i)?- (-4) - 1 
= -(-1) + i -1 
= i 
Therefore our solution set is 
{c2.-7, (-2,-3), (ini), -1,4)} 
which can be verified by checking. 
@ PROBLEM 605 


system: 


Although the value of y in equation (2) can be 
stituted in equation (1), the result will be a fourth- 
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degree equation. Hence, we substitute the value of 
x? from equation (2). 
x? -~ley 


x? sy +l. 


Replacing x? by y + 1 in equation (1), 


y+1+y% el. 


Add (-1) to both sides, y* + y = 0. 
Pactor out y, yly +1) = 0. 


Whenever a product of two numbers ab = 0, either a = 0 or 
b = 0; hence 


y=0, y+1l=0 or 
y= 0, y= -l. 
Substituting y = 0 in equation (1), 


x7 +0=1 


x? =1 


x = +1, 


Two solutions are (1,0) and (~1,0). 
Substituting y = -1 in equation (1), 


x2 + ¢1)? 


x +41sl 
x* = 0 
x= 0, 


The solution (0,-1) is considered a double root in the 
sense that if y = -1, x = 4 or x = -/6. The solution set 
for the system is td, 0), (-1,0), (0,-1)}. 


Check: To verify that (1,0) is a root, replace x by 1 and 
y by 0 in each equation. 


x? +y* 21 qv) 
(1)? + 07 #2 
lei 

x2 -.ey (2) 
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a)? -120 


1-120 
o=0. 


To verify that (-1,0) is a root, replace x by -1 and 
y by 0 in each equation 


2 2 


x+y =1 (1) 
QQ)? +40 =1 
1l1+0 =1 
1 =1 
xe -1ey (2) 
a)? -1=0 
1-1=0 
0=0. 


To verify that (0,-1) is a root, replace x by 0 and y 
by -1 in each equation, 


x +y%=l a) 


0+ (-1)? #1 


O+1"#1 
1=1 
x? -1s y {2) 
(02 -1 = -2 
0-1 =-1 
«1 © -}, 


Obtain the solution set of 


x? + 4xy - 7x = 12 


3x? = dxy + 4x = 15 


Sorution: Since the sum of the xy terms in the left members 
of equations (1) and (2) is zero, we proceed as follows: 
Adding equations (1) and (2), 429 


ax? - 3x = 27 


4x? - 3x - 2750 


Equations in the form ax? + bx + c = 0 can be solved using 
the quadratic formula, x = ztbh_i_ghctac - In our case,a = 4, 
b = -3, and c = -27, thus 


= (-3) + H(-3 =~ 4(4) (-27 


x= 
xe 2t OTT L 3+ TL 32 21 
a aa a at ne 
ele ESR 24 a5 ee gee BEEK “1 ee $ 
Thus x= 3, - 3. 


We find the second numbers in the solution pairs as 
follows: Replacing x by 3 in equation (1), 


x" + 4xy - 7x = 12 
37 + 4(3)y - 713) = 22 
9 +12y - 21 = 12 
lazy - 12 = 12 

lay = 24 
y= 2 


Hence one simultaneous solution pair is (3,2). Then: 
Replacing x by -9/4 in equation (1), 


x2 + axy - 7x = 12 
(3)? +4 =4)y- 7). 12 
SR oy + SF = 12 


Multiplying both sides by 16, 
81 - l44y + 252 = 192 


-l44y + 333 = 192 


-144y = -141 
- 47 
y == ru 


Therefore a second simultaneous solution pair is ¢ :, 3): 
and the simultaneous solution set is 


{3,21, ¢%. i} 
Check: Using (3,2), we have: 
Prom equation (1): 
(3)? + 4(3) (2) - 713) = 9424-21 = 33-22 = 12 
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From equation (2): 
3(3)7 = 4(3)(2) + 4(3) = 27 - 244125 3412 = 15 


Using (- 2,47), we obtain: 
From equation (1): 


¢ 2)? +4 a3 7) - 7C2) - 2 aed + 8 = 81-141+252 
22a 2 


From equation (2): 


3(3)? . «(3)(4) Z ) + «(3) = 243 +10 ~ 9 = 243+141-144 


Thus, the two pairs of solutions obtained are valid. 
@ PROBLEM 607 


Find the simultaneous solution set of the equations 


3x? - 2y? - 6x = - 23 (1) 


x? + y? - 4x = 13 (2) 


Solution: Since each of the given equations contains one 


term in y? and no other term involving y, we eliminate y? 
and then complete the process of solving as follows: 


3x? -2y? -6x = - 23 (3) Eq.(1) recopied 
2x?_+2y? -8x = 26 (4) multiplying Eq. (2) by 2 
5x? -14x = 3 adding Equations (3) and (4) 
5x*- 14x -3= 0 adding - 3 to each member 
We can solve equations in the form ax? + bx + c = 0 
by the quadratic formula, x = 2b spi ies . In our case, 
a= 5, b= - 14, and c = - 3, thus, 


- 14) + = 
2 


14+ /196 + 60 
= dee 


= 14 +7356 

ae 

~ 14+ 16 

‘ae 
or 


_ 14 + 16 14 - 16 
~To et 
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= or 


Ie 
colo 


Thus, x = 3 or - z ° 


Now, solve for y by substituting the two values for x 
in eq. (2): 


(3)? + y? = 4(3) = 13 replacing x by 3 in eq. (2) 
9+y? -12=13 
-3+y? = 13 
y* = 16 adding 3 to each number 


y=ut4 
Hence, when x = 3, y = t 4. We continue by replacing x by 
1 
-¥- 
1}? : 1 1 
[- 3) +y? - a[- 3] = 13 replacing x by - 5 in eq. (2) 


1 2 4 
ge ty +¢¥ = 13 


1 + 25y* + 20 = 325 multiplying each member by 25 
25y* = 304 adding - 21 to each member 


yes (TDD. . HEM 22 2g 


Consequently, if x = - 1 y = + 4 /T5/S5. Therefore 
the simultaneous solution sat is 


(049-6. - ).¢ - 4/15/5) » (- ze 4 a) 


Each solution pair can be checked by replacing x and y 
in the given equations by the appropriate number from the 
solution pair. 


Solve the system 


ax” - axy + ty? = 3 
x + xy - 8y =-6 


Solution: Multiply both sides of the first equation by 2. 
2(ax ~ xy + 4”) = 2¢3) 
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4x” - Gxy + By” =6 (3) 
Add equation (3) to equation (2): 
x? + xy ~ By = -6 
ax” ~ 6xy + By” =6 

5x - Sxy = 0 (4) 


Factoring out the common factor, 5x, from the left side of equation 
(4): 
Sx(x- y) = 0 


Whenever a product ab = 0, where a,b are any two numbers, either 
a=0 or b=0. Hence, either 


Sx=0 or x-ye=QO 
x = 0/5 x=y 
x=0 
Substituting x = 0 in equation (1): 
20)? - 3(0)y + 4y7 = 3 
0-0+477 =3 


a = 3 

yy = 3/4 

y 24374 
25 fe 
2:8 


Hence, two solutions are: (0, + %), (0, ba 8), 
Substituting x for y (x = y) in equation (1): 
ax? - 3x(x) + 4(x)? = 3 
2x - 3x + 4x =3 
ox? + ax «3 
23 
x = 3/3 
x =1 
xs+/f=+1., 
Therefore, when x=1, y=x=1. Also, when x=-l, y= x=-l, 


Hence, two other solutions are: (1,1) and (-1,-1). Thus the four 
solutions of the system are 


(0, 4). 6. - %), (1,1) and (-1,-1). 
@ PROBLEM 609 


Obtain the simultaneous solution set of the equations 


2% + 3y* = 21 (1) 
3? - dy? = 23 (2) 


: We arbitrarily select y as the unknown to be eliminated 
and proceed: Multiplying equation (1) by 4, 
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8% + 12y = 84 (3) 
Multiplying equation (2) by 3, 
HP - 12y = 69 (4) 


Adding equations (3) and (4), 
17% = 153 
Dividing both sides by 17, 
al =9 
Taking the square root of both members, 
x =+3 


We now replace x by 3 and -3 in equation (1) and solve for y. 


We get 
2(3)?7 + 3 = 21 or 2(-3)* + 3 = 21 
2(9) + 3y° = 21 2(9) + 3y* = 21 
Thus in either case we obtain 
18 + 3f = 21 
Adding -18 to each member, 
xy = 3 
yY=1 
yeti 
Consequently, the solution set is {(3,1),(3,-1),(-3,1),(-3,-1)}. 
Check: To verify these solutions we replace x and y by each pair 
in equations (1) and (2). Checking (3,1) in equation (1): 
2% + 3y = 21 
2(3)? + 3(1)? = 21 
2(9) + 3(1)? = 21 
2(9) + 3(1) = 21 
18+ 321 
21 = 21 
in equation (2): 
3X - by = 23 
33)? - 40)? = 23 
3(9) - 4(1) = 23 


27-423 
23 = 23 


Checking (3,-1) in equation (1): 
2% + 3y = 21 
2(3) + 3(-1)® = 21 


2(9) + 3(1) = 21 
18+ 321 
21 = 21 


in equation (2): 
3 - by = 23 
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3(3)? - 4(-1)* = 23 
3(9) - 4(1) = 23 


27-4= 23 
23 = 23 


Checking (-3,1) in equation (1): 
2% + 3y* = 21 
2(-3)? + 3(1)* = 21 
2(9) + 3(1) = 21 
18+3= 21 
21 = 21 
in equation (2): 
3 - 4 = 23 
3(-3)? - 4(1)? = 23 
3(9) - 4(1) = 23 
27-4=23 
23 = 23 
Checking (-3,-1) in equation (1): 
2° + 3y° = 21 
2(-3)* + 3(-1)? = 21 
2(9) + 3(1) = 21 
18+ 3 = 21 
21 = 21 
in equation (2): 
3% - 4 = 23 
3-3)? — 4(-1)? = 23 
3(9) - 4(1) = 23 
27-4 23 
23 = 23 


@ PROBLEM 610 


Obtain the simultaneous solution set of 


3x7 + 3y* + x = 2y = 20 


2x? + 2y? + 5x + 3y = 9 


Solution: Multiplying equation (1) by 2, 


6x? + 6y? + 2x - 4y = 40 (3) 
Multiplying equation (2) by 3, 

6x? + 6y* + 15x + 9y = 27 (4) 
Subtracting equation (4) from (3), 

- 13x - l3y = 13 (5) 


ge tesa ge prermpegr 
below. 
Dividing equation (5) by 13, y= -x-1l1 (6) 
2x? + 2(- x - 1)? + Sx + 3(- x - 1) = 9, replacing 
y by - x - 1 in Eq. (2) 
2x? + 2(x* + 2x + 1) + 5x - 3x-3=9 
2x? + 2x? + 4x + 2+ Sx - 3x- 3-90, distributing 
and adding - 9 to each member 


4x? + 6x - 10 = 0, combining similar terms 
2x? + 3x - 5 = 0, dividing by 2 
(x - 1) (2x + 5) = 0, factoring 


Whenever the product of two numbers ab = 0, either a = 0 
or b = 0; thus either 


x-l=0 or 2x +5 = 0, 


and x= 1 or x=- 3 


We find the corresponding values of y as follows: 
y2- l- 1-2 - 2, repacing x by 1 in Eq. (6) 


y= 2 -le. = ’ replacing x by - 3 in Eq. (6). 


Consequently the solution set is{(l, - 2), ( - 5/2, 3/2)}. 


Check: Replacing x and y by (1, - 2) in equations (1) 
and (2); 


3x? + 3y? + x - 2y = 20 (1) 
3(1)? + 3(- 2)? + 1 = 2(- 2) * 20 
3(1) + 3(4) + 1+ 4 20 
3412+ 5 = 20 
20 = 20 


2x? + 2y? + 5x + 3y = 9 (2) 
2(1)? + 2(- 2)? + 5(1) + 3(- 2) 


2(1) + 2(4) +5-68 
2+8+5-68 
15-6 


9=9 


Replacing x and y by (- 5/2, 3/2) in equations (1) 
and (2): 


3x? + 3y? + x - 2y = 20 (1) 
sa +f + 8) 28) = 


3 (25 + 3(9) + =8 - $= 20 


2B a 
80 = 20 
20 = 20 
2x? + 2y? + 5x + 3y = 9 (2) 


2 (- $3)’ 2(3]’+ s|- 3] + 3(3] =9 


2(2§ + a(j] - 28+. 


50 18 50 18 . 
ane § <7 9 
9=9 


© PROBLEM 611 


x+y #5 


xy = - (3) 
Thus let us consider the system 


x? + y? 


xy = -2. 
Solving the second equation for y, we obtain 


y =-2 
x 


Substituting this result in equation (1), we have, 


2,4 
x + = 5. 
x 


Then we multiply both sides by x? to obtain 


“|x? + 4] = 5 (x?) 
x 


xx? + x? 4 = 5x? 
x 
x' +4 = 5x? 
or x! - Sx? +45 0. 


Hence (x* — 1)(x* = 4) = 0. Whenever the product of two 
numbers ab = 0, either a = O or b = 0; therefore x2 = 1 or 


x* = 4, Thus x =/T = f1, or x =vh = 12, substituting these 
pea in turn in the equation xy = -2 we obtain the solu- 
ons 


For x= 1, lly) =-2, y= -2 

Por x = -l, -lly) = -2, y = 2 

For x = 2, 2y = -2, y = -1 

Por x = ~2, -2y = -2, y= l. 
Therefore the solution to this system of equations is 

(1,72), (-1,2), (2,71), (2,1). 

Check: To verify that these four pairs are indeed solutions 
we replace x and y by each pair in equations (1) and (2). 
Thus checking (1,-2) in (1), 


x? + y" =5 


1? + (-2)7 « 5 
l+4e2=5 
5=5 


and in (2), x? - xy +y*=7 


(ay? = 1(-2) + (-2)2 = 7 
1+2+4 


1 
~ 


7=7. 
Checking (-1,2) in (1), 


x? ¢+y’ = 


(-1)? + (2)? = 
l+42 


vu wow 


and in (2), x? - xy + y? 


(-1)? = (-1) (2) + (2)? 


1+2+4 
7 
Checking (2,-1) in (1), 
x? + y? =5 


(2)? + (-2)? = 5 
4+125 
S5=5 


and in (2), 


pre lee 


(2)? = (2) (-2) + (-2)? = 
4+2+18 
J = 

Checking (-2,1) in (1), 


x? + y’ =5 


(-2)? + a)? = 5 
4+125 
5=5 
and in (2), 


(-2)? - (-2)(2) + (2)? #7 
4+2+1#7 
7=7, 


Thus our 4 pairs are all valid solutions and the solution 
set is { (1,-2), (-1,2), (2,1) (-2,1)}. 


© PROBLEM 612 


Solve the following system of equations completely: 
x? - Sxy + ty? = 0, 


xy - y? = 2. 


a Upon factoring the left member of the first 

equation, we obtain (x - 3y)(x - 2y) = o. Whenever the 
product ab = 0 where a and b are any two numbers, either 
a= 0orb=0. Hence, either x - 3y = 0 or x - 2y = 0. 


Each of these is taken with the second given equation, and 
we obtain the following systems of equations: 

xy - y* = 2, xy - y2 = 2, 
x - 3y = 0, and System 2: x- 2y = 0. 

Any solution of either system will be a solution of the 


given system. For system 1: 
2 


xy-y = 2 (a) 

x- 3y = 0 (b). 
Multiply both sides of equation (b) by y: 

y(x - 3y) = y(0) 

yx - 3y? = 0 or, by the commutative 
property of multiplication, 


System 1: 


xy - 3y? = 0 (c) 
Subtract equation (c) from equation (a): 
xy - y? = 2 
~(xy - 3y = -0 
ay? =2 


Divide both sides by 2: 
z 
or y? el 
Take the square root of both sides 
yer 
y= +1 
Substitute y = -1 in equation (a): 
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x(-1) - (-1)? = 2 
-x -l=2 
Add x to both sides: 
-x-l+x=2+x 
-“le2+x 
Subtract 2 from both sides: 
-1-222+x-2 
-3 = x. 
Hence, one solution is (-3, -1). 
Substitute y = 1 in equation (a): 


x(1) - (2)? = 2 
x-1l1=2 
Add 1 to both sides: 
x-l+lse2+1 
x= 3 
Hence, another solution is (3,1). 
For System 2: 
xy - y? = 2 (d) 
x- 2y=0 (e) 
Multiply both sides of equation (e) by y: 
y(x - 2y) = y(0) 
yx - 2y? = 0 or, by the commutative property 
of multiplication, 
xy - 2y? = 0(£) 


Subtract equation (f) from equation (d): 


xy - y? =2 


-(xy - 2y2) = -0 


y2 = 2 


Take the square root of both sides: 


y = +72. 
Substitute y = -/2 in equation (d): 
x(-/3) - (-v2)? = 2 
x (-vZ) - (2) = 2 or, by the commutative property 
of multiplication, 
-¥72x-2=2 
Add 2 to both sides: 
-/2x-24+222+2 
-vZ7x=4 
Divide both sides by (-/2): 
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Multiply the numerator and denominator of the fraction on 
the right side by /2 in order to remove the radical sign in 
the denominator. (Note: This process is called “rational- 
izing the denominator") 


zo 2g 42. ows 
-¥Z  ¥2(-v2) -2 
Hence, another solution is (-2/2, -/2). 
Substitute y = +/2 = /2 in equation (d): 
x(¥B) - (¥3)2 = 2 


x(¥2) - 2 = 2 or, by the commutative property of 
multiplication, 


Y2x - 2 = 2. 

Add 2 to both sides. 
Y2x-2+2=2+2 
v2x = 4 

Divide both sides by /2: 


Vix = 4 
v2 V2 
4 
x= v2 
Rationalize the denominator on the right side: 
ee gee ee 42 = 2/2 
YZ ¥2(72) 
Therefore, another solution is (2/2, /2). 
Hence, the four solutions are 
(3, 1), (-3, -1), (272, V2), (-2¥2, -v2), 


where the first two are the solutions of the first system, 
and the second two are the solutions of the second system. 


© PROBLEM 613 


Solve the system of equations, 


Solution: If the second equation of the system is multi- 
‘plied by 2 and subtracted from the first we obtain 


x? - 2xy + y* = 1, which can be written as (x - y)? = 2. 
This last equation is equivalent to the two equations 
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x- y = 1 and x - y = -1 (since squaring both of these 
gives us back the original). Thus the solutions of the 
given system may be found by solving the two systems 


ange “22 and (2) ag «12 


x-ye=l, x-yF-l. 
For system (1): xy = 12 (a) 
x-yel (b) 


Solving equation (b) for x and then substituting this ex- 
pression for x in equation (a), we obtain: 


x=lty (b") 
(l+y)y = 12 (a') 
y + y? = 12 
y>+y-12=0 
Factoring, (y + 4) (fy - 3) = 0 


Pinding all values of y which make this product zero, we 
set each factor equal to zero: 
(y + 4) = 0 (y - 3) = 0 
y=-4 or y=3 
Then from (b'), x= 1+ y= 1+ (-4) = -3 or 
x=l+e+yrl+3=4 


The results of the original system thus far are (-3, 
-4) and (4, 3). For system (2): 


xy = 12 (A) 
x-yre-l (B) 
Then, as for system (1): 
x2y-l (B") 
(y - l)y = 12 (A') 
y?-y=12 


y7-y-12=0 


Factoring, (y - 4)(y + 3) = 0 
Setting each factor = 0, 
(y - 4) = 0 or (y + 3) = 0 
y=4 or y= -3 
Then from (B‘), x*=y-1l=*#4-+123 
x=y-1l=-3 -l = -4 
The results for system (2) are (3, 4) and (-4, -3). 


Thus the results for systems (1) and (2) and for the ori- 
ginal system are 


(4, 3)3 (-3, -4); (-4, -3); (3, 4). 


@ PROBLEM 614 


Solve the system 


ax? 4 ay? = 8 


xe y? = 5. 


Solution; Substituting u for x and v for y? leads to the 
system of linear equations 


3u+4v=8 (3) 

u-v =5 (4) 
Multiplying both sides of equation (4) by 3 we obtain: 

3(u - v) = 3(5) 

3u- 3v = 15 (5) 
Subtracting equation (5) from equation (3): 

3u+4v=8 


-(3u - 3v = 15) 
v= 


Dividing both sides by 7: 


Since v= y*, 


Sine 17 =-1 or 1= 41, 
tify. 
Substituting the value y = i into equation (2): 
- a)? =5 
x - 4? =5 
x - (1) =5 
x +125 
Subtracting 1 from both sides: 
x +h-4=5-1 
x? = 4 
x=+ fa =+ 2 
Hence, two solutions of the original system of equations are: 
(2,1), (-2,4) 


Substituting the value y =-i into equation (2): 


x? - (i)? = 5 
x? - (a?) =5 
2 
x - (1) =5 
2 
x +1 =5 
Subtracting 1 from both sides: 


vw ed-he5-1 


x* =4 
xet/4@=+ 2 

Hence, two other solutions of the original system of equations are: 
(2,-1), (-2,-4). 

Therefore, the solution set of the original system of equations is; 


{(2,4), 2,4), (2,-4), (-2,-1)) . 


Other systems that involve quadratic equations may be solved by re- 
placing the given system with an equivalent system that is easier to 
solve, 


@ PROBLEM 615 


Solve x? + 3xy = 28, 


x? + y? = 20. 


sesbieh! Let y = mx and substitute in both equations. 
rom the first equation, we have 


x? + 3mx* = 28. 


Solving this equation for x? use the distributive law in 
relation to the x? terms, 


x? + 3mx? = 28 


(1 + 3m)x? = 28. 
Divide both sides of tnis equation by (1 + 3m): 


2 28 
atts ” 


From the second equation, we have 


x? + m?x? = 20. 


Solving this equation for x?: use the distributive law in 
relation to the x? terms, 


x? + mx? = 20 
(1 + m*)x? = 20. 


Divide both sides of this equation by @ + n°) : 


ON niyx? = 20 
(1 +k") (1 + m) 


2 20 


= . 2 
eee o 


Equating the values obtained for x? 
28 20 


(l1+3m) l+m 
Multiply both sides of this equation by (1 + 3m): 


(7>+3a) | 225] « a + aw [205] 


26 = {2+ 3m) (20) 


(1 +m”) 


in equations (1) and (2): 


Multiply both sides of this equation by (a + n’): 
(1 + m*)(2e) = rn?) 23) 20 


(a + m?)(28) = (1 + 3m) (20) 


28 + 28m? 


= 20 + 60m. 
Subtract (20 + 60m) from both sides of this equation: 


2 


28 + 28m" - (20 + 60m) = 20 + 60m - (20 + 60m) 


28 + 28m? - 20 - 60m = 20+ GOm - 22 - Bom 
28 + 28m? - 20 - 60m = 0 


or 28m” - 60m + 8 = 0. 
Divide both sides of this equation by 4: 


2m” - 60m +8 _ 0 
a are 


™m - 15m +2 =0. 


Factor the left side of this equation into a product of two 
polynomials: 


(7m - 1)(m - 2) = 0. (3) 
Whenever a product of two numbers ab = 0, where a and b are 


any two numbers, either a = 0 or b = 0. Equation (3) can be 
rewritten as: 


Im-1=0 or m- 220 
m= 1 or m= 2 


m=F 


Substituting these values of m in equation (1): 
2 28 


1 
for m = x = 
si 1+3(4) 


=F (4) 
is 


Since division by a fraction is equivalent to multiplication 
of the numerator by the reciprocal of the denominator, 
equation (4) becomes: 


14 


x7 = 2 sy 
5 
98 
x= 


Taking the square root of both sides ot this equation: 


= +f 


x = 18 


a 


= + “Wz 
~ 
172 
v5 


Rationalizing the denominator by multiplying the numerator 
and denominator by 75: 


xet+ 


To calculate the y~values that correspond to these x-values, 
use the equation y = mx (with m =1/7); 


wen x = 25, y = me = (3X0) = da, 
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1 
When x = -4/16, y = m = ($X-310) = -¢/T0. 
Then, two solutions are: (300, 3/18) and (-4-00, -4/10). 
Por m = 2 (using equation (1)): 
Fe | eee ee tea 
Ts “Tr+e" 7 
or x" = 4, 


Taking the square root of both sides of this equation: 


fet a 20 


x= +2. 


to calculate the y-values that correspond to these x-values, 
use the equation y = m (with m = 2): 


When x = 2, y = mx = (2)(2) = 4, 
When x = -2, y = mx = (2) (-2) = -4. 


Then, two other solutions are: (2,4) and (-2,-4). Therefore, 
the solutions to the original pair of equations are: 


(3/0, $10), (-Z/10, -$/T0), (2,4), and (-2,-4). 


@ PROBLEM 616 
Solve graphically 


yeXterl. 


" +y - 13, 


Solution: First, we must find the x and y intercepts. Set y = 0 
to the x-intercept or where the curve crosses the x-axis. Set 
x= 0 to find the y-intercept or where bc} curve crosses the y-axis. 
In Eq. (1), set x= 0, and find y = +713 = + 3.6. Then set y= 0, 
and find x= +4/13. To get additional points, we solve for y. 

# +7 13 


y=-13-x% 


y=+/3-¥ 


Then, set up a table. Choose various x values and calculate the cor- 
responding y values. See Graph. 


To find the domain of the relation, + Ji3 -x< » we know that the ex- 
pression, 13 - x, under the square root sign must be positive in order 
for the expression to be real, not imaginary. 


(13 - #)20 
subtract 13 from both sides, -x 2 -13 
multiply by -1 and reverse the inequality sign, 


x 13 
Take the square root of both sides. 
Ix| < J13 
Another way to express | Sa is -aSb<*+a. Thus, 
-Ji3 sx<+,/13 


Thus, for the relation y =*% Jo-2. the domain is {x -/#x<B 
The c is a circle. The —— equation of a circle is (x-h) 
+ (y-k} = r2, where (h,k) is the center and r is the radius. In 
this case (0,0) or the in is the center and r@ is 13. There- 
fore, the radius = + ° 


In Eq. (2), y .is a quadratic function of x; hence the graph is 
a parabola. Set up a similar table for the quadratic function, y = €- 1. 


From the graphs we read the real solutions (2,3) and (-2,3). These are 
points of intersection for both curves. 
To find the solutions algebraically substitute equation (2) into 
ql). 
¥+y = 13 qa) 
y=x*-1 (2) 
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e+ -1)* = 13 
2 +x - 241213 
x? - 2! 2 12 
x*- 2.1220 
Substitute 2 for x , i.e., 2= xX to obtain « quadratic equation 


in z. 
(?)* - @) - 120 
2-2-12=0 
(z - 4)(2 +3) =0 
z-4=0 £+#3#0 
z=4 z= -3 
Therefore sero Pics 


xet¢2 xat¢J3=+ Jit 


Find the corresponding y-values by substituting into y = Yel, 


x=2 x= -2 x = 13 x = -4/3 

y= (QP -1 ye Gare. y= 3-1 y= (4/3 -1 

=3 «3 y= (3) -1 = 347 -1 
= (-1)(3) - 1 = 3(-1)- 1 
= -4 = -4 


The algebraic solution gives (2,3), (-2,3), (4/3,- 4), and (-1/3,-4). 
Notice that the imaginary solutions do not appear on the graph. 


© PROBLEM 617 


Obtain the simultaneous solution set of the equations 


y=x?-4 qQ) 


3x2 + By? = 75 (2) 


by the graphical method. 


(0,-3.1) 
Solution: Equation (1) is in the form of the function 


ax? + bx +c. Its graph is a parabola, Whena is positive, 
the curve opens upward. If it is negative, the curve 
opens downward. In this case a = 1, which is positive. 


Hence the graph is a parabola opening upward. We con- 
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struct the parabola by means of the following table of 
corresponding values and show the graph in the accom- 
panying figure. 


Equation (2) is of the type ax? + py? =c, with a = 3, 
b= 8, and c = 75. The graph is therefore an ellipse. To 
find the x-intercepts, set y = 0. 
3x? + 8(0)? = 75 
Solve for x. 
3x? = 75 


x? = 25 


= + 
We nasa’ (25,6) and (+5,0) as the x- intercepts 
To find the y-intercepts, set x = 0 
30)? + By? = 75 
By? = 75 
y? = 3B = 95 = 9.375 
y=+3.1 
We obtain (0,3.1) and (0,-3.1) for the y-intercepts. 
We construct the graph and obtain the ellipse. 
We now solve for the points of intersection, 
indicated on the graph. 


y= x? - 4 (1) 
3x? + By? = 75 (2) 
Substitute the value of y in (1) into (2) 


3x? + B(x? - 4)? = 75 


3x7 + 8 (x? - 8x? + 16) = 75 
3x? + x4 - 64x? + 128 = 75 
x4 - 61x? + 53 = 0 
Let z = x? 

2 


8z° - 6lz + 53 = 0 


Apply the quadratic formula z = abt sea fac &? = tac with 
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a= 68, b= -61 andc = 53. 
Pr -(-61) + 4-61)" ~ 4(8)53 _~ 61+ 73721 - 1696 


2(8) 16 
61 + 45 
72 oe % 


z= 6.625, 1 
z= x? = 6.625, 1 
x= + 2.57 = + 2.6, x=+1 
To solve for the y-values, substitute the x values. 


yox?-4 

For x= +1 For x = + 2.6 
y=1?-4 y = (2.57)2 - 4 
y=-3 y= 6.6- 4 2.6 


Therefore the points of intersection are 
{(1,-3), (-1,-3), (-2.6,2.6), (+2.6,+2.6))}. 
@ PROBLEM 618 


Solution: We solve the first equation for y to obtain 
y = 3/x and substitute in the second equation to obtain 


x? + (3)’ = 10 


Squaring: x? + 2 = 10 


x? 
Multiplying both sides by x?: x xt + = = x? (10) 
x 
Distributing: x* + 9 = 10x? 


Subtracting 10x? from both sides: x* - 10x? + 9 = 0 


Pactoring: (x? - 1) (x? - 9) = 0 


Thus, x? -12=0 or x? -9#0 
x? = 1 x? 29 
xe=21 x= +3 


Therefore, x = 1, - 1, 3, or - 3. 


Since y = 3/x, substituting these values in turn in 
this equation, we obtain the corresponding values for y: 


xsl x=s-1 x= 3 x=-3 
yes: yest gel yet 


To consider this system Lack a page af we notice that 
the second equation is the equation of a circle with 


radius /10, whereas the graph of the first equation is a 
hyperbola obtained from the following table. Also,the points 
(1, 3)(- 1, - 3), (3, 1), (- 3, - 1) belong to both the 
circle and the hyperbola, and the two graphs intersect 

at these points. 


Plotting these points, and the circle with radius /I0 
{approximately equal to 3.16) we have the accompanying 
diagram. 


© PROBLEM 619 


x2 + y? = 25, 
2 


Solve for x and y: 2 
x -y =7. 


Solution: Add the following two equations to eliminate y*. 


(1) of + y? = 25 


@ x -ya7 


2x “2 


Divide by 2 


x* = 16 
Take the square root of both sides. 
x =+4 
Substitute x? into x + y? = 25 to solve for y*. 
16 + y* = 25 
y? = 25-16 
yr a9 
y=+3 
x24, y= -3; x=-4, y= -3, 
x=4, y= 3; x=-4, y= 3; 


as can be verified by substitution in the given equations. 


Graphical solution. If the graph of the first equation is constructed 
by finding pairs of values (x,y) which satisfy the equation and plot- 
ting the corresponding points, the circle shown is obtained. In a 
similar manner, the hyperbola shown in the figure is obtained as the 
graph of the second equation. The circle and hyperbola are seen to 
intersect in the four points (4,3), (-4,3),(-4,-3),(4,-3). 


There is another way to graph these equations. The standard form of the 
equation of the circle whose center ia at the point c(h,k) and whose 
radius is the constant r is 

2 


(x - n)? + (y - &)? =e’. 


In this case the center is (0,0) and the radius is 5. Therefore, move 
out 5 units from the center in all directions. The circle will then 
intersect the axes at (5,0), (-5,0),(0,5), and (0,-5). Write the hyper- 
bola in the general forn, 


2 2 
x. « 1, 
a bp? 
The hyperbola intersects one of its lines of symmetry, the x-axis, in 
the points (-a,0) and (0,0). Rewriting x2 - = 7, we obtain 
2 2 
.-. =; = il. ata? and a=+/7. 


Therefore the points of intersection on the x-axis are (-/7,0) and 
+70). This is equivalent to 


(+2.65,0) and (+2.65,0). 
© PROBLEM 620 


Solve 9x" + i6y? = 288, 


x? + y* = 25. 


Solution: Solving for y? first (a similar method solving 


for x first is equally good): Multiply te (2) by 9 
and then subtract aa (2) from Equation (1) 


9x” + ey” = 288 


-9x? + 9y? = 225 


Ty" = 63 


(3) 
Then from Equation (2), for y? = 9, x? +9 = 25 or 


x? = 16. (4) 
From (3) and (4) y = +3, x = + 4. 
Forming all possible pairs, we nave the four solutions 
x=4 x4 x=e-4 x2 -4 
y=3 y= -3 y= 3 y#-3 
Check for x = 4, y = 3: 


in Eq. (1): in Eq. (2): 
9(4)? + 16(3)7 2 208 (47) + (37) 2 25 
9(16) + 16(9) 2 288 1s+ 9225 
144+ «144 2 288 25 = 25 
288 = 288 


x and y appear squared in both Eq. (1) and Eq. (2). 
The other pairs of values for x and y differ from the pair 
checked only in sign. Therefore the other pairs also 
satisfy Equation (1) and Equation (2). 


The Equation (1) has for its locus an oval-shaped 
figure called an ellipse. (Fig.) The equation (2) has a 
circle for its locus. The four points of intersection re- 
present graphically the four solutions. 


MULTIVARIABLE COMBINATIONS © PROBLEM 621 


Solve x+y+z=13 


sig yte st a 
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xy = 10 (3). 
Solution; We note that the product of two binomials is 


(x+y)? = (xty) (x+y) = x? + xy + xy + y* 
5 x + 2xy + y* - 
Therefore, if we were just to add (2) and (3) we would be missing an 
xy term, Thus, multiplying (3) by 2, 
2xy = 20 
Adding this to (2), 
x + y" + a* = 65 
+ 2xy = 20 
x + 2xyty +2 = 85 


(x+y)? + s* = 8 


Put u for x+y; then this equation becomes 
2 2 
ui+z = 8, 

Also from (1), 
u+z = 13; 


Now to solve this system of one linear equation and one quadratic, we 
express one of the variables in the linear equation in terms of the 
other and substitute this result into the quadratic equation. 


o + 2” = 85 (4) 
utz=13 (5) 

Solving (5) for z by subtracting u from both sides: 
z=13-4u (6) 


Substituting this expressios for z into (4), 
w+ (13 - u)? = 85 


vu? + 169 - 26u + u* 


= 85 

2u - 26u + 169 = 85. 
Subtracting 85 from both sides, 

2u* - 26u + 169 - 85 = 0 

2u - 26u+ 8 = 0 
Dividing by 2, v - 13u+ 42 =0 
Factor, (u - 6)(u- 7) = 0 
Whenever the product of two factors is 0, then either one or the other 
must equal zero. Then, u- 6= 0 or u -7= 0, 


Solve for u, 

u=6 or u*7. 
Substituting these values of u into equation (6) to find the cor- 
responding =z values 


u=6 u=7 
(6) zel13-u (6) z2#1l3-u 

z2=13-6 z=13-7 

z=7 z=6 


Hence, the solutions are: 


x= 2 x=5 x= 3-4/1 x= 3+/-1 
x=5 3 y=2 > y=3t/l 3 y*3--1 
z=6 z=6 z=7 z*«7 


Eliminate &, m from the equations 


£x + my = a, mx - fy = b, 2? + m* = 1, 


Solution: By squaring the first two equations and adding, 
we obtain: 


(ax + my)? = a? and (mx - gy)? = b? 
(2x + my) (2x + my) = a?; (mx - gy) (mx - fy) = b? 


2*x? + myex + mygx + m?y? = a2 and 


m?x?2-— gymx - gymx + gy? = b?. 
Then, 


22x? + 2 mygx + m?y? + (m?x? - 2ymx + g2y) = a? + b? 
u?x? + 2 myzx + m?y? + m?x? = 2gymx + g2y = a? + b?. 
We observe that myf£x and gymx are the same; thus 
2x? + m?x? + m@y? + g?y? = a2 + b?, 
Pactoring, we obtain: 
(2? + m2) (x? + y?) = a? + b?; 


From the third given equation we know that 
2? +m? = 1. Therefore, x? + y*? = a? + b?. 


If 2 = cos 6, m= sin 6, the third equation is 
satisfied identically; that is, 


g? +m? = 1 becomes cos? 9 + sin? 9 = l, 


which is a known identity. Again, by squaring the first 
two equations, which now are as follows: 


x cos 6 + y sin 9 = a, x sin 6 - y cos 6 = b 
we have: 
(x cos @ + y sin 9)? = a? 
(x sin @ - y cos 6)? = b?. 
Expanding, we have (x cos 6 + y sin 6)? = 
(x cos 6 + y sin 6) {x cos @ + y sin 6) 3 
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x?y - y® = pxy - qy? 

- 4x? = qx? + 
xy - y? - 4x*y = pxy - ay? - (qx? + pxy) 

The last equation can be rewritten as: 

- y’ - 3x’y = pxy - ay? - qx? - pxy 

~- y® - 3x*y = - qy* - qx?. Multiplying each term 
by - 1 we obtain: 

y? + 3x*y = ay? + qx? 

y? + 3x*y = q(x? + y?). 


Now, since x? + y* = 1, from the third equation, 
we have: 


q = 3x*y + y’. 
Now, adding our values for p and q we obtain: 


Pp +q= (x? + 3xy”) + (3x2y + y*). But, this is the 
same as (x + y)*, since 


(x + y)? = (x + y) (x + y) (x + y) 
= (x? + 2xy + y*) (x + y) 
= x? + 2x*y + xy? + x2y + 2xy? + y? 
= x? + 3x*y + 3xy? + y3, 
Thus, p +q = (x + y)?. Similarly, we subtract q from 
Pp and we obtain: 
P-q= (x? + 3xy’) - (3x?y + y*) 
= x’ + 3xy* - 3x’y - y*?. But, this is the 
same as (x - y)* , since 


(x - y)? = (x - y) (x - y) (x - y) 
= (x? - 2xy + y”) (x - y) 
= x? - 2x*y + xy? - x’y + 2xy? - y? 
= x? - 3x*y + 3xy? - y?, 
Thus, p- q = (x - y)?, 
Therefore, we now have, p + gq = (x + y)? and 
P- a= (x - y)?. 


Taking the cube root of both sides of each equation 
we have: 


1 
(p+q%=xt+y 


(p - a)? =x- y 
Now, squaring both sides of each equation gives 
us: 


[we + a4], = (x + y)? 
{we - 4)" = & - y? 
or 
(p +)? = (x + y)?; ip-qg?= (x - y)? 


Adding these equations we obtain: 
2 
(p + gt + (p - q)? = (x + y)*+ (x - y)? = 


(x + y) (x + y) + (x - y)(x - y) = 
x? + 2xy + y? + x? = 2xy + y? = 
2x? + 2y? = 

2(x? + y’). 


Prom the third equation we know that x? + y” = 1, 
therefore, 


2 2 
(p + q)? + (p - q)t = 2. 
©® PROBLEM 624 


Eliminate x, y, z from the equations 
2 


y? + 2? = ayz, 27 + x? = bzex, x 


Solution: We wish to isolate a, b, and c on the right 
side o e@ three given equations. Dividing, we have: 


2 2 2 2 2 2 
vtei,, tH et wc. 


These can be rewritten as 


a <5*§ by +d c. 


Multiplying together these three equations we obtain, 


E+ syle + a) +e) - 


K 
In 
° 
Ix 
+ 
Is 
In 
Ix 
+ 
— 
La 
° 
is 
e 
Ix 
+ 
IN 
. 
x 
1x 
== 


z Y y x Y z z sy y z 
+(f-2-u)+ [2-2-2 +(f-8-y)+ 
x y x x z 2 


po Eee] + ae 


Now, simplifying each term by multiplication, and reduc- 
ing, we have: 


(ste bu hak 4s Sys eae 
y? z? y? x? x? z 


Now, since $+g- a, then e+ 3)’ = a?, 


But we can rewrite [z + 3)" as: 
+ a}'- +a) Ee3) 


arb -h+ des - 


Weisis hae tea, 


Similarly, since 2+ == b, and +2 = c, 


2 2 
then (2 + x} = b? and F + x] = c*. But writing these 


x 
we have: 
z, x)? z,x) (z,x).2z x 
(2 +2] (z+) (+3) fo ee 
eyeing 
x? =a? 
xX XY} {x a Xx pa 
Eo ¥)'= ex) Beyeereaes 
mE ae ape 
y? x? 


CHAPTER 21 


EQUATIONS AND INEQUALITIES 
OF DEGREE GREATER THAN TWO 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 464 to 


490 for step-by-step solutions to problems. 


Solving polynomial equations and inequalities of degree greater than two can 
be very difficult. However, rational solutions of polynomial equations of degree 
greater than two with integral coefficients can be solved as follows: 

DEGREE 3 


(1) If the equation is of degree 3 and has a linear factor, then the procedure 
is clear. Put the equation in the form 


av+be+ex+d=0. 
Then, — b/a = the sum of the roots, 
c/a = the sum of the products of the roots taken two at a time, and 
~ d/a = the product of the roots. 


(2) If the equation is the difference of cubes, e.g., 
x¥-1=0, 
then (x-1) (2? +x4+1)=0. 
Set x-1=0 and r+x+1=0 
and solve using standard techniques. 
(3) If the equation of degree 3 has a common variable factor, then factor 


it out and use the zero-factor property to solve the equation using 
standard techniques. For example, 


ac + bx+cx=0 
x (ax + bx +0) =0 
x=0 and ax+br+c=0 


A method for solving an inequality of degree 3 involves the procedure out- 
lined above, except it is necessary to consider and solve each of the possible 
cases for which the inequality in factored form is satisfied. The intersection of the 
various case solutions gives the final solution of the original inequality of degree 
3. Appropriately shaded areas of the various case solutions on a graph usually aid 
in representing the final solution. 


DEGREE 4 


The solution of fourth degree equations can be solved by the same methods 
applied to quadratic equations. The basic approach is to first define a replacement 
variable z as z = x”, and then substitute it in the given equation of degree 4. This 
step converts the equation of degree 4 to a quadratic equation involving variable 
z. After the solutions have been obtained for the variable z, then substitute the 
values of z into the equation z = x? and solve for x. The values of x represent the 
solutions of the original equation of degree 4. 


Inequalities of degree 4 are handled in a manner similar to equations of the 
same degree, except all the various cases that satisfy the inequality must be 
examined and the final solution represented as the intersection of the solutions of 
the cases. 


Step-by-Step Solutions to 
Problems in this Chapter, 
“Equations and Inequalities of 
Degree Greater than Two” 


DEGREE 3 © PROBLEM 625 


Remove fractional coefficients from the equation 


2x? - $x? - fx + = 0. 


Solution; To rewrite this equation without fractional 
coefficients we must find a common denominator for all 
the terms of the equation. Observe that a common de- 
nominator is 16. Thus, 


3 


tu Sgt ot = 
2x z* ae*+iT¢ 0 
can be rewritten as: 
i 2 
a - 5 - F+ = 0 or, 
32x° - 24x? - 2x + 3 


13 = 0. Multiplying both 


sides of the equation by 16 we obtain: 


32x* - 24x? - 2x + 3 = 0. This is the required 
equation without fractional coefficients. 


® PROBLEM 626 


Solve the equation x - 16x 


Solution; Multiplying both sides by 2 » we have x - 16= 0. Factor- 
ing, we have (x - 4)(x + 4) = 0. Theti all values of x which make 

this product equal to 0 satisfy either x-4=0 or x+4=0, Thus 
x= 4 or x= -4. Both 4 and -4 satisfy the original equation since 


«)? - 16(4) = 0 and (-4)3 - 16(-4) = 0. However, so does the number 
0, since (0)? - 16(0) = 0. From where did this root come? 


There are several logical flaws in this solution. First, we cannot 
multiply both sides by l/x if x= 0. But, basically, what is wrong 


is that x? - 16x is not an equivalent expression to x - 16, 


We may undo this error by writing x - 16x = 0 in factored form as 
x(x + 4)(x - 4) = 0. 


Then x=0 or x+4=0 or x-420 
Hence x*0 or x= -4 or xa 4 
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x= 1; 
(x? +x +1) <0 


Solve by dratic formula since this equation is 
ae tne tom ol +bx +c2#O0witha=1, b=#=1,c#1. 


x & -b + Ss - 4ac 


x = = = 
x bay 


The solutions are 
{i -l+i/3 -1 - iv3 
’ ee, | a . 


x= 


©@ PROBLEM 629 


Form the equation whose roots are 2, -3, and ze 


Solution: The roots of the equation are 2, -3, and z 


Hence, x = 2, x = -3, and x = z Subtract 2 from both 
sides of the first equation: 


x-222-22# 0. 
Add 3 to both sides of the second equation: 


x+32+-+3+3=0. 
Subtract z from both sides of the third equation: 


7 7 7 
22g" S52 


Hence, (x - 2)(x + 3) (x ~ 2) = (0)(0) (0) = 0 or 
(x- 2+ 3-2 <0. 
Multiply both sides of this equation by 5: 


S(x - 2)(x + 3) (x - 2) = 5(0) or 


(x - 2) (x + 3)5(x - 2) = 0 or 


(x - 2) (x + 3) (5x - 7) = 0 


(x? + x - 6) (5x - 7) = 0 


3 2 2 


5x” = 7x" + Sx” = 7x - 30x + 42 = 0 


Sx? - 2x7 - 37x + 42 = 0. 
© PROBLEM 630 


Solve the equation 24x’ - 14x? -63x + 45 = 0, one root 


being double another. 


A cubic equation, with the properties stated, 
has three roots which may be denoted by a, 2a, b. 


Then we can use the following known relations 
between roots and coefficients of an 9 fara to obtain 
equations involving the three roots. Since we can con- 
vert the given equation into one in which the coefficient 
of the first term is 1, we can transform the equation 


into one of the form, x’ + b; x? + b2x + b; = 0, and 
then, - b; = sum of the roots 


b2 = sum of products of the roots taken two 
at a time 


(- 1)? bs = product of roots. 


Dividing our given equation by 24 we obtain: 


x? - Fix? - 3 x + $720. 
14 7 
Thus, - b) = - |- 5 = [> = Sum of roots = a + 2a + b 


b, =- a =- x = sum of products of roots 


taken two at a time 
= (a) (2a) + (a) (b) + (2a) (b) 


(- 1)? by = (- 1) B= - B = product of roots 


= (a) (2a) (b). 


Therefore, Ja+beg, 2a? + 3ab = - 24 is 


zatb= - 2. 


We can now solve the first two equations simultane- 
ously as follows: Transpose the constant term in each 
equation from the right to the left side of the equal 
sign.Multiply each term of the first tion 3a, 
and then subtract the second equation from the first. 


- b, = sum of the roots 


b2 = sum of the products of the roots taken 
two at a time 


(- 1)? bs = product of the roots 


Dividing each term of our given equation by 4 
we obtain: 


Thus, - bi = - eae 


= (a - b) + at (a + b) 


bo = 2 = sum of products of roots taken two at 


a time = (a-b) (a)+(a-b) (atb)+(a) (a+b) 


(- 1)° by = (- 1) ua =- 5 = product of roots 


= (a - b) (a) (a + b) 
Therefore, 


3a = 6, 3a? - b? = 23, aa? - b*) = - 3. 


From the first equation we find a = 2, and sub- 
stituting this value in the second equation we find 


b= +3 ,» and since these values satisfy the third, 
the three equations are consistent. 

Now, since the roots were denoted by a - b, a, 
a+b, our three roots are (2 + 5] 2, (2 + 3) 1 OF, 
-$,2, 3. 

© PROBLEM 632 


Graph the function y = x? - 9x. 


Solution: Choosing values of x in the interval -4 <x < 4, 
we have for y = x” - 9x, 


- 4)-3]/- 2]-1]0 1 21) 3 4 
y|-28{ O| 10] 8]0}]-8]-10{[0j| 28 
Notice that for each ordered pair (x,y) listed in the table 
there exists a pair (-x,-y) which also satisfies the equa- 
tion, indicating symmetry with respect to the origin. To 


-30 

prove that this is true for all points on the curve, we 
substitute (-x,-y) for (x,y) in the given equation and show 
that the equation is unchanged. Thus 


-y = (-x)? - 9(-x) = -x? + 9x 


or, multiplying each member by -1, 


y=x - x 


which is the original equation. 

The curve is illustrated in the figure. The domain 
and range of the function have no restrictions in the set 
of real numbers. The x-intercepts are found from 


3 


y= 0=x - 9x 


0 = x(x? - 9) 
0 = x(x - 3) (x + 3) 
x-320 


x= 0 x+3= 0 


x= 3 x = -3. 
The curve has three x-intercepts at x = -3, x = 0, x = 3. 
This agrees with the fact that a cubic equation has three 
roots. The — has a single y-intercept at y = 0 since 
for x = 0 = 0" - 9(0 0. 

oF cn © PROBLEM 633 


Locate the roots of - 3x7 - 6x +9 = 0. 
Solution: If we let f(x) be a function, then a solution 
OF the equation f(x) = 0 is called a root of the equation. 


In this particular case let the function f(x) = 


x? - 3x? - 6x + 9 and set it equal to zero ¢é find its 
roots. When f(x) = 0, the graph of this equation crosses 
the x-axis. These x-values are the roots of the function. 


To locate the roots of x’ - 3x* - 6x +9 = 0, we 
consider the function y = x? - 3x? - 6x + 9, assign con- 
Secutive integers from - 3 to 5 to x, compute each cor- 
responding value of y, and record the results. 
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y 
Graph of £(x)=x?-3x?-6x49 
x 


Table of Results 


(0)? = 3(0)* = 6(0) +9 = 


(1)? = 3(1)? - 6(1) +9 = 


(2)? - 3(2)? = 6(2) +9 = 


(4)? = 3(4)? - 6(4) + 9 = 


(5)? = 3(5)? - 6(5) +9 =}/29 


Since f(- 3) = - 27 and f(- 2) = 1, there is an odd 
number of roots between x = - 3 and x = - 2. Since 
f(- 3) = - 27 which is negative and f(- 2) = 1 is posi- 
tive, the graph must cross the x-axis at least once. The 
function is continuous; thus the curve must connect the 
two points. To do this, the curve must cross from the 
negative to the positive side of the x-axis. By the de- 
finition of continuity, in order for the curve to tra- 
verse the axis it must intersect the axis. Each inter- 
section point is called a zero or a root of the function. 


Note that the curve must intersect the x-axis an odd 
number of times if it is to pass from the negative side 
to the positive, for if it traversed the axis an even 
number of times it would end up on the side on which it 
started. 


Similarly, there is an odd number of roots between 
x = 1 and x = 2, and between x = 3 and x = 4. Purther- 
more, since the equation is of degree 3, it has exactly 
three roots. Observe that the curve crosses the x-axis 
three times, indicating the three roots of the equation. 


Therefore, exactly one root lies in each of the above 
intervals. 


471 


@ PROBLEM 634 


Pig. A Pig. B 
eas * 
w2-2 0 2 3 2-1 0 132 
mmm.-2 7 M@-2 ? 
UZ «> OZ x1 
SSSI 3 SS «<3 


Solution: If we have a positive number which is a product of three 
factors, then all three factors are positive or two are negative and 
one is positive (since a negative multiplied by a negative is positive). 
The tentative possibilities are: 


(1) xt2 > 0, and x-1 > 0, and 2x-3 > 0, @x>-2, and x > l,and x > 3/2 


(2) x#2>0, x-1 <0, 2x-3 < 0, @ x > <2, x<i, x < 3/2 
(3) xt2<0, xl >0, 2x-3<0,8x<-2, “x>1, x< 3/2 
(4) x#2 <0, x-1 <0, 2x-3 > 0, © x < -2, x<l, x>3/2 


Then, if "and" means intersection (1), we must find, 
(x >-2)N (e>1) (x > 3/2). 


(See the number line in Figure A). Thus, the inequalities in (1) yield, 


as the range satisfying all three linear inequalities, x > 3/2. 
For (2) 


x>-2, x<1, and x < 3/2; 
thus we must find, 


(x > -2)N <1) N (x < 3/2) 

(See Figure B). 

Thus, the inequalities in (2) yield, as the range satisfying all three 
linear inequalities, -2 < x < 1. 

In Case (3), x<-2, x>1, and x<3/2,x>1 is inconsistent with 


x <-2,. Thus, there are no values on the number line common to all 
three inequalities. 


For the last alternative, (4), x <-2, x<1, and x > 3/2, the last 
inequality, x > 3/2, is inconsistent with x < -2, and x<1. Thus, 
again the intersection of these three inequalities is the empty set. 
Hence the complete solution consists of the ranges 


-2<x<1 and x>3/2. @ PROBLEM 835 


Solution, We factor + x4 = 2x and have x(x" +x-2)>0. Again, 
Tr the left side of this inequality: 


wee -2= G+ DG-D. 


Therefore, x(x° +x-2)>0 becomes x(x + 2)(x- 1) >0. How we 
have four possibilities: (I) all factors positive; (IX) the last two 
negative; (III) the first and third negative; and (IV) the first two 
negative. In tabular form this gives: 


I Ir Ii Iv 
zx>0 z>0 z<0 x <0 
and and and and 


x+2>0 or x+2<0 or x+2>0 or x+2<0 
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+ The given expression will be real for those real values 
of x yielding a radicand which is greater than or equal to zero. 
Thus,we have to solve the inequality 


3 
x - x24 2x 20, 


There is a common factor, nanely x, of every term in the left side 
of this inequality. Hence, x is factored out from the left side: 


xe? - 3x42) 20 


Factoring the expression in parenthesis into a product of two poly- 
nomials: 
x(x - 2-1) =O. 


Only if all three factors are positive or two are negative and one 
positive will the product be positive. Thus, the following four 
cases result: 


Case l: x #0, 
Case 2; xz=0, 
Case 3: x #0, 
Case 4: x20, 


-220, x-120., 
~220, x-120. 
-250, x-120. 
-220, x-1580, 


Por Case 1: Solve the inequalities, 
xB®o, x22, x21. 


These three inequalities are satisfied by the single inequality 

x 22, that is, the intersection of these three inequalities is the 
act {x|x 22}. This intersection can be noted in Diagram A. Hence, 
the solution set for Case 1 is {x|x 2 2}. 


For Case 2: Solve the inequalities, 

x 20, x 22, x 21, 
The two inequalities x #2 and x Sl are satisfied by the single 
inequality x 21. Putting this inequality, x 21 and the remaining 
inequality x =O together: 

x20 or 0 Sx, x 21; that is, 

0x 21l. 

The set {xjo #x 21} 1s indicated in Disgrax B. Hence, the 
solution set for Case 2is {x|0 #x 21}. 
For Case 3: Solving the inequalities, 

x#280,x22,x 21. 
The two inequalities x #0 and x #2 are satisfied by the single 
inequality x #0, However, combining this inequality, x 20, with 


the remaining inequality x =1, there is no value of x which is 
less than or equal to zero, and, at the same time, greater than or 


equal to 1, This is illustrated in Diagram C, Hence, there is no 
solution set for Case 3, 


For Case 4; Solve the inequalities, 
x80, x22, x21. 


The two inequalities x20 and x21 are satisfied by the single 
inequality x 20, However, combining this inequality, x #0, with 
the remaining inequality x = 2, there is no value of x which is 
less than or equal to zero, and, at the same time, grester than or 
equal to 2, This is illustrated in Disgram D. Hence, there is no 
solution set for Case 4, 
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= {of - 4m + 3] (m - 4) 


distributing, =(2° ~ ta? + 3a) - (ia? - 1m + 12) 
=m - dof + 3m - 4a? + 16m - 12 
(m- 1)(m- 3)(m- 4) = mw - Ba + 19m - 12 (8) 


From equations (6) and (7): 
m - Go? + 19m - 12 = (m- 1)(m- 3)(m- 4) = 0 

(4) Take m= 1, and substitute in either (1) or (2). From (2), 
2°@ - 2) + @)) #1 
(2-241) #1 
(0 +l #1 
x(1) #1 
x =1 


Take the cube root of each side: 
eeu 
x* IK =l. 
Also, y = m= 1(1) = 1. 


(ii) Take m= 3, and substitute in (2): 
3 


thus 5x” = 1, Then, 
x” =1/s. 
Take the cube root of each side: 
We. 27s 
x= VPs 


and yomemes eis. 
(iii) Take m= 4; we obtain from (2): 


10x? = 1. 
Then, x” . 5 . Take the cube root of each side: 
3 
£ - Ii 9 
or 3 
x= Wfifilo . 
and 


yume meas . 
Hence the complete solution is 


x=1,2475 , 3no. 


y=1,3 Vi75 , 441/10. 
@ PROBLEM 638 


Solution: If we subtract y’ from both sides of the 
inequality x’ > y’* we obtain: 
416 


y= x/2 _ 


y = (92972 | (nny = 2/43 4 (pF 4 dP tay 4d 
=-l(i) +1 = -it+l 70. 


Thus the point (-1,0) is not on the graph y = x?/2y, 
To check (4,4) we replace x by 4: 

y= x/2 _ 

y= (4)°/2 ~ ge GQV4A3- ge 2 -d weds 
Thus the point (4,4) is on the graph y = ~3/2 -X. 
To check (9,17) we replace x by 9: 

y= 33/2 -% 

y = (99°72 ~ 9 = (M43 ~ 9 = 33-9 = 27-9 = 18 17 

3/2 


Thus the point (9,17) is not on the graph y = x’ “=x. 


Therefore, the points (1,0) and (4,4) belong to the 


graph. 


DEGREE 4 


@ PROBLEM 640 


Solve the equation x* - 5x? - 36 = 0. 


lution: This is a fourth degree equation, but it can be 
solved e 


the same methods applied to quadratic equations. 


To solve x* - 5x* - 36 = 0, we let z = x?, substitute 
in the given equation, and get 


z? - 52 - 36=0 


This is now a quadratic equation in the variable z. We 
solve this equation by factoring. 


z* - Sz - 36 =0 


(2 - 9)(z + 4) = 0 Pactoring 
z-90,z2+4=0 Setting both factors equal 
to zero 
z= 9, ze-4 Solving for z. 


Hence the solution set of the equation in z is {- 4,9}. 
Now we replace z in z = x? by - 4 and then by 9 and get 


x? =«-4 


Taking the square root of each member, 
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x=+ —4=+ 1) = + HT 


© PROBLEM 643 


Solve for x. 


x! - 10x? +9 = 0 


Solution: The given equation can be written as 
(x)? - 10x? +9= 0, 


Set p = x? and solve for p. 


p? - 10p +9 = 0. 


Pactor the left side of this equation into a product of two 
polynomials. Hence, 
(p - 9)(p- 1) = 0 


Whenever a product ab = 0, where a and b are any two numbers, 
either a = 0 or b = 0. Hence, either, 


p-90 or p-1l1=0 
p=9 or p=il1 
Set each value of p = x? and solve for x. 


p= x? = 9 


x? =9 
Take the square root of both sides. 


fea SS 


Take the square root of both sides. 
‘2 = vI 


x = +1 
The solution set is {3, -3, 1, -1}. 
@ PROBLEM 644 


Solve the equation x* = hx? - 4 


ox? + 2x” - 21x - 18 = 0. 
2 2 
Combine like terms: (x* + 3x} - 7x ~ 21x - 18 = 0. 
Factor -7 from the second and third terms; then we obtain: 
(x? + ax)? - (x? + 3x) - 18 = 0. 
By substituting v= x + 3x, we have a quadratic equation in v: 
2 
vo = %Wv-182= 0. 
Factor this quadratic equation in v, in terms of a product of two 
Homntales (v = 9)(v + 2) = 0. 


Whenever we have a product of two numbers such that ab = 0, then 
either a= 0 or b=0. Thus, (1) v-9"0 or (2) v+2-0. 
Substitute the expression (x? + for v in equations (1) and (2). 


Then: 2 2 
(3) x“ +3x-9#0 or (4) x" + 3x+2=0 


Solve for x by the quadratic formula, , . ob + 40 hac ; 
2a 


from the equation ax? +bx +c 0, For equation (3), a=1, b= 3, 


c= -9. Thus, “3+ 9-40) (-9) 
x. 
2(1) 
-3+ V5 


2 
For equation (4), a= 1, b= 3, ¢* 2. Thus, 


-3 + 9-60) @) 


2Q) 


“3+1 
2 


x= 


= aad oe = 1 
Therefore, the four solutions are 


“3+ W5 
ook oe ernest, -2, 2408 2-35 


2 


@ PROBLEM 648 


Form the equation whose roots are 0, +a, E 


Solution: The roots of the equation are 0, +a, -a, and 
E Hence, x = 0, x * a, xX = -a, and x = £. Subtract 0 
from both sides of the first equation: 


x-0=#0-0=0, 
Subtract a from both sides of the second equation: 
x-atzara=0. 


Add a to both sides of the third equation: 


(VB 4 VDE - ED) 2 24 RD - ES 
- f=3 ft 
=2- (- 3). 
= 5. 


So our sum = 2/2 = =» , and our product = 5 = 2. 


Therefore, a = 1, b = -2/2, c = 5, and the quadratic factor 
corresponding to this pair of roots is x? - 273x + 5. 


The second pair of roots are - /2 + /— 3 and 
- 42 - /- 3. Their sum is: 


- + (3+ (- 42 - 3) = - 272, and their 


product is: 

(- + HB (- i - HS) = 2- 7% RH T+ HT 
“/- 3 Y= 3 
=2- (- 3) 
=2+43 
= 5. 


So our sum = - 2/7 = —2, and our product = 5=¢. 


Therefore, a = 1, b = 272, c = 5, and the quadratic factor 
corresponding to the second pair of roots is x? + 2vIx + 5. 


Thus the required equation is 
(x? + 2 /3x + 5) (x? - 2 Vx + 5) = 0, 
or x* + 2x? + 25 = 0. 


© PROBLEM 650 


Solve the equation 6x* - 13x° - 35x? - x +30, 


having given that one root is 2 - /3. 


Solution: Since 2 - /3 is a root, 2 + /3 is also a 
root. feser1 that every quadratic equation may be 
written in the form: 


ax? + bx +c = 0. 


Also, recall the well-known formula that the sum of the 
roots of a quadratic equation = - 2, and the product of 


the roots is =. Thus, finding the sum and product of 
our known roofs will give us their corresponding equa- 


tion. Our roots are 2 - Y3 and 2 + V3. Their sum is 


2 - 73 + (2 + 73) = 4 and their product is 

(2 - ¥3)(2 + V3) = 4-2 V3 +2 V3 - 3 = 1. So our 
sum = 4= - & , and our product = 1 = ¢. Therefore, 
a=1, b=- 4, ¢ = 1, and the equation is x? - 4x + 1. 


Now, dividing this new equation into the given 
equation we obtain: 


6x? + llx + 3 
x? = 4x + 1/ 6x" - 13x? - 35x77 - x +3 
6x" - 24x’ + 6x? 
lix*® - 41x? - x+3 
llx? ~ 44x? + 11x 
3x? - 12x + 3 
3x?_- 12x +3 


0 
Thus, 6x* ~ 13x? - 35x? - x +3 = (x? - 4x + 1) 


(6x? + llx + 3); 
Since 6x* - 13x? - 35x? - x +3 0, 


then (x? - 4x + 1) (6x? + llx +3) = 0, 
and this means that 6x* + llx + 3 = 0. 


Factoring this equation we obtain (3x + 1) (2x + 3) 
= 0. Thus, 3x +1 = 0 or x =~ 4; and 2x + 3 = 0, or 
x=- 3 . Therefore, the roots of the given equation are 
-}-f 24+ 4,2- 4, 
@ PROBLEM 651 
Pind all rational roots of the equation 
2 5x +420. 
sgdueion: This is a fourth degree equation. We can solve 
t by synthetic division. Guess at a root by trying to 


find an x-value which will make the equation equal to zero. 
x = 4 works. 


x! - 4x? +x 


Now write the coefficients of the equation in 
descending powers of x. Note that if a term is missing, 
its coefficient is zero. In the corner box, the root 4 
is placed. Bring the first coefficient down and multiply 
it by the root. Place the result below the next coeffi- 
cient and add. Multiply the result by the root and con- 
tinue as before. 


la~eH Sw Le 
+4400 Mont 


1 0 2-1 #0 


The last result is zero which indicates (x - 4) is a 
factor and x = 4 is a root. The other results are the 
coefficients of the third degree expression when (x - 4) 
is factored. 


(x - 4)? + ox? +x - 1) = 0 
(x - 4)(x2 +x - 2) = 0 


To find the roots of the third degree equation, call 
it g(x), we must set it equal to zero. 


34x-120 


g(x) =x 
Try to find where the curve of the equation crosses 
the x-axis which is when y = 0. 


x -2 =1 t)) 1 2 
y I-ll -3 -1 1 9 


It crosses the x-axis between x = 0 andx=1, It 
is an irrational root. 


Since the given equation is a fourth degree equation, 
it has 4 roots. All of the real roots, namely the rational 
number 4, and an irrational number between 0 and 1, have 
been found. Therefore, the two remaining roots are not 
real; that is, they are complex numbers. 


Approximate the real roots of the equation 


x! 4 2n° - 5x*- 42 + 6 = 0, 


F(x) 


|x| fe} ]-s[[-2[Talfo[ hy | 
fewal rol | of] -cl] alle] fo] | 


lution; To find the real roots of the given equgtion, let us sketch 
the graph of the related polynomial function defined by 
P(x) = x" + 2x9 - 5x? - 4x + 6. (See Fig.) 
When f(x) = 0, x is a root of the equation. From the table, 
two real roots are x = -3 and x = 1. Reducing F(x) by 
dividing by (x + 3)(x - 1) and solving, we find that -/2 
and +/2 are also roots. 


Solve x* + y* = 82 


x-y=2 

Solution’ Let x=u+v and y=u-~<v. From equation (2) 
xy 

u¢+v- (u- v) 
utveuty 


2v 
v 


Substituting in equation (1), 
x* + y* = 82 
(u + v)* + (a - v)* = 82 
Replacing v by 1, 
(ut 1)’ + Ww -1)* = 82 (3) 


sunen 
RP NRNN Ph 


Now, simplify the left side of equation (3), 
(u + 1)? = (wth) (uth) =u? + 2041 


(uti)? = (ut) (uti)? , 
or 
(uti)? = (uti) (u242u1) 


Distributing on the right side of this equation: 
(ut)? = (u2+2u74u) +( u2+2u+1 ) 
=u + 3u +3u+1. 


(uti) ® = (wet) (ut)? 
or 
(uti) * = (ut1)(u'+3u7+3u42 ) 


Distributing on ey age ee of this equation: 
(wtt)* = (o%+3u%30" +( u*430" +3ut1) 
(att)* = ut + au? + 6u +4u4+1 (4) 
Also, (u-2)? = (ut) (uel) =u? - 2u 41 
(u-1)? = (u-1) (u-1)? 
(u-1)? = (u-1)(u-2er1 ). 
Distributing on — right side of this equation: 
(w-1)? af 3.24" +) Ce 2 2utt ) 
- 3u" + — -1 
(u-1)* ° ton tet? 


(ut) = (u-1)(u?-3u743u-1) 
Distributing on the right side of this equation: 


(wi)! mcs @3u+3u"~ )- (?-3u%3u-1) 
(u-1)* 2 be? + bu" = a + 1 (5) 
Using equations (4) — (5) to simplify equation (3): 


(uti) + (u-1)* = (u*+iuPeou2reertl) + (04a? 


or 


or 


+6u 2 atl) 


oud + bu? + 602 + tut ue - du? + bu - du +1 
= 20 + 1202 + 2 = 82. 


Thus, 2u° + 120” + 2 = 82. 
Subtract 82 from both sides of this equation: 


2u* + 12u* + 2 - 82 = 82 - 82 
2u* + 12u* - 80 = 0 
Divide both sides of this equation by 2: 
2u_+12u" - 80 . Oo 
2 he 
or 
a” + 6u" - 4020 
Factoring the left side of this equation into a product of two poly- 
nomials: 2 2 
GEG? - Deo. 


Whenever a product ab = 0, where a and b are any two numbers, 
either a=0 or b= 0. Hence, either 


wt +1020 of w-40 


u? = -10 or at = 4 
uw =¢¥710 or ustve=+2 


Using the equations relating x and y to u and v in order to 
solve for x and y: 


when u=/-10, x=utv* P60 +1 =1+A-10 and 
yru-veagl0-1=-1+/-10. 
when us Jo, xs uty = l0+1=1-J-10 and 
yeu-vewo-1=-1-/-10. 
when u=2, xsut+v="5=2+1l=3 = and 
yeu-rve2-lel. 
when ue=-2, xs utve-2+1-1 and 
yeu-rve-2-Le-3. 
Thus, the pairs of solutions are: 
xel+J/-0, y*-1+-10 
x=1- 710, y= -1- 10 
x=*=3,y71 
xerl,yu2ue3. 
@® PROBLEM 654 


Tf 5 a ¢ ’ Show that 


a'b + 2c*e - 3ae*f _ ace 
b+ 2a? - ape? ‘PAE 


Solution: tet §= $= $= ks 


then a= bk, c = dk, e = fk, 


CHAPTER 22 


PROGRESSIONS AND SEQUENCES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 491 to 


529 for step-by-step solutions to problems. 


Arithmetic and geometric sequences are two types of sequences or progres- 
sions that are of special interest mathematically because they fit the real world as 
mathematical models in many situations. The procedure for finding the terms of 
an arithmetic sequence, given the first term, involves adding a constant called the 
common difference, to the preceding term. For example, 


3, 10, 17, 24, 31, ... 


is an arithmetic sequence because after the first term 3, the other given terms are 
found by adding the constant 7 to each preceding term. Any additional terms in 
the sequence is found in a similar manner. 


The procedure for finding the terms of a geometric sequence, given the first 
term, involves multiplying the preceding number by a constant number called the 
common ratio. For example, 


3, 6, 12, 24, 48 


is a geometric sequence because the ratio of one term to the preceding term 
equals the constant 2. 


Another important progression is called the harmonic progression. The se- 
quence of numbers of such a progression are reciprocals of the sequence of 
numbers in an arithmetic progression. Thus, the procedure for finding the next 
term in a harmonic progression is to first take the reciprocal of each term to get 
the corresponding arithmetic progression. Then, find the common differences 
between the terms in the arithmetic progression and use it to find the next term 
by adding the common difference value to the last term in the sequence. Take the 
reciprocal of this value to find the next term in the harmonic progression. For 
example, find the next term in the harmonic progression 


Nh, ho "1565 "33, aoe 


The corresponding arithmetic progression is given by 12, 19, 26, 33, ... which 
has a common difference of 7. Thus, the next term in the arithmetic progression 
sequence is 40, The reciprocal of 40 is '/49. So, the next term in the harmonic pro- 
gression is '/49. 


491-A 


Step-by-Step Solutions to 
Problems in this Chapter, 
“Progressions and Sequences” 


. - © PROBLEM 655 


If the 6th term of an arithmetic progression is 8 and the 


llth term is - 2, what is the lst term? What is the common 
difference? 


Solution: An arithmetic progression is a sequence of 
n S where each term excluding the first is obtained 


from the preceding one by adding a fixed quantity to it. 
This constant amount is called the common difference. 
Let a = value of first term,and d = common difference 


Term of 

sequence: 18t qua gthrda ath eee nth 
Value of 

term: a atd at+2d at3d ... at(n-1)d 


Use the formula for the nth term of the sequence 
to write equations for the given 6th and llth terms, to 
determine a and d. 

llth term: a+ (ll - l)\d=- 2 


6th term: a + (6 - 1)d = 8. Simplifying the 
above equations we obtain: 

a+ 10d = - 2 (1) 

a+ 5d = 8 (2) 


5d = - 10 Subtracting (2) from (1) 
d=- 2 Substituting in (1) 
a+10(- 2) =-2 
a= 18 


The first term is 18 and the common difference is 


@ PROBLEM 656 


Semen An arithmetic progression (A.P.) is a sequence 
of numbers each of which, after the first, is obtained by 
adding to the preceding number a constant number, d, called 
the common difference. Thus l, 4, 7, 10,... is an arith- 
metic progression because each term is obtained by adding 

3 to the preceding number. The nth term, a_, of an A.P. 


is: a 


a, = a +(n-1)d 


where a, * first term of the progression; d = common 
difference; n = number of terms. 
491 


Thus, with a,* l and d = 3, 
a,= 1 + (n-1)3 = 1+ 3n - 3 
a= jn - 2 
It is easily verified by substitution that a, = 3n - 2 
will suffice, i.e. a, = 3(1) - 21 
a, = 3(2) -2=4 
a, = 3(3) - 227 
= 3(4) -2= 10 
= 3(5)-2=13 =a, +d= 10+ 3 
by definition of an A.P. etc. 


as 


© PROBLEM 657 


Find the first term of an arithmetic progression if the 
fifth term is 29 and d is 3. 


Solution: The nth term, or last term, of an arithmetic 


progression (A.P.) is: 
f= a, + (n-n0a a) 


where a, = first term of the progression 


da = common difference 
mn = number of terms 


l = nth term, or last term. 
Using this formula we can find the first term of an A.P. 
whose fifth term is 29 and d is 3. Since =aco= 29, 
ad = 3, and n = 5, substituting into equation (1) gives: 


29 = a, + (5 - 1)3 
29 = a, + 12 
a, = 29-12 = 17. 
Thus, the first term is 17. 
@ PROBLEM 658 


If the first term of an arithmetic series is -4 and the 


twelfth term is 32, find the common difference. 


on: Since the first and last terms and the number 
of terms are known, the formula for the nth term, or last 
term of the series 
r 4 =a, + (n-1)d 
where a, = first term of the series 


n = number of terms 
d = common difference 


l = nth term, or last term 
can be solved for d. 
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l =a, + (n-1)d with ay = -4, n= 12,2 = 32 gives 
32 = -4 + (12 - 1)d 
36 =lld 


=d 
@ PROBLEM 659 


Pind the twelfth term of the arithmetic sequence 


2, 5, 8, os « 


It is given that the sequence is an arithmetic 
sequence. The common difference d is obtained by subtrac- 
ting any term from the succeeding term; 


d=5-2=3 
The twelfth term, Ayar can be obtained by acide: 
a, 2, a4 = 3, and n = 12 in the expression for the n 


a, + (n - l)d@ 


=a, + (n- l)d = 2+ (12 - 1)3 = 35 


312 1 


This can be checked by completing the sequence to the 
twelfth term. 


2, 5S, 8, 2+(4-1)3, 2+(5-1)3, 2+(6-1)3, «2. , 24(11-1)3, 35 
2, 5, 8, 11, 14, 17, 20, 23, 26, 29, 32, 35 


© PROBLEM 660 


Given that the first term of an arithmetic sequence is 


56 and the seventeenth term is 32, find the tenth term 
and the twenty-fifth term. 


The formula for the nth term, or last term, of 
an arithmetic sequence is: 


L= 8, + (n-1)a 
where 3, = first term of the sequence 


ad = common difference 
n = number of terms 
2 = nth term, or last term. 


Since we are given the first and seventeenth term of the 
sequence we can use this information, with n = 17, to find 
a before we proceed to find the tenth and twenty-fifth 
terms. Thus we find d by 


817 = 8, + (17 - 1)d, 


32 - 56 = 164 
16d = -24 


3 
d= “5 


Thus, the 23rd term = a + 22d, and substituting for a and 
d we have: 


143 5 143 110 33 
“s- + 22 [- $] - 292 - 22.23. 


If the first term of an arithmetic progression is 7, and 


the common difference is -2, find the fifteenth term and 
the sum of the first fifteen terms. 


Solution: An arithmetic progression is a sequence of 
jlumbers each of which is obtained from the preceding one by 
adding a constant quantity to it, the common difference, d. 
If we designate the first term by a and the common differ- 
ence by d, then the terms can be expressed as follows: 


terms of 
series 1 2 3 cence n 
value of 
term a a¢td a + 2d L=a+ (n-l)d 


In this example a = 7, and d= -2. To find the fif- 
teenth term, we have n= 15. The nth term is a + (n-1)d. 
For n= 15, a + (n-l)d = 7 + (15 - 1)(-2) = 7 - 28 = -21, 
To find the sum of the first fifteen terms apply the for 
lowing formula: 


15 15 
Sy, = Hl? + (-21)) = Pl-14) = -105, 
® PROBLEM 663 


Pind the sum of the first sixteen terms of the arithmetic 


series whose first term is ; and common difference is 2, 


Solution: The sum of the first n terms of an arithmetic 
series is 
n 
s,° 3[2% + (n - 14] 


where a, = first term of the series 


d = common difference 
n = number of terms 
5, = sum of first n terms 
Hence, the sum of the first sixteen terms of the arithmetic 


series with a) * i d= }, and n= 16, is 


8," ¥2@) + (16 - 103] 
Ge 


C8) 


= 64 
© PROBLEM 664 


Find the sum of the first 20 terms of the arithmetic pro- 


gression -9, -3, 3, «.. 


= An arithmetic progression is a sequence in which 
each term after the first is formed by adding a fixed 
amount, called the common difference, to the preceding term, 
The common difference of -9, -3, 3, ... is 6 since -9+6=-3, 
-3 +6 3, etc. If a is the first term, d is the common 
difference, and n is the number of terms of the arithmetic 
progression, then the last term (or nth term) £ is given by 


£=a+ (n-1)d (1) 


and the sum S, of the n terms of this progression is given 
by 


8, = 5la + 2] (2) 
In this example, 
a=-9, d= 6, n= 20. By equation (1): 


L = -9 + (19) (6) 
= -9 +114 
= 105. 


By equation {2): S35 ™ 2s + 105) 


= 10(96) 
= 960. 
Thus, the sum of the first 20 terms is 960. 
@ PROBLEM 665 


Find the sum of the arithmetic series 


5+9+13 +... + 401 


3. The common difference is d= 9 - 5 = 4, and the 
nth term, or last term, is £ = a + (n-1)d, where 
a = first term of the progression 
d = common difference 


&£ = nth term, or last term. 


Hence, 401 = 5 + (n-1)4. Solving for the number of terms 
n, we have n= 100. The required sum is 


S§=5+9+13 + ... + 393 + 397 + 401 
Written in reverse order, this sum is 


S§ = 401 + 397 + 3939 +... +13 4+9+5 


Adding the two expressions for S, we have 


2s = (5 + 401) + (9 + 397) + (13 + 393) +... 
+ (393 + 13) + (397 + 9) + (401 + 5) 


Each term in parentheses is equal to the sum of the first 
and last terms; 5 + 401 = 406. There is a parenthetic 
term corresponding to each term of the original series; 
that is, there are 100 terms. Hence, 


28 = 100(5 + 401) = 40,600 and s = 49690 = 29,300 


In general, the sum of the first n terms of an arithmetic 
series is: n - 
s= zla +h) = gl2a + (n-1)d]J 


Por this problem, 


100 
w24 


Ss 


(5 + 401) = 299 


[2(5) + (100-1)4) = 20,300 
@ PROBLEM 666 


Pind the sum of the first 100 positive integers. 


Solution: The first 100 positive integers is an arithmetic 
progression (A.P.), because each number after the first is 
obtained by adding 1, called the common difference; to the 
preceding number. For an A.P., the sum of the first n 


terms is 
n 
*,* 7@ +L) 
where a = first number of the progression 
n = number of terms 
4 = nth term, or last term 
Ss, = sum of first n terms. 


Concerning the first 100 positive integers: there are 100 
terms; hence n = 100. The first term is 1; hence, a = l. 
The last term is 100; hence, = 100. 


=. 100(1 + 100) _ 
S199 = 220d, + 100) = soso 
© PROBLEM 667 


Find the sum of the first 25 even integers. 


lution; The even integers form an arithmetic progression 
w 8 a sequence of numbers each of which is obtained 
from the preceding one by adding a constant quantity to it. 
This constant quantity is called the common difference, d. 
The first term of an arithmetic progression is a and the nth 
term is £ = a+ (n-l1)d. In this case: 


a=2, n= 25, d= 2. 
£=2+ (25 - 1)2 
= 50 


§ 


To find the sum of the n terms of an arithmetic progres- 
sion, we apply the formula 


8, * xa +t). 
25 

8,6" (2 + 50) 

= 25(26) 


= 650. 
@ PROBLEM 668 


Find the sum of the first p terms of the sequence whose 
nth term is 3n - l. 


Solution: By putting n = 1, and n = p, respectively, 
n 3n - 1, we obtain 


lst term = 3(1) -l1=2 
last term = pth term = 3p - 1. 


We can now apply the formula for the sum of the 
terms of an arithmetic progression, which states: 


S, = 3(a + £), where 
n = the number of terms 
a = the first term 
& = the last term 


s= sum of first n terms. 


By subtitution, 


S, = sum of first p terms = §(2 + 3p - 1) = 


Bi3p + 1). 


How many terms of the sequence - 9, - 6, - 3, ... must 
be taken that the sum may be 667? 


ase To solve this problem we apply the formula for 
sum of the first n terms of an arithmetic progression. 
The formula states: 


S, = 5 (2a + (n- 1)4) , where 


Ss. = sum of the first n terms 


n = number of terms 
a = first term 


d = common difference 


We are given all of the above information except n. 
Therefore, by substituting for Sy a, and d, we can solve 


for n. We are given that Ss, = 66, a= - 9, andd= 3, 
since -9+3=2-6,-6+3=- 3, «.. 


Hence, 5 [- 18 + (n - 1)3] = 66. 
Now, multiplying both sides of the equation by 2 
we obtain: n [-18+ (n - 1)3] = 132; and simplifying 


the expression in brackets, we have: n (- 18 + 3n - 3) 
= 132, or n(3n - 21) = 132. Therefore, we have: 


3n? - 21n = 132, and dividing each term by 3 we obtain: 
n? = 7n - 44 = 0; factoring we have, 

(n = 11) (n + 4) = 0; 
therefore, n= ll or- 4. 

We can reject the negative value because there can- 
not be a negative number of terms in the sequence, and 
therefore, 11 terms must be taken so that the sum of the 
terms is 66. 


We can check this by taking 11 terms of the series. 
Doing this we have: 


- 9, - 6, - 3, 0, 3, 6, 9, 12, 15, 18, 21; 
the sum of which is 66. 


@ PROBLEM 670 


How many terms of the sequence 26, 21, 16, ... must be 
taken to amount to 74? 


eee To solve this problem we apply the formula 
Or sum of the first n terms of an arithmetic 


progression. The formula states: 
s= 5 (2a + (n - 1)d]} , where 


= sum of the first n terms 
= number of terms 


first term 


ao ews 
a 


common difference 

We are given all of the above information except n. 
Therefore, by substituting for S, a, and d, we can solve 
for n. We are given that S = 74, a = 26, andd=- 5, 
since 26 - 5 = 21, 21-5 = 16, ... 

Hence, 74 = ¥ [2(26) + (n - 1)(- 5)] , oF 
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Solution: In an arithmetic progression, the terms between any two 

other terms are called the arithmetic means between the two given terms, 
An arithmetic progression is a sequence of numbers where each is de- 
rived from the preceeding one by adding a constant quantity to it. The 
constant quantity is called the common difference. The first term of the 
A.P. is designed by a and the common difference by d. We express the 
terms of the series: 


Term of the 
Series 


Value of the 
Series a,ca 


We are concerned with seven terms here: the first term, five arithmetic 
means, and the last term. In order to find the arithmetic means, we 
need to find the common difference, d. (We know a, which is 13.) 

The seventh term, 31 = a + (n-1)d = 13(7-1)d = 13 + 6d. Thus, 


31 = 13 + 6d 
18 = 6d 
ad=3 


Consequently the five arithmetic means are 


a, = 13 +3 16, a 


2 ig = 19, a, = 22, ag = 25, a, = 28, 


© PROBLEM 673 


Insert 20 arithmetic means between 4 and 67. 


Solution: ‘Arithmetic means’ are all the terms that 
fall between any two given terms in an arithmetic 
progression. The two given terms are called the ex- 
tremes. Thus, in this example, including the extremes, 
the number of terms will be 22; so that we have to find 
a sequence of 22 terms in A.P., of which 4 is the first 
and 67 the last. 

Let d be the common difference; then, since the 
general nth term of an A.P. = a + (n - 1)d, and 67 is 
the 22nd term, we have: 

67 = a + 21d, a= first term. 

Since the first term is 4 we obtain: 
4 + 21d = 67. Solving for d we find: 
21d = 63 
d= 3. 
Thus, the sequence is, 
4, 4+ 3, (4+ 3) +3, ... or 
4, 7, 10, 13, ..-, 67 


and the 20 required means are, 


7, 10, 13, 16, 19, 22, 25, 28, 31, 34, 37, 40, 43, 46, 49, 


52, 55, 58, 61, 64. 
@ PROBLEM 674 


Determine the first four terms and 12th term of the 
arithmetic progression generated by F(x) = 2x + 3. 


So Find the terms of the progression by letting 
x= 1, 2, 3, ... etc. 


lst term = P(1) = 2(1) +3 = 5 


2nd term = F(2) = 2(2) +3 = 7 
3rd term = F(3) = 2(3) +3 = 9 
4th term = F(4) = 2(4) +3 = 11 
12th term = F(12) = 2(12) + 3 = 27 


The common difference, d, is found by subtracting 
one term from the one that immediately follows it. 

The first term is denoted by a. 

Note: For this progression a = 5 and 4 = 2. The 
coefficient of x in the linear function will always be 
the common difference for the arithmetic progression. 


© PROBLEM 675 


If an arithmetic progression is generated by the linear 
function F(x) = -3x + 14, what is the first term? What 
is the 15th term? What is the common difference? 
Solution: lst term = F(l) = - 3+ 14 = 11 


15th term = F(15) = - 3(15) + 14 = - 31 


common difference = d = - 3, the coefficient of the linear 
term. 
The coefficient of x in a linear function will 
always be the common difference, d. To verify that 
d= - 3, find the second term and subtract the first 
term from it. @ PROBLEM 676 


The sum of three numbers in arithmetic progression is 27, 
and the sum of their squares is 293; find them. 


Soe Let a be the middle number, d the common 
fference: then the three numbers are a - d, a, a + d. 


Since the sum of the three numbers is 27 we have: 


a-d+a+a+d# 27; or 3a = 27, Hence, a = 9, 
and the three numbers are 9 - d, 9, 9 + 4. 


Now, since the sum of the squares of the numbers is 
293, we can use the following equation to solve for d: 


(9 - a)? + 9% + (9 + a)? = 293, 
Squaring, we obtain: 
(81 - 18d + a4”) + (81) +(81 + 18d + a”) = 293 
2a? + 243 = 293 
2a? = 50 
ad? = 25 
d= /% =+5. 
Therefore, the three numbers are: 
9+5, 9, 9+5 or 


4, 9, 14. 
@ PROBLEM 677 


The sums of n terms of two arithmetic progressions are 


in the ratio of 7n + 1: 4n+ 27; find the ratio of 
their llth terms. 


Sgustion: Let the first term and common difference of 
two sequences be a;, di, and az, d2 respectively. 


The sum of the first n terms of an arithmetic 
progression is given by the formula: 


S = 3 [2a + (n= 1)d]. 
Since the sums of the two given progressions are in 


the ratio Pia we have: 


5 (2a, + (n- 1)a,} 


= m+i or 
’ 
B(zar+(n-2)4,) 7 
Qartin-14r 744 
“an +27 ° 


2a, + (n - 1)d2 


Now, using the fact that the nth term of an A.P. = 
a+ (n - 1)d, we find 


llth term =a + (11 - 1)d = a + 10d. 


Therefore, the ratio of the llth terms of our two 
progressions is: 


a, + 10d; 
az + 10d, 
Now, we want to transform the ratio of the sums into 


the above ratio of the llth terms. We can do this by 
dividing each term in the following proportion by 2: 


2a, + (mn - 1l)dy In+1 


2a; + (n - 1)d, 
Doing this we obtain: 


a) + (n 5 1) a, a” 1 
a: + Se aaa a2 4 + == 
Now, tO obtain the ratio on the left of the equal sign in 


a,+ 10d, n-1l 
the form ————— , we must have: = 10, orn-l« 
az+ 10d, — z ‘ 


20; therefore, n = 21. Substituting this value in our 
proportion we obtain: 


or, 


Now, since both numerator and denominator are divisible 
by 37, we find that the desired ratio is 4 : 3 or 4 . 


@ PROBLEM 678 
If Si, S2, Ss, .-. S. are the sums of n terms of an 


arithmetic progression whose first terms are l, 2, 3, 
4, ... and whose common differences are 1, 3, 5, 7, 


«+. respectively, find the value of 


8: + 52 + 83 +... 8, 


Solution: We can find S,, Sz, Ss, «-+, 5, by applying 


the formula for the sum of the first n terms of an 
arithmetic progression. The formula states: 


s-= 5 (2a + (n - 1)a) , where 


S = the sum 


n = the number of terms 


the first term 
a@ = the common difference 


Thus, for S:, a = 1 and d = 1, we have: 


S$: =$ (20) + M- 11) =F 2+n-1) = 


Bin +1) = Bt) | 


For S2, a = 2 and d = 3; thus, 


S2 = § (2(2) + (n- 1)3] = § (4 + 3n - 3) = 


B (3n +1) = aGnt i. 


For S;, a = 3 and d = 5; thus 


$; = 3 ([2(3) + (n- 1)5] = 3 (6 + 5n - 5) = 


Risn +1) = Bisnt 1) 
Now, to find a and d for 5S, we notice that a relation 


exists between the sum and the first term, and the sum 
and the common difference. For S,, the first term is l, 


and the difference 1, or 2(1) - 1. For S2, the first 
term is 2, and the difference 3, or 2(2) - 1. For S;, 


the first term is 3, and the difference 5, or 2(3) - l. 
Similarly, for Sp" the first term is p, and the common 


difference is (2p - 1). Thus, 
S, > 3 (2p + (n- (2p - 1)] 
= 3 (2p + (2pn - 2p-n+1)] = 5 (2pn - n+ 1). 


Pactoring n from the first two terms in the 
parentheses we have: 


$l(2p - 1) n+ 1). 
Therefore, the required sum, 


S81 + S2 +S3 + 1... + Ss, is: 


n(n + 1) + n(3n +1) , n($n+1)4, Dh »Hl (2p - 1)n +1) 


Pactoring 3 from each term, we obtain: 


Flin + 1) + (3n + 1) + (Sn +1) +... ({2p = Lin + 1)] 
Now, since we are adding 1, p times, we can write: 

5 C(n + 3n + 5n + ... + {2p - 1}n) + pl. 

Factoring n from the terms in the parentheses, we 


obtain: 
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5 (n(l+3+5+... + (2p -1}) + pl. 


Let us now examine the terms of the above series: 
l+3+5 +... + (2p - 1). Notice that we can apply the 
formula for the sum of the first n terms of an arithmetic 
progression, which states the following: 


S= 3 {2a + (n - 1)a] = Fla +h), 


In our case it is more efficient to use the form 
$= Fla + £), where S = the sum 


n = the number of terms 
a = first term 
2 = last term 
We know that n = p, a=1, £ = (2p - 1). Thus, 
s=§ (1 + 2p - 1) or, s = © (2p) = p?. 
Therefore, 


Si +82 +83 +... +S, = Fintl+ 345+... 


--. + {2p - 1}) +p] = 


5(2 (p?) +p}. Factoring p from both terms 


in the brackets we obtain: ES {p (np + 1)J) = 


55 (np + 1). 


Note: It is of interest to observe that in the 
formula for the sum of n terms of an A.P., 


S = 5 (2a + (n- 1)4] = Fla +2), 


we can easily derive the first formula, 
= (2a + (n - 1)d], from the second, 


3 (a + 2), as follows: 


Since n = the number of terms, and £ = last term, 
then we can use the fact that: 2 = a + (n - 1)d. Sub- 
stituting this value for £ we obtain: 


Fla +L) = 3 [a + (a + {mn - 1}4)] 


= $ (2a + (n - 1)al, 


which is precisely our first formula. 
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the 6th term *ay- 2) is -} 


and the 7th term is 


Cak-s)* a: 
© PROBLEM 682 


Find the 10th term of the geometric progression 3, 6, 12, 
24,2... 


Solution: a, = 3 andres 8 = 2 
If we let £ represent the 10th term 


R= ae 

£ = 3(2)20-1 
= 3(2)9 
= 3(512) 


1536 


© PROBLEM 683 


The seventh tern of a geometric progression is 192 and 


r= 2. Find the first four terms. 


Solution: The formula for the nth term, or last term, of 
a geometric progression is: 


i= sl 


where 3, * first term of the progression 


r = common ratio 
n = number of terms 
2 = nth term, or last term 


Since we are given the seventh term and the common ratio 
of the progression we can use this information, with n = 7, 
to find the first term: 


84 s 3,* 


6 


192 = s, (2) 2°s, = 648, 


1 


192 . 
ne Oa eat 
Then, since a geometric progression is a sequence of 
numbers each of which, after the first, is obtained by 
multiplying the preceding number by a constant number 
called the common ratio, 


= 3, 55 = 3-226, 8, = 6- 2 = 12, and s, = 12-2 = 24 
© PROBLEM 684 


If the 8th term of a geometric progression is 16 and the 
common ratio is -3, what is the 12th term? 


solution: A geometric progression is a sequence of numbers 
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8) 


“So 
aa re ar" 
Substituting = r for 27r" in equation (2), 
wo = aes - 


irra $88 =- aes “ene 


(r-1)665 = 9[32r/9 - 27) 
Distributing on the right side: 
(r-1)665 = 32r - 243 
Distributing on the left side: 
665r - 665 = 32r - 243 
Subtract 32r from both sides: 


Oebr - 968 - sar = Shy - 243 - dy 


633r - 665 = - 
Add 665 to both sides: 
6a3r - dag + dds = -243 + 665 
633r = 422 
Divide both sides by 633: 


S63r _ 442 
es ~ S33 


Hence, the common ratio= r= 2. 


Substituting : for r in equation (1): 


Multiply both sides by a : 


oft) -KRO"] 
HU 


3 (> (s) 
Express the fraction on the left side as a power of 2/3. Since 
32 = 2° and 243 = 3°, — (3) becomes: 

t- 3° (f= (f° 
Hence, 5=n- 1. 
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Add 1 to both sides: 
S5+len-1l+1 
6eaen,. 
Hence, the number of terms = n = 6, 
@ PROBLEM 686 


Find the sum of the first ten terms of the geometric pro- 


gression: 15, 30, 60, 120, ... 


ae A geometric progression is a sequence in which 
each term after the first is formed by multiplying the 


preceding term by a fixed number, called the common ratio. 


If a is the first term, r is the common ratio, and n 
is the number of terms, the geometric progression (G.P.) 


is 
a, ar, ar*, ..., art 


The given G.P., 15, 30, 60, 120, ..., may be written as 


15, 15(2), 15(22), 15(23)... . The sum, S_, of the first 
n terms of the g tric progression is giden by 


| 
s,* a(i - :°) » where a = first term 


r = common ratio 
n = number of terms. 


Here a = 15, r = 2, and n = 10. 


10 
15(1 - 21°) 
819 * = 
_ 15(1 = 1024) 


= 15(10239 
= 15,345 
@ PROBLEM 687 


Pind the sum of the first four terms of the geometric 


series 2 + (4)+ “y + see o 


Scare The ratio of any number of a geometric series 
to number preceding it is constant. In this example, 


the common ratio r = - Since the sum of the 


( +) 
eae 
first n terms of a geometric series is: 


n 
a, (xr -1) 
1 
5,°- 
where a= first term; r = common ratio; n = number of 


1r#gfl 


terms; S, = sum of first n terms; then with a, = 2, r= - 
n= 4, the sum S, is 


$11 


512 


-2+(-3)+ (ze) - Ge) 


3 
ED) 


~ *s(¢een) 


@ PROBLEM 689 


Sum the sequence Z, - 1, } seoee tO 7 terms, 


Solution: To solve this problem we use the formula for 
nding the sum of the first n terms of a geometric 
progression, which states: 


n 
s- Se, xr 71, where 


S = the sum 

a = the first term 

xr = the common ratio 

n = the number of terms 


Now, we are looking for S, when a = z, n= = 


and x = - 3, since 3 (- i}--2, - vf- 3] - 3, ews 


21f. 3)? _ 1 
3 z 
Thus, $= . Simplifying, we obtain: 
-1 


—s 
z 
2 (_ 2187 _ 128 2315 
3 |" “I3e - Tos 3 [- “268 ~ S690 
Ot te Sta mee es, ana Toe Bet 
2°72 z 
$60 . 2. 
9260 _ 463 
1920 6° 


Thus, the sum of the first seven terms of the above 


Find the sum of the first six terms of a geometric progres- 


sion whose first term is + and whose second term is -l. 


ht A geomet-ic progression (G.P.) is a sequence of 
s each of which, after the first, is obtained by 

multiplying the preceding number by a constant number cal- 
led the common ratio. Thus the sequence may be represented 


as a)r 4)r, ar’, ask", «ee, where a,* first term and r 
= common ratio. 

For the G.P, whose first term is + and whose second 
term is -1, we can find r as follows: since a)r is the 


second term, and a= } ’ 


r= -3. 
Then, since the sum of the first n terms of a G.P. is 


a, (e"-1) 
8° -F-=T 


where n = number of terms, we can find the sum of the first 
six terms of the G.P.: 


1 (-39°-12 1 «729-1 182 
so- 5 bap - 5 Be le 


Find the seventh term of a geometric series whose third 


term is $ and common ratio is 2. Pind the sum of the 
first seven terms. 


Solution: Formulas for geometric series include formulas 
for the at term, or last term: 
L= ne ek 


and the sum of the first n terms: 


a, (x - 2) 
a ee oe ae ae ol 


where a,* first term; r = common ratio; n = number of 
terms; 2= nth term, or last term; S, = sum of first n 
terms. 


Since the formulas for 2 and 5, require the value of 
the first term, we will use the given information to deter- 
mine a): For our Se of the form @y, 4,5, a a,x’, aF". eee 
the third term is t and the ratio is 2. The first term, 

a,, can be found using the fact that the third term is 


1 
ar’, = ie 7 1 
1 t 
a, (2)? = } 
4a, -§ 
a 4 
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sixth term is 1/8. Find the first term and the common 
ratio. 


Solution: A geometric progression, a1, 42, As, «+++ ay 


has terms with a common ratio r, so that the sequence can 
be expressed by 


@,, aX, a,r*, ayr*?, ... a,x! 


Observe that az = air, ay = ajr7, ay = ajE*, woe, 
a, a,r"-!.We are given that the fourth term is and 


the sixth term is 1/8 so that 
air? = 
ar’ = 1/8 
Dividing the second equation by the first, 


a;r? 7 ys 


a,r? 


Now, a,/a,; = 1, and r*/r* = r5~'; also, since division 


by a fraction is equivalent to multiplication by its 
reciprocal, 


U8 1/8 + 2/1 


Therefore r* = , and taking the square of both sides, 
r= 4s. 


Thus, there are two possible common ratios, and - 4; 
and therefore there are two possible series that satisfy 
the given conditions: 


For r = k, the first term, a,, is given by: 


air? aw 


a oe 
(5)? 
Por r = - is, 
a 
aye —o —t_2- 4, 
r> (= 4)? 


Insert 4 geometric means between 160 and 5. 


Solution: ‘Geometric means' are the terms between any 
given terms in a geometric progression. Thus, for this 
Problem we have to find 6 terms in G.P. of which 160 igs 
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the first, and 5 the sixth. 
We can apply the formula: 


nth term = ar) 


» where a = lst term 
r = common ratio 
Thus, for the sixth term we have: 


sixth term = 5 = 160r°"! 


5 = 160r° 
Solving for r we obtain 
5 
= / mi 
1 
rs 2 


Now, since r = 2 is the common ratio, we obtain each 
successive term of the progression by multiplication by 


i . Thus, we have: 
160, 80, 40, 20, 10, 5, and the 


four required means are 80, 40, 20, 10. 
@ PROBLEM 695 


Insert three geometric means between 16 and 81. 


Solution: In a geometric progression, G.P., the terms between any two 
other Cerms are called the geometric means. AG.P. is a sequence of 
numbers in which each term after the first is obtained by multiplying 
the preceeding term by a fixed number called the common ratio. If we 
designate the first term by a and the common ratio by r, then the 
terms of the series can be written as follows: 


a, ar, ar’, ar®,...,ar™ . Note that the nth term is 
designated by 4 = ara-l , 


In this example a= 16 and 4 = 81. Furthermore, n = 5, since we have 
three geometric means between 16 and 81. A geometric mean is just 
a term between any two other terms. Hence, 


3 


Symbolically, the geometric means are ar’, ar’, and ar. If rs +2 
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then the means are 
3y)) 3)}2 3\3 
1d3) $ 143} af 1d 3] 
or 24, 36, 54. If r=- 2 , then the means are -24, 36, -54. 
© PROBLEM 696 


Find the first four terms of the geometric progression generat- 
ed by the exponential function f(x) = 12(3/2)* if the domain of 


the function is the set of nonnegative integers (0,1,2,3,...). 


“Solution; £(0) = 12(2), = 120) = 12 
£02) = 12(3)} = 18 
£(2) = 13(2) = 12(3) = 27 
The first four tems are 12, 18, 27, and 


© PROBLEM 697 


Find three numbers in geometric progression whose sum is 
19, and whose product is 216. 


Solution: The three numbers of the G.P. may be denoted 
by g, a, ar; then = x a * ar = 216. Carrying out the 
multiplication we obtain: 


a’ = 216 
Yas = Y216 
a=6 
Thus, substituting for a, we find that the numbers 


are §, 6, 6x. 


Now, since the sum of the three numbers is 19, we 
have: 


§+ 6 + 6r = 19, and we wish to solve for r. To do 


this we take r as a common denominator. Thus, 


6 + 6r + 6r? 
r 


= 19 
6 + 6r + Gr? = 19r 
6 + 6r + 6r* - 19r = 0 


6r? - 13r + 6 
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Pactoring, we have 
(3x - 2) (2r - 3) = 0; hence 


infeed. 


Thus the numbers are 4, 6, 9. 
@ PROBLEM 698 


Express .423 as a rational fraction. 


Solution: We know that, 
-423 = .423232323... 


This is a repeating decimal in which 23 is the repeated 
portion of the decimal. This is indicated by the bar 
above the given decimal, that is, .423. 


The decimal .4232323... can be rewritten as 
-4 + .023 + .00023 + .0000023 + ... We can easily see 
this by adding each term in column form. Thus, we have: 


-4 
.023 
-00023 
+ ,0000023 
-4232323 ; and this sum is the desired result. 


Now, .4 + .023 + .00023 + .0000023 + ... can be 
rewritten as: 


— eB 222382 23 " 
= i + 23 , 23 , 23 
10> 10° 10’ 


Pactoring a from all terms except the first, we 
10 


HF see 


have: 
ATS = 6 + 23 oe oe ee 
10 10? — 10° 
Notice that the series 1 + _L + ae + woe 
10? 10° 


has terms which are in a geometric progression where 


a = first term = 1, and r = common ratio = co . 
10 


Since r is less than 1 and the series is an in- 
finite one, we can state that: 


S = sum = ;5— 
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erage 
10? 
4 23, i 
us, 4 © +o, Hays e 
10? 
Now, we can simplify ed as follows: 
— 
10? 
1-73 (27 Yoo) [100 ~ Too} Too : 
100 1 
Thus, substituting “35 for — rT + we have: 
1-—_ 
10? 
4 3,100, 4 23. , 100 
opt i+ 199) 
=xt+ gs = 35 + 23 
419 
= 990 ° 


© PROBLEM 699 


A person has 2 parents, 4 grandparents, 8 great-grand- 
parents, and so on. Find the number of his ancestors 


during the eight generations preceding his own, provided 
there are no duplications. 


Solution: This is a geometric progression, which is a 
sequence of numbers in which each term after the first 
is obtained by multiplying the preceding term by a fixed 
number. The first term is the 2 parents. It is multiplied 
by a fixed number 2 since each parent has two parents of 
his or her own. To find the number of ancestors of the 
eight generations preceding his own, we must add up the 
terms starting from the parental generation up until the 
eigth ancestral generation. We apply the formula for the 
sum of a geometric progression: the first term of it is 
designated by a and the fixed amount called the common 
ratio is r. Let 5, represent the sum of n terms of the 


progression. 
5s =42 ar® 
n I-r 


In this problem, a = 2, r = 2, and n= 6. By sub- 
stituting these values, we get 


s. = 2—2@°) . 2-21286) « sio 


@ PROBLEM 700 


If jx} < 1, sum the series 


1 + 2x + 3x? + 4x’ + ...... to infinity. 


Solution: The terms of the given series are nearly in 
i¢ form of a geometric progression, with a common ratio 
of x. Since |x]< 1, and the required sum is to infinity, 
obtaining the given series in the form of a geometric 
progression will enable us to apply the formula for the 


sum of an infinite G.P. The formula states: S = ~“—, 


where S = the sum 
a = the first term 
r = common ratio 


Now, to transform the given series into a G.P. we 
can multiply it by (1 - x). Thus, 


(1 - x) Q + 2x + 3x? + 4x' +...) 
= (2 - x) + (x - 2x*) + Gx? - 3x") + (4x® - 4x") +... 
= l- x + 2x}(- 2x? + 3x?}- 3x? + 4x*) - 4x" +... 


=l+x+x? + x? +... 


The last series, 1 + x + x? + x? +... is our 
desired G.P. with a= 1, r = x. Thus, 


l1-x 


But, 


2 = represents the sum of: (1 - x)( + 
2x + 3x* + ...), and we want the sum of: 1 + 2x + 
3x? + ... Therefore, dividing I x = by (1 - x) gives us 
the required sum. Hence, the sum of the given series = 


1 
Oe eee See See 1 
T= "x) tex Te G-x?” 


© PROBLEM 701 


Pind the sum of the geometric series 


30+ 10+ 3 +... + 3052+... 


Solution: Rewriting the geometric series as 


a0 + 30(}) + 3¢3) + veert 33)?" + canis 


it can be seen that the first term is a," 30; the ratio 
jars }. Hence, since the sum to infinity (S,) of any 
geometric progression in which the common ratio r is 

621 


numerically less than 1 is given by 
3) 
S, = yoy + where Ir| <1, 
then s, = —22. = 45 
rs | 
ee 
Note that the sum of the first n terms of this series 
differs from 45 by 4 of the nth term. For example, when 
n= 2, S, = 40, a, = 10, and 5a, = 5. Thus, 
40 = 45-5 
When n = 3, S. = 434, a, = 33, ana da, = 12. Tus 434 = 
1 By = 43h, a; = Ff, and ga, © 25. 3 
= 45 - 13, etc. 
@ PROBLEM 702 


The sum of an infinite number of terms in geometric 
progression is 15, and the sum of their squares is 45; 


find the sequence. Assume that the common ratio of the 
G.P. is less than l. 


: The sum of any infinite geometric progression 
nw the common ratio is less than is: 


ie 
Now, squaring the terms of the sequence, 
a, ar, ar’, ar’, ... 
we have: 
a*, (ar)*, (ar*)?, (r’)?, ... = 
a*, atr®, atr*®, atr®, ... 
This is a new infinite geometric progression with 


a? as the first term, and r*? as the common ratio, and 
r? <1. Therefore, 


az 
1- xr? 
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We are given that the sum of the terms, or S;, is 
15, and the sum of the squares of the terms, or S;, is 
45. Thus, 


Toe 15, ana an 45 
—e 1- xr? 


We must now solve for a and for r. This can be done 
in the following manner: Multiply both sides of the e- 


quation y=— = 15 by (1 - r). Thus, we obtain: a = 


15(1 - r). 
- Now, multiply both sides of the equation 
cy = 45 by (1 - r?). Thus, we obtain: 
a? = 45(1 - r?) (1) 


Squaring the equation a = 15(1 - r) will give us 
a value for a’? in terms of r. Substituting this value 
in equation (1) will give us an equation in r alone. 
Then, we can solve for r. Thus, 
2 = (15 - 15r)?, and expanding we have: 
a? = (15 - 15r) (15 - 15r) 
= 225 - 225r - 225r + 225r? 
= 225r* - 450r + 225 


Now, by substitution: 


225r? - 450r + 225 = 45(1 - r*) 
225r?_ - 450r + 225 = 45 - 45r? 


Subtracing 45 from both sides of the equation, and 
adding 45r? to both sides we obtain: 


225r? + 45r? - 450r + 225 - 45 = 45 - 45 - 45r? + 45r? 
270r? - 450r + 180 = 0 
Dividing each term by 90, we have: 


270r? _ 450r , 180 _ 0 
“30 ~ “30 * “390 ~ 50 


3r7 - 5r +220 
Pactoring gives us: 


(3r - 2)(r - 1) = 0, and this means that either 
3r - 220, orr-12=0. 


To solve the first equation for r we first add 2 to 
both laa of 3r - 2 = 0, and then divide by 3. Thus, 


Br -2+2=0+2 
3r = 2 
3r 2 
a ae | 


r=3 


To solve the second equation we add 1 to both sides 
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of r- 1= 0. Thus, 
r-l+t+l=s#oO++1 
r=il 
Therefore, we have two values for r, r = $ ri. 


But notice that the second value, r = 1, can be rejected. 
This is so because if we substitute this into either of 


= 45, we 


our original equations, ros = 15 or i 
=f 


obtain 5 . which is an undefined expression, and also 
because the formula for the sum, S = ro » holds only 
for progessions where the common ratio is less than l. 
Thus, we have r = Fa , and to solve for a we sub- 
stitute this value into 
a= 15(1 - r) 
Thus, a = 15(1 - 3| 


= 15 [3 - 3] 


= 15 (3| = 2 = 5 
Therefore, we have a = first term of the sequence = 5, 
and r = common ratio = - Thus the terms of the sequence 


@ PROBLEM 703 


Convert the repeating decimal .477477 ... to a fraction. 


3; This is a geowetric progression. We can compute the ration~ 
al equivalent by first determining the common ratio and then using the 
formula for the n®™ partial sum of a geometric series, The common 
ratio is computed by dividing any term by the term immediately pre- 
ceeding it. Therefore r, the common ratio, is: 


aa = .001 
Allow a, tobe .477, Then the sum of the geometric progression, an) 


i n-1 
+ Now we can compute 8 using 


is: a + art ar + eee + ayT 
the formula. = n 2 
m= &F .A77_- .477(.001) 
8 = = 
n l-r -f 
by taking the limit of 5, as n+, We then compute the rational 
expression to which this geometric progression converges. 
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HARMONIC 


@ PROBLEM 705 


Find the 9th term of the harmonic progression 3,2, aa e 


Solution; The terms of a harmonic progression that lie between two 
given terms are called the harmonic means between these terms. If a 
single harmonic mean is inserted between two numbers, it is called the 
harmonic mean of the numbers. 

A harmonic progression (H.P.) is a sequence of numbers whose reciprocals 
are in arithmetic progression, (A.P.). The terms of the A.P, are 


1 1 2 |... we find the ninth term of the A.P. and take ite reci- 
Brockt Pe] find the corresponding term in the H.P. The formula for the 
nth tera, ay of an A.P. is a; + (n-1)d where 8) is the first term 


and d is the common difference, the constant quantity added to each 
term to form the progression. Hence, if a =a, + (n-1)d, a* 1/3 


and n= 9, to find d subtract the firet term, 1/3, from the second 


term, 1/2. Pe oe toe oe Be 
2 3 6 6 6° 
Thus 
. 1 
ache ow Bede aQ) dogg. 


Therefore, the ninth term of the harmonic progression is 2 ° 


©@ PROBLEM 706 


Insert three harmonic means between & and 4 . 


Solution: The harmonic means are those terms of a harmonic progression 
that lie between two given terms. These two terms are 1/10 and 1/42. 
A harmonic progression (H.P.) is a sequence of numbers whose reciprocals 
are in arithmetric progression. Therefore, we consider the correspond- 
ing arithmetic progression, A.P. We shall first insert three arith- 
metic means between 10 and 42. The formule for the nth term is 

ara + (n-1)d where a) is the first term of the A.P. and d is 


the coumon difference, the fixed amount added to each term to form the 
Progression. The nth term is 42 where n= 5 since there are 3 terms 
to be inserted between 10 and 42. 4° 10. Thus, a,* 10 + (5-1)d = 
42. Solve for d. 
10 + 4d = 42 

4d = 42 - 10 

44 = 32 

a=6 


Now we can find the terms of the A.P. by adding 8 to the first term and 
continuing in the same manner with each succeeding term. Thus, we 
obtein: 


10, 10+ 8 = 18, 18+ 8 = 26, 26+ 8 = 34, 34+8= 42 or 
10, 18, 26, 34, 42. 


The arithmetic progression is 10, 18, 26, 34, 42. 
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@ PROBLEM 708 


If a’, b*, c* are in arithmetic progression, show that 


b +c, c + a, a + b are in harmonic progression. 


Solution: We are given that a’, b’, c* are in arithmetic 
progression. By this we mean that each new term is 
obtained by adding a constant to the preceding term. 


By adding (ab + ac + bc) to each term, we see 
that, 


a? + (ab + ac + be), b? + (ab + ac + be), 
c? + (ab + ac + be) 


are also in arithmetic progression. These three terms 
can be rewritten as 


a* + ab + ac + be, b? + be + ab + ac, 
c? + ac + be + ab 
Notice that: 
a? + ab + ac + be = (a + b) (a + c) 
b? + be + ab + ac = (b + c) (b + a) 
c? + ac + be + ab = (c + a) (ec + b) 
Therefore, the three terms can be rewritten as: 
(a+ b){a +c), (b+ c)(b +a), (c + al(c + b), 
which are also in arithmetic progression. 
Now, dividing each term by (a + b) (b + c)(c + a), 
we obtain: 
Boe ete ab: Which are in 
arithmetic progression. 


Recall that a sequence of numbers whose reciprocals 
form an arithmetic progression, is called a harmonic 


progression. Thus, since soo sta a is an 


arithmetic progression, b + c, c + a, a + b are in 
harmonic progression. 


@ PROBLEM 709 


Pind the first six terms of the sequence determined by 
the function g(x), where x = 1, 2, 3, 4, 5, 6. 

2 
g(x) = x , x @ positive integer 


CHAPTER 23 


MATHEMATICAL INDUCTION 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 530 to 


538 for step-by-step solutions to problems. 


The procedure for doing mathematical induction, a method of proving that a 
statement, formula, or theorem is true for every integer 


N = N, a 
where N is a given integer, is as follows: 


(1) Show that the statement is true for the smallest integer, N, for which it 
is claimed to be true. 


(2) Next, assume that the statement is true for some integer, call it k, 
which is greater than or equal to N;. 


(3) Finally, show (using the assumption made in Step 2) that the statement 
is true for the next integer, k + 1. 


For example, prove that 2" > N for all positive integer values of N. 
PROOF 
(1) IfN=1, then 
2%>N 
becomes 2! > 1, which is a true statement. 
(2) Assume that for 
N=k2>k 
is true. 
(3) We must prove the statement, if 2* > k, then 
+l > kel 


for all positive integer values of k. This means we should be able to start 
with 2 > k and from that deduce that 


2tiskel. 


To show this we first note that 
2>k = 2(24)>2k = 2t+!>2k. 

We know that & 2 1 because we are working with positive integers. So, 
kt+tkzk = Uek+1. 

Since 
2#+1>2k and 2k2k +1, 

by the transitivity property, we can conclude it is true that 
2isk+ 1. 


Step-by-Step Solutions to 
Problems in this Chapter, 


“Mathematical Induction” 


@ PROBLEM 710 


Prove by mathematical induction 


Pe?PePt.ceet ~ An(ntl) (ant). 


tion: Mathematical induction is a method of proof, The steps are: 
verification of the proposed formula or theorem for the smallest 

value of n. It is desirable, but not necessary,to verify it for several 
values of n. 
(2) The proof that if the proposed formula or theorem is true for n =k, 
some positive integer, it is true also for n= k+l. That is, if the 
proposition is true for any particular value of n, it must be true for 
the next larger value of na. 
(3) A conclusion that the proposed formula holds true for al’ values of 


a. 

Proof: Step 1. Verify: 

For a=: i = 2¢y(sp(2aer) = 200203) = 26) = 1 
l= lv 

For m= 2: 1 + % = 2¢2y (241) [2¢2)41) = $(2)(9)(5) = $06) (5) 


1+ 4 (1)(5) 
5= 5a 
1 


For n= 3: P+ 2 +P = $(3) (32) (2(3)41] 


1+ 4+ 9 = 2(3)(@)(7) = 4(22)(7) = 14 
4 = 474 


Step 2. Let k represent any particular value of n. For 
n =k, the formula becomes 


P+ Fe P+... +e = decor (ae). a) 


For n= k+l, the formula is 
Pe P+ Fe. + + Cony = Beet) (ceed) + 1)[2Ger1) + 1) 


= 2 (e+) (iet2) (243). (B) 


We must show that if the formula is true for n =k, then it must be true 
for n= k+l. In other words, we must show that (8) follows from (A). 
The left side of (A) can be converted into the left side of (B) by merely 
adding (k+1)*. All that remains to be demonstrated is that when (k+l) 
is added to the right side of (A), the result is the right side of (B). 


P+ Pt... +1 + (lett)? = Ze(iee) (etl) + (hott)? 
Factor out (ktl): 
P+74+F +...4+8 + (or) = owen) PBxcamery + cei) | 


= ono facpen ge] 
(k+1) 2¢ nthe 
~ &D Ge + 7 + 6) 

6 


2 (#1) (let2) (2k+3), 
since 2 + 7k + 6 = (k+2) (2k+3). 


Thus, we have shown that if we add (k+1)® to both sides of the equation 
for n= k, then we obtain the equation or formle for n= ktl. We have 
thus established that if (A) is true, then (B) must be true; that is, if 
the formula is true for n =k, then it must be true for n= ktl. In 
other words, we have proved that if the proposition is true for a certain 
positive integer k, then it is also true for the next greater integer 
k+l, 

Step 3. The proposition is true for n= 1,2,3 (Step 1). Since 
it is true for n= 3, it is true for n= 4 (Step 2, where k= 3 and 
ktl = 4). Since it is true for n= 4, it is true for n= 5, and so on, 
for all positive integers n. 


@ PROBLEM 711 


Prove: 


AB @ 9343-44... ¢ 22+) @ SAL VesrD 


by mathematical induction; The steps for a proof by mathe- 
matical induction are: 
I) check validity of formula for n=l 


II) assume the formulation is true for n =p 
III) prove it is true forn = p+ i. 


I, For n=1 the formula gives 


LQ +1) = 2(2) = 2 = AGG, Les = 2 


which is correct and completes Step I. 
II) Assume the formula is true for n= p: 


+2 + 263 + 364 + ee + p(p +1) -P2+ Ver, 


Prove the formula is true for n=p +l, that is, prove 


124234... + P@+D + (P+ D@+D = LtVE+PDO+HD 


(p + 1)(@p + 2) is added to both members of the first equation in this 
step; this gives 


(1°2 + 293 + ... + p(prl)] + (p+) (p+2) = 
= [eesti + (p+) (+2) 
Factoring out (p+) (p+2), = (+1) (+ (E + 1) 


= on mae + 1)@) 


= StL) (+2) (+3) 


631 


1 1) +1 +1 
3 
which is of the same form as the result we assumed to be true for p 
terms, p+l taking the place of p. Since the statement is true for 
n=1 and n=p+l1 assuming it was true for n= p, then the state- 
ment is true for all n, 


@ PROBLEM 712 


Prove by mathematical induction that, for all positive integral 
values of n, 


na(mt+l 


1+24+3+...¢n8 2 


Solution; Step 1. The formule is true for n= 1, since 1 = Gt .j, 


Step 2. Assume that the formula is true for n= k, Then, adding 
(k+1) to both sides, 


142434... + b+ Cert) = SOD + (acer) = Cerner) 
which is the value of S@H2 vnen (k+l) is substituted for n. 


Hence if the formula is true for n= k, we have proved it to be 
true for n=k+1, But the formula holds for n= 1; hence it holds 
for n= 1+1=2. Then, since it holds for n= 2, it holds for 
n=2+1= 3, and so on. Thus the formla is true for all positive 
integral values of n,. 


© PROBLEM 713 


Prove by mathematical induction that, for all positive integral 
values of n, 


eh a 


1,1, es Ce ea 
193 365 Se? @n-1)(2n+l) ~ 2ntl ° 


Solution: Step 1. The formula is true for n= 1, since 


cae See ee | 
(2-1)(2#1) 241 3° 
Step 2. Assume that the formula is true for n*=k, Then 


= eee ee ae a eee an 
13° 3575-7 * + * Gkel)@eri) ~ 2keel * 


Add the (ktl)th term, which is GaGa » to both sides of the above 
equation. Then 


2 ee ee ee a ee 
1°30 365 5*7 (2-1) (2e+1) ~ (21) (243) = 2+ (2+) (243) * 


The right hand side of this equation = SZkES hg EELS, which ts the 


value of jo when n is replaced by (k+l). 
Hence if the formula is true for n= k, it ie true for n= k +1. 
532 


But the formula holds for n= 1; hence it holds for n= 1+1= 2. 

Then, since it holds for n= 2, it holds for n= 2+ 1 3, and so 

on, Thus the formula is true for all positive integral values of a. 
© PROBLEM 714 


Using mathematical induction, prove that 


28 - y is divisible by x+y. 


Solution: 

—_—_—_—_—_—_—_— 

(1) The theorem is true for n= 1, since ¥- y = (x-y) (x+y) is 
divisible by x+y. 

(2) Let us assume the theorem true for n= k, @ positive integer; 


that is, let us assume 
2k 2k 


(A) x ey ig divisible by x+y. 
We wish to show that, when (A) is true, 
(B) eke - yet? is divisible by x+y. 


2k+2 _ kt? (ze 22k 2.2k_ 2kt2 
es ey] + yy 


Now x 

. x?(.2* 2 y*) 7 (x? £ ). 
In the first term {x** - y**) ts divisible by (xty) by assumption, 
and in the second tera (x? - y*) is divisible by (xty) by Step (1); 
hence, if the theorem is true for n= k, a positive integer, it is 
true for the next one n= k+l. 


(3) Since the theorem is true for n= k= 1, it is true for n=k+1 
= 2; being true for n= k= 2, it is true for n= k+1* 3; and so 
on, for every positive integral value of n. 


© PROBLEM 715 


Prove by mathematical induction that 


1+7+13+... + (6m - 5) = n(3n - 2). 


Solution: (1) The proposed formula is true for n= 1, since 
l= 1(3 - 2). 

(2) Assume the formula to be true for n= k, a positive 
integer; that is, assume 


(A) 1+7+13+ ... + (6k - 5) = k(3k - 2). 
Under this assumption we wish to show that 
(B) L+7+13 + ... + (6k - 5) + (6k + 1) = (k+l) (Skt). 


When (6k+1) is added to both members of (A), we have on the 
right 
k(3k-2) + (6k+1) = 3 + Gk + 1 = (k+l) (3k+1); 
hence, if the formula is true for n= k it is true for n=k+l. 


(3) Since the formula is true for n= k= 1 (Step 1), it 
is true for n= k+1= 2; being true for n= k=2 it is true for 
n=k+1= 3; and so on, for every positive integral value of n, 

@ PROBLEM 716 


Prove by mathematical induction that 


145+ 4...¢ 50. x(5"-1). 


Solution: (1) The proposed formula is true for n= 1, since 
1 = &(5-1). 

(2) Assume the formla to be true for n= k, a positive 
integer; that is assume 


(A) 1+5+ 5 eet Hh ew afsKa), 
Under this assumption we wish to show that 
(B) 14548 4...4¢ shy ste x(s**2-1). 


When s* is added to both members of (A), we have on the right 
eta) + = 2H) 2 esta) - 
hence, if the formula is true for n=k it is true for n= k+l, 
(3) Since the formula is true for n= k= 1 (Step 1), 
it is true for n= k+1 «= 2; being true for n=k=2 it is true 
for n= k+ 1 3; and so on, for every positive integral value of 1. 


® PROBLEM 717 


Prove by mathematical induction that 


ree Me Meera Mee 
1+2+3 9 -243+4 34455 ~, n(nt1) (n+2) 2(mtl)(m+2) ° 


Solution: 
—- 


= J . 1G) _53 
(1) The formula is true for n= 1, since Te2°3 7" 26203 6° 


(2) Assume the formula to be true for n= k, @ positive integ:r; 
that is, assume 


(A) 


= ea a a. k 
1+2*3 0 2+3+4 °°" © (eth) (e+ 2) 2(ke+1) (+2) * 
Under this assumption we wish to show that 


a Pree a [an .. Se .-- Sr 
(8) Tara + Tag + +++ + Ete) ceed) * Teel) Ged) CS) 
ke+1) (3k+10 
2(kt2) (kt3)* 
—HtS______ ig added to both members of (A), we have 
(ke+1) (+2) (+3) 
on the right 


TER + atavassy - artes [EGE + 4] 


3 2 


. K(3ict7) (et 3) +2 (et 5) | __1 _ 3k +16 + 
(le+1) (le#2) 2 (e+3) etl) (et2) 2 (et 3, 
2 


Met) Gkt10) 
(+1) (+2) 2. (Ie#3) 2(k+2) (+3) ” 
hence, if the formula is true for n= k it is true for n= k+l. 
(3) Since the formula is true for n= k= 1 (Step 1), it is true for 
n=k+1= 2; being true for n= k= 2, it is true for n=k+1 = 3; 
and so on, for all positive integral values of n. 
© PROBLEM 718 


Let x be any real number. Show that |sin nx| < nisin x| for 


every positive integer n. 


tion; Let {P_] be the sequence in which P_ is the statement 
“|ein nx| ¢ n|sin x|." Recall the following theorem: If {P_} is 
@ sequence of statements that possesses the properties 

(i) P, is true and 

(ii) for each index k such that PB. is true, the statement 
Poel is also true, then P_ is a true statement for every positive 
integer n, P, is the statement "|sin x| < |sin x|," which is surely 
true. Now we must show that the truth of the statement Pr implies 
that statement Peel also is true. For any k, we have 


Join(k+1)x| = |sin(kxtx) | 
= |sin kx cos x + cos kx sin x| 
= |sin kx cos x| + lcos kx sin x| 
s lsin kx| + {sin x\. 
Hence, if P, is true (that is, if |sin kx| < klein xl), we see that 
|sin(kt1)x| < |sin kx| + {sin x| < klein x| + loin x| 
= (k+l) |sin x| e 
Thus, the statement Petl ° 
lain(k+L)x| < (kt1) [sin x|, 
is true whenever ry, is true. The two conditions of the above theorem 
are satisfied, so we conclude that statement ry is true for any 
positive integer n. 


© PROBLEM 719 


Prove by mathematical induction that the number of straight lines 


determined by n>1 points, no 3 on the same straight line, is 
ja(n-l). 


Solution: 
(1) The theorem is true when n= 2, since 4-2(2-1) = 1 and two 


( * = a4 na®), + S-U) n-2,2 2.64 Mise H psa frEh pert] rel 


+ re a 


for positive integral values of n. 


Solution: Step 1. The formula is true for n= 1. 
Step 2. Assume the formula is true for n= k, Then 


(atey* = ak + eat hy + ROD? sg or a 


r 


teccenk, 


Multiply both sides by atx. The multiplication on the right may be 
written 


k+l k k-1 2 k(k- Dyno, (eo5t2) ke-rt+2_r-1 
a + kak + EOD, + soe + (r-1)! x 


+ wee + Ox 
+ kx + ra*-},2 + wee + Ec esefherta) bert? rely coe tet . 
(r-2)! 

Since 

= - kert2 rol + = = ker+2_r-1 

(r-1) (r-2)! - 

~ kik at) kort? r=] feort2 = Hobbies fice ir, Fel 

(r-2)! Ea « i} (r-1)! 


the produc may be written 
(arn) ®t? ow hs Getta’ +... + Gee Ceo) aa Ceretd) wert2 ent 


+ see + gett 


which is the binomial formula with n replaced by ktl. 

Hence if the formula is true for n= k, it is true for n= k +1. 
But the formula holds for n= 1; hence it holds for n=1+1 = 2, 
and so on. Thus the formula is true for all positive integral values 
of nn. 


CHAPTER 24 


FACTORIAL NOTATION 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 539 to 


541 for step-by-step solutions to problems. 


If n is any positive integer, then the symbol n!, read “n factorial,” represents a 
product of the integers from 1 up to and including n itself. Thus, in general, 


nl = n(n - 1) (n - 2) (n - 3) ... (2) 1. 
For example, 
5! = 5(S - 1) (5 - 2) (5 - 3) (5 - 4) 
S5ixaSede3e201 
5! = 120. 
Note that the n! expansion may stop at any point. For example, 
5!=5*43! 
5!=20¢3! 
Thus, in general, if r <n, we can write 
nl =n(n-1)... ri, 
where, in the above example n = 5 and r = 3. 


539-A 


Solution: 
(a) Note ni! = n*(n-1)*(n-2)*(n-3)* ... * Ll? 
also ni = ne(n-1)! or ne(n-1)*(n-2)!1 , etc. 
Th 8! ! 1 1 
U8 TTT ™ *10°3= * Iriv3s- “= 355° 
(b) Similarly, 
51-81 _ SeAt - 8°7+6+5+41 


Factoring 4!, = a = o-7-6-5 


@ PROBLEM 1726 


$16! 


Find the value of ai ° 


Solution: Apply the definition of factorial: If n is 
any positive integer, the symbol nj is the product of the 
integers from 1 up to and including n. 


Also if r and n are both positive integers and r is 
less than n, then n! =n s(n - 1) ..-(r + 2)(r +1) T!. 
Use these two ideas to expand each factorial. 


nize le*2*3...28n 


5! = (4!)(5) and 7! = (6!)(7) Substituting the 
values of 5! and 7! we have 


ae = 4015) (61) Dividing the common factors 


4! and 6! 


@ PROBLEM 727 


If n and r are positive integers, and r<n, show that 


mi = ri(r + l)(r+ 2)* ... + m. 


Solution; By definition of factorial, 
ri we leB .o6 oF 


Then, 
Fi(r+l)(re2)* .4. em = (192+ 14. er) (rel) (re2)= on. on 


ri (rel) (re2ye ... om = 1e2* oo. on qa) 
Again, by definition of factorial, 


540 


ni = 1e2+ ... Mm. 
Hence, equation (1) becomes: 


Pi(rel)(m2)° ... ‘m= nt 
or 
mi = ri¢rel)(r+2)> wo. ome 


541 


CHAPTER 25 


BINOMIAL THEOREM/EXPANSION 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 542 to 


554 for step-by-step solutions to problems. 


It is possible to expand the binomial expression of 


+yY, 
where n is any positive integer, without showing all of the intermediate steps of 
multiplying and combining similar terms. To do this, first observe some patterns 
in the following examples: 

(x+y)=xey 

(e+ yP axe 2y+y? 

(x + yPax + 3ry 4+ 3x74 

(x + yt = x4 + 4x3 y + G2? + dxp?+ y* 

The patterns which are evident are: 
(1) In each case the expansion of (x + y)' has m + 1 terms. 


(2) In the expansions of (x + y)", the first term is x* and in each term 
thereafter the power of x decreases by 1 until finally the last term has 
no factors of x at all. The powers of y behave just the opposite; that is, 
in the first term there is no power of y and in cach term thereafter the 
power of y increases by 1 until finally the last term is y”. 


(3) The coefficients form a pattern known as Pascal's Triangle as follows: 


Note that in each row the first and last entry is 1, and each of the interior 
entries is the sum of the two closest numbers in the row above it. Beginning with 
the second row, 


1 1 

one sees the coefficients of the expansion (x + y)’. 
Another method of obtaining the coefficients in the expansion (x + yy" is to use 

the formula 

(") * a! 

tr} rXn-r)V 

For instance, expand (x + y)*. Using the above formula for the coefficients and 
the pattern for the power the expansion is given by: 


cont) (H)eve(2) 2) (9) 
where the coefficients are calculated using the aforementioned formula. 


This method of generating an expansion of (x + y)" is often called the bino- 
mial theorem which is stated as follows: For any binomial (x + y) and any posi- 
tive integer n, 


x+y = (5) x" +(7) x tye (5) arty? s(t 


Once the binomial theorem is known, expansion of all types of binomial expres- 
sions, even if n is a negative integer or a fraction, can be achieved. 


542-B 


Step-by-Step Solutions to 
Problems in this Chapter, 
“Binomial Theorem/Expansion” 


© PROBLEM 728 


Find the binomial expansion of (2x - s)* . 


Souutson: ae er “— oe the binomial expansion is 

(a+b) =a + ny" 1, + n°" 2 + n°3" b treet Oe b 
+ Cs a” 

Here we take a= 2x, b= -5, and eos, 

(ax-5)* = (any* + 40, (20°@5)" + 40,(22)7¢-5)? + (22) ¢-5)° 


£ah2™°5y* 

8x°.(-5) + c, 4x"(25) + 403 2=(-125) + cers 
an. 

Note that n°r STirrt .« Therefore 


(2x-s)4 = 16x" + tar 8x°(-5) + Siar") + $e -125) 


+ fares) 


= 16x* + oS 8x"(-5) + ae Gioox*) » Se 250x) + 625 


= 16x* - 160x° ‘ales salads ia 


@ PROBLEM 729 


Solution; Use the binomial theorem. 
(uty) oe ge my + ao wna? Meso uP S\5,, . eet 


where u = 2z 
ve -3y 
n=4 

akaie 


(22 - ay)* = (a=) + 4(22)° (-3y) + er *can" + 4(22) (~3y)? + con" 
= 1624 + 4(2°)-sy) + o(e “Mor? )+ 4(22)(-21y°)+ siy* 
= 16z ~ 962°y + 21624y? ~ 216zy* + Bly* 
@ PROBLEM 730 


Find the expansion of (a - 2x) 


= 
ts) 
ue 


Sglution: Use the binomial formula: 


(vu + vy aut + nu®dy + ated) yt-2y2 


< nine} (n-2) yw 3y3 +...4+v 


and substitute a for u and (-2x) for v and 7 for n to obtain: 


(a-2x)7? = (at(-2x))7 . 
= a’ + 7a°(-2x) + 1B a5 (-2%)? + IS a‘ (-2x)3 


1 
3 
+ itv -2x4 + LEEDS 2 (201° 


7 6, + g4a°x? - 280a4x? + 560a°x! 


+ 448a x® - 128x’. 


(a - 2x)? =a - lé4a 


- 672a7x° 


@ PROBLEM 731 


Solution; Use the Binomial Theorem which states that 
(at+b)" = ér an + a aah, 4 eu ant? go nab tte 
Replacing a by x and b by y: 


Ge he 1 x < & x + 6+5 x! 2 ri 6-5-4 Pe 3 + 6+5-4*3 x? 4 
7 Or n2>7+gr*y + sr *7 = *7 


5 §-5.4.3:2 x5 ¢ G:524-3201 xy? 
5: 6: 
1.6.6.5 2.4 
ey7* +7*y+ y 
7 6- 3 5, 
EAS R21 


(xty)® wx's 6x°y + 1sx4y” + 20x"y* + 1sxy* + éxy° + y® ° 


@ PROBLEM 732 


Solution; Apply the binomial theorem. If n is a positive 
integer, then 


(a +b)" = [je + [ers + [Jerr te%s neff amrase 
543 


n 
i _ + [iP 


n 
1 
Note that = an and that 01 = 1. Then, we obtain: 
[) ri(n-r)t 


(x + 2y)5 = i ‘ [stent : een? 
[feo «ant flan 


id x + ie x‘2y + sti 3(uy*) 
sear” @y?)+ ee Ger')+ sth) G2y*) 
5 4 Soha 2y + che (ay?) 
sgdhow Gy’) + Suir’) « + trey?) 


= x” + 10x4y + 40x9y* + 80x2y? + Boxy! + 32y”, 


© PROBLEM 733 


Solution; We apply the binomial theorem: If n is a positive integer, 

then 

(a +b)" = (d) ay? + @) ath, 4 () a®4,2 . oo. fe) a, + 
«) AA 

were (2) = sGaNT- 


We identify 3p? with a, -aq# with b, and n with 4. The bi- 
nomial theorem then gives us 


~ aah = (o}Cae?)CaatY + (f}{2r2)°(-2alt) + (3) 20? 9-aatY 
+ (S)(27PC-aat) + ($)Gr?)?C-2a* 
=o PHT aiear 9? tater p'(-2at) + =tir 3°58 (-2)7 . 
+ stir > 2%? gare? 
= sip? 44> mp wand) s 333% opeg 


+ = 3p7(-8)q>/? + 1697 


3/ 


2. 16q? . 
@ PROBLEM 734 


= sip® - a16p°qt + m16p"q - 964 


Give the expansion of [? - 3! - 


u Write the given 
ra the 5th power: 


e-a- P+ AD s 


The Binomial Theorem can be used to expand the expression on 
the right side of equation (1). The Binomial Theorem is 
stated as: 


(a+b)” =a + na® 7), + n(n=1) an-2,2 + nincd) (nn 2) n-3,,3 


rare 5 nab"! + 5", where a and b are any two 


expression as the sum of two terms 


numbers. 


let a= r’, b= -i, and n= 5. Then, using the Binomial 
Theorem: 


e-a- + oT — 
~(2) + (21) RED) 
» stgcapis-ay,2y"(4) 
+ S63} (552015091 (-2))" "(2)" 
+ Seen sea) sop 6-0-2)? (3)? 
22h ory HB 


1 
+ 88.019 [8] - EMO? 
8 6 4 2 
10 _ 5x 10r lor Sr 1 
or = —-* = + - (@)Q) 
+ My - A + Bcc 
[-* - a)? = eto _ se0, aoe0 _ noel y set 
8 s2 ee eee 
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@ PROBLEM 735 


Pind the first five terns of the expansion of (1 +x)", 


Selution; The Binomial Theorem states that: 

mn 1ion.ion orl n(o-l) 7-22 n-1 a 
(aed) = or 8 + ar 8 b+ REE AP so. + nat +b. 
This theorem can be to find the first five terms of the ex- 


pansion of qQ+zx)*. Replacing a by 1 end b by «x, the 
expression (1 + x)~2 becomes: 


asx)? = a 1? A 7? 3, * {-2)(-3) 14,2 + (-2) (3) (-4) 75,5 


. 


+ LACH acs 4,4 + oon + (-ayx? + x? . 


Writing only the first five terms of this expansion: 
Gear? = Ba? 5 Ro ¢ CHOW 4? , CDEMEO, 63 


+ 2) (-3)(-4 to) el re 


a 
2 3 4 
1 1\. ex (-24)x"/2 n 
= - + + + + see 
is) =) + $5 (2) + SBR) - Fas) 
Cex)? 2 1 = oe + Sx? = ae? + xt eo, @ 


Bence, the right side of equation (1) represents the first five terms 
of the expansion of (1 + x)"?. 


© PROBLEM 736 


Find the first four terms of the expansion of (2 - x . 
Solution; The Binomial Theorem states that: 
(asv)” = 5” +H > + 2G. 3,7 tH soe nap™ +b" . 


This theorem can be used to expand the expression (2 - 1)1/. . Re- 
Placing a by 2 and b by <1, the expression (2 - 1) becomes: 


(2-1)/? = [24¢-1)]"7? = Ea’? , UP ery, A) ay 71)? 
+ Bee? cate oo. + enh + Ent 
a3 Bs darter + ied)? a) 


+ tgp ta teens... eae tea 
~~) - 24) - af) ise * G5) °F 


The last result ig true because of the law of exponents which states 
—_ -~a>_ 1 
a) "“— 
a 
where a and b are any positive integers, Writing only the first 
B46 


theorem, express (1.01)° as the sum of two numbers raised 
to the fifth power. Then, 


(1.01) = (1+ .02)5 


Now, let a= 1, b= .01, and n= 5 in the Binomial Theo- 
rem. Calculating the first four terms of this theorem 
with these substitutions: 


(2.01)5 = (2 + .01)° 


a)> + 5@)57? (01) + G54) « 


(15°? (,01)? + SE = AS = 2) x 
(1)373 (,01)3 + +e 


2 
1+ 5(2)4(.01) + (1)? (,01)? 
1 


1 


+ 3) (1)? (.01)3 + eee 


2 


1 + 5(1)(.01) + 10(1)(.0001) + 10(1) 


(.000001) + ++ 


1 + 0.05 + 0.001 + 0.00001 


1.05101 


@ PROBLEM 1745 


e the binomial formula with n= 1/3 to find an approximation 
to 8. 


tion: To apply the binomial formula, try to express 28 as the 
gum of two numbers raised to a power. Note that the formula is sim- 
plified if one of the numbers is one. 


V6 = (28/9 » (2741)/3 


We can write the expansion of (ty)? 3 to four terms and later sub- 
stitute for x and y. We write out the binomial expansion to four 


terms when o = 1/3. 
Q/1 /}2 
ei oe MLE ys @@) $ Zz 
1-2 


ny. ,yl- 0/33 
AGG); Y tees 


1-2 
3,23, , OD 5/3 2 


G XC) 
+ 78/3 y> + ceo 


1+2+3 


7 i +4 x34 (DA) ci, 2 


2.5 -8/3 3 
Cc a 
(xty) 43 ~ xi/3 +4 x2/3 y- A 3/3 y* 


+ & 8/3 y? Oca qa) 


In this case, n is fractional. We obtain an infinite series and we 

can expand i rt first few te’ ae ikl < byl » x= 27 and 

y= 1, and by < |x|, d.e., Tl < 127 + Therefore, using equation (1) 

with x= 27, y=1 and n= 1/3 (writing only the first four terms): 
336 = (28)'/3 


= (27 + y¥3 


27/3 4 1/3(277 a - 1675/3) (4?) 
* 16am 3671 


3+X3)-3G)+ iGsa) 


3 + 0.037037 - 0.000457 + 0.000009 
3.036589 


CHAPTER 26 


LOGARITHMS AND EXPONENTIALS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 555 to 
614 for step-by-step solutions to problems. 


Logarithms are exponents and the properties of logarithms are actually the 
properties of exponents. For any positive number b other than 1 


y= fix) =o 


is called the base 6 exponential function. On the other hand, for any positive 
number 6 other than 1, the logarithm to the base 6 of x, denoted by log,x, is de- 
fined to be the power of b that equals x. In other words, 


log,x=y ifandonly if bY =x. 


The base b exponential function and the base b logarithmic function are in- 
verses of each other. The base b exponential expression (in exponential form) can 
be written in base b logarithmic form. For instance, in general, 


BD=x 
is equivalent to 
log, x = y, 


whereas b is the base for both the exponent and log. Also, the exponent y in bY is the 
value of the log, and x, the value of bY, is the number of which the log is taken. In 
a similar manner, a logarithm statement can be written in exponential form. For 
example, 


log, 8 =3 
written in exponential form is 2° = 8. 
To find the value of the expression log,x, first set 
log,x = y, 


which is equivalent to the exponential form bY = x. By trial and error or by using 
the calculator, find the value of y that satisfies bY = x. 


5S5-A 


To find the value of log,’, recall that 
log, x” = y(log, x). 


When finding logs with particular values and bases (including base 10 and e), we 
can use tables, calculators, and the various properties of logarithms. 


To solve a logarithmic equation, the following general steps are suggested: 
(1) Write the equivalent exponential equation for the given logarithmic 
equation. 
(2) Evaluate the power that results. 
(3) Solve the resulting equation for the variable. For instance, 
log,(2x-3)=4 = 2x-3=3'or 
2x-3=81 => x= 42. 


In order to solve an exponential equation in which the bases on both sides of 
the equation can be written as powers of the same base, b, follow these steps: 


(1) Write the base on both sides as powers of b. 
(2) Simplify the exponents on each side, if possible. 
(3) Set the exponents on each side equal. 
(4) Solve the resulting equation for the variable. 
For example, 
= 27 = (34% =(3¥ => 34=3%, 


=> 4=3x = x= 4/3. 


555-B 


We could have obtained the same result by noting that 
3? = 9, Using a log table to find log), 9, we observe: 


logie 9 = .9542, as above. 


Write &= 1og,3 in exponential form. 


@ PROBLEM 749 


Solution: The statement log, x =y is equivalent to the statement 
b” = x, where b is the base and y the exponent. The latter form 
is the exponential form, Thus, § = 10g,3 in exponential form is 
9% = 3, where the base is 9 and the exponent is & . 


If log.N = 2, find N. 


3 


@ PROBLEM 750 


Solution: The equation log.a = y is equivalent to the equation 
x =a. Thus log.N = 2 is equivalent to the equation 3? = WN, 


x = 9, hence N= 9. 


@ PROBLEM 751 


Find the value of x if log ,64 =X. 


Solution: 


log,u =v 

is equivalent to, 
bY’ = u, 

thus the exponential equivalent of 
log,64 = x is h* = 64, 


Since, 
a oe ace ae | 
1og,64 = 3. 

That is, 
x = 3. 


@ PROBLEM 752 


Find 1og.,729. 


pee Since we are working with log base 3, we check whether 729 


actors of 3, 


729 = 3-243 = 3+(3-81) = 3-(3-(3-27)) = 3[3+3(3+9)] 


= [3-3-3+3-(3-3)] 
= 3° 


= 1 =e 
bY Xx, log), 55 2 
is equivalent to 


thus, 
2.1 1 
b = 
v. Therefore b 22 a4 is equivalent to v = 2, 
Cross multiply to obtain the equivalent equation , 
p* = 25, 
Take the square root of both sides. Thus, 


b= ts 
© PROBLEM 756 


3 
Express the logarithm of Le in terms of log a, log b and log c. 
eb 


Solution: We apply the following properties of logarithms: 
log, (P+Q) - log, P + log, Q 
log, (P/Q) = log, P - 1og,Q 
log,(P")) = n log? 
108, "P) = + log,P 


Therefore, [3 23/2 
los "Sa ~ lon Sa 
eb eb 


= 3/2 log a - (og c? + log b*») 
= 3/2 log a - log o- log b? 
3/2 log a- 5 loge - 2 logb. 
@ PROBLEM 757 


If 10949 3 = .4771 and 10g 4 = .6021, find 10949 12. 


Solution: Since 12 = 3 x 4, 
10g} 12 = 1og, 9 (3) (4). 
Since log, (xy) = log, x + log, y 
logy (3 x 4) = 10945 3+ 10945 4 


= .4771 + .6021 
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statement bY = a. Thus, x = log, 36 is equivalent to 
6* = 36. 6? = 36, thus x = 2 and logs 36 = 2. Replacing 


log, 36 by 2 we obtain log, 16 = 2, or equivalently 


b? = 16. Thus b = /16 = 4. 
© PROBLEM 766 


2 
Evaluate logi, /7. 


3 
Solution: Since 9K = x 1/a 47 = 7, and 
y + 
logis ¥7 = logis 7 
Recall the property of logarithms: log, x* =a log, X. 
Thus, logio a s } logis 7s 


From the table of common logarithms we find that 
logis 7 = .8451, thus 


3 logis 7 = % (.8451) = .2817 


3 
Therefore, log,;) 77 = .2817. 
@ PROBLEM 767 


solution: 42= 30, thus log (9) = 109 4. 
Since log, F = log, x - log, y » 


log 39 = log 30 - log 7. 


Reducing 30 to prime factors, 
106 20 = 10g (2 x 3.x 5) - log 7 
Recalling log, xyz = log,x + log, y + log, z ’ 
106 _2.= log 2 + log 3 + log 5 ~ log 7. 
Prom a log table we find 


log 2 = .3010 
log 3 = .4771 
log 5 = .6990 
log 7 = .8451 
Hence, log ( 3) = .3010 + .4771 + .6990 - .8451 = .6320. 
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@ PROBLEM 768 


Find the logerithm of 258, using a trig table. 


Solution: Since our log tables only give values of logarithms between 
1.00 and 9.99 we must express 258 in terms of some number between 1 


and 9.99 multiplied by a power of ten. Hence 


258 = 2.58 x 100 = 2.58 x 107 
and log 258 = 1og(2.58+10" ) 
since log BC - log ,B + log ¢ 


log, {2-58+10") = log, 5 2.58 + log, 10° 


Since log, x= a means by definition 10° = x ’ 
we note 108) 9 10? = 2 because 107 7 107 3 
hence log, (2-58*107) « log, 2-58 + 2. From our trig. table we 


read log 2.58 = .4116. Hence log 258 = .4116 + 2 = 2.4116. 


@ PROBLEM 769 


Solution; First calculate 10g, 512. 


log, 912 = 10g, (1.2 x 10) 
By the law of logarithms which states that log, (x+y) = log, x + logy, 
1og, 912 = Log), (1.2 x 10) = log, 1-2 + Log, 410 


= 0,0792 +1 

= 1.0792 
The og, 91-2 was obtained from a table of common logarithms, base 10. 
Also, 108, 5 = 0.6990, This value was also obtained from a table of 
common logarithms, base 10. 


2060 22 1.079% 2 1 san, 
logig 5 0.6990 


© PROBLEM 770 


Pind the logarithm of 30,700. 


Solution: First express 30,700 in scientific notation. 


30,700 = 3.07 x 10°, 4 is the characteristic. To find 
the mantissa, see a table of common logarithms of numbers 
The mantissa is 4871. Thus log 30,700 = 4 + .4871 = 4.4871. 
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@ PROBLEM 771 
Find log 0.0364. 
Solution; 0.0364 = 3.64 x 107 


power of 10, is <2. 
3.64 is 0.5611. 


- Therefore, the characteristic, the 
From a table of logarithms, the mantissa for 
Therefore, log 0.0364 = -2 + 0.5611 = -1.4389. 

© PROBLEM 772 


Find N if log N = 0.7917 - 3. 


Using a table of logarithms, the mantissa .7917 
is found to correspond to the number 6.19. Therefore the 
antilogarithm is 6.19. Then,since the characteristic is -3, 


N = 6.19 x 107> = 0.00619. 
© PROBLEM 773 


What is the value of log 0.01487 


Solution; 0.0148 = 1.48 x 10°", The characteristic is the exponent 
of 10, Hence, the characteristic is -2. The mantissa for 148 can 
be found in a table of logarithms. The mantissa is 0.1703. There- 
fore, log 0,0148 = -2 + 0.1703 = -2,0000 + 0,1703 = -1.8297. Notice 
that the number 0.0148 is less than 1. Therefore, the value of 


log 0,0148 must be negative, as it was found to be. 


@ PROBLEM 774 


Determine x when log x = 3.1818. 


Solution: 10g), x = 3.1818 is equivalent to 10°°1818 . 


X. 
Since aX*ty =a sa’, x= 103+1828 = 10? ° 10°2818 


= 1,000 « 10°2818, 


We look in the body of the log table for the mantissa 0.1818 


and find it in row 15 and column 2, so that the digits of x 
are 1.52. Thus 


x = 1,000 x 1.52 
= 1520. 


: 


Pind Antilog, ,(0.8762 - 2). 


Solution; Let N= Antilog, (0.6762 - 2}, The following relationship 
between log and antilog exists: 108 9* =a is the equivalent of 
x= antilog, 5 + Therefore, 


3 


corresponds to the mantissa 0.5019 is approximately 3.18. 
Then x° + 1 = 4.18 and x? - 1 = 2.18. Let 


[A AE. 


Take the logarithm of both sides of the above equation. 


log N = 106 eaie 10s (f-38)". 


By the law of the logarithm of a power of a positive number 
which states that 


log amen log a, 10s (4:28)" = $ 103 [5-44] 


By the law of the logarithm of a quotient which states that 
(5:48) = 10g 4.18 ~ tog 2.28. 


log £ = log a - log b, log(s 
Hence, 


Ms 
log N= 109 ($45] = 109 [$48] = $ los 4.18 - log 2.18) 
= (0.6212 ~ 0.3385). 


Note that the values for the two logs were found in a table 
of logarithms. Therefore, 


log N = $(0.6212 - 0.3385) = 3(0.2827) = 0.1414. 


N = antilog 0.1414 = 1.38. 


Note that in a table of logarithms, the number that corres- 
ponds to the mantissa 0.1414 is approximately 1.38. 


INTERPOLATIONS 
e@ PROBLEM 781 


Use linear interpolation to find log 5.723. 


Solution:, Since 5.723 is .3 of the way from 5.72 to 
5.73, we argue that log 5.723 is approximately .3 of the 
way from log 5.72 to log 5.73. 


This is the basic idea involved in linear inter- 
polation. We obtain log 5.72 and log 5.73 from a table of 
common logarithms, and find the mantissas to be 7574 and 
7582, respectively. We now use interpolation to find the 
mantissa for 5.723. 


N log N 


3.120 4942 
[ .004(3"195, =o g 
01 


3.130 .agss 7 70013 


Setting up the following proportion: 
2004, d__ 5 Z 
“01” 20013 ° Cross multiply to obtain (.01)d = (.004)( 0013) 


a = (.0012)(22%) «Gad 10 “DG x 10°) 


1x 1072 
“6 
_ 5.2 x 10" 
1x 107 


5.2 x 10076 (-2)] 2 5.2 x 107* 


(5.2) (0.0001) 

d = 0.00052 
Therefore, x = log 3.124 = 0.4942 + 0,00052 = 0.49472, Hence, the 
mantissa for 3.124 is 0.49472. Therefore, log 0.003124 = -3 + 0.49472 
= -2.50528 


ee 7.49472 - 10. 


© PROBLEM 788 


Find the logarithm of 3614.0. 


3,614 = 3.614 x 10° , hence our characteristic (exponent of 
10) is 3. To determine the mantissa of 3.614, since our log tables 
only give us values for 3,61 and 3.62, we make the following interpola- 
tion: 


log N 


3.61 0. saga 
0.004 | 3 614 .0012 
3.62 0.5587 


The following proportion is set up: 


= - sam , cross multiplying we obtain (.01)d = (.004) (.0012) 


- - 6 
i = 21004 (9039) = (4%.10°9XG.2 x 107), 4,8 x 107 


“0.01 


= 4.8 x 10° (2) © (4.8) x 107% = (4.8) (0.0001) 
d = 0,00048 


Hence, x = log 3.614 = 0.5575 + 4 
= 0.5575 + 0.00048 
= 0.5580 
Therefore, the mantissa for 3614 is 0.5580. The characteristic is 3. 
Hence, the logarithm of 3614.0 is 3+ .5580 = 3.5580. 
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denominator by 1000 (moving the decimal 3 places to the 
right). Thus, 


“f° br 


y = (.2)(.0012), by cross multiplying. There- 
fore, y = .00024. 


log .3612 = (9.5575 - 10) + .00024 
= 9.55774 - 10 


We must now find log 456.53. Since 456.53 > 1, and for 
a number greater than 1, the characteristic is positive and 
is one less than the number of digits before the decimal 
point, the characteristic is 2. By use of the log table we 
find the mantissa for 456 is .6590, and for 457 is .6599. 
Hence, by interpolation, 


x. log _x_ 
456 2.6590 
53 y 
1 456.53 ? -0009 
457 2.6599 
53, _y 
T ~ 70005 
y = (.53) (.0009) 
y = -00047 


log 456.53 = 2.6590 + .00047 = 2.65947 

Thus, log x = (9.55774 - 10) - (2.65947) 
log x = 6.89827 - 10 
We again use interpolation to obtain x. Observe 

that the characteristic is - 4. Thus, the desired number 
will be less than 1, and have 3 zeros following the 
decimal (by the rule that for a number less than 1 the 
characteristic is negative and is one more than the 


number of zeros following the decimal point). Thus, by 
interpolation: 


-000791 6.8982 - 10 
y -00007 
-000001 ? 6.89827 - 10 -0005 


-000792 6.8987 - 10 


Yogy = 200007 


5.06 X 71,32 = antilog[log(5.06 x 7,132 x 10)] qQ) 
Evaluating the expression in the brackets: 
log(5.06 x 7,132 x 10) = log 5.06 + log 7,132 + log 10, 
This is true because of the following law of exponents: 
log abc = log a + log b + log c, 
Using a table of common logarithms to find the value of log 5,06 and 
noting that log 10 =1, 
log(5.06 X 7,132 X 10) = 0,7042 + (log 7,132) +1 
= 1.7042 + log 7.132 (2) 


We now evaluate log 7.132, The numbers that appear in a table of 
common logarithms which are closest to the number 7.132 are 7,13 and 
7.14, The mantissa that corresponds to the number 7.132 will be found 
by interpolation, 


+02 +0027 -0006 
Now, setting up the following proportion: 
a .002 
70006 ~ ~T01 
Cross-aultiplying, d= ,0006' a 
= (6x10 (2% a) 12 x oe 
x 10 1x10 
~ 32x 107 = 12 x 1077 ©?) 
1x10 
=12x10° 
= (2.2 x 107 )x 10° = 1.2 x 1025) 
212x104 
= 1.2 x 0,0001 
= 0,00012 
ss 0,0001 
Hence, log 7.132 = x = 0,8531 + 0,0001 
= 0.8532, 
Therefore, equation (2) becomes: 
log(5.06 X 7,132 X 10) = 1.7042 + 0,8532 
= 2,5574 
Equation (1) becomes: 
5,06 X 71,32 = antilog{ 2.5574] = M (3) 
By definition, antilog[2.5574] is equivalent to log M = 2.5574, 
The characteristic is 2, The mantissa is 0.5574, number that 


corresponds to this mantissa will be multiplied to 1 or 100, The 
mantissas which appear in a table of logarithms and are closest to the 
mantissa 0.5574 are 0,5563 and 0.5575. The number that corresponds 
to the mantissa 0.5574 can be found by interpolation, 


584 


Since x! = Je 10g, 510,000 = 4 10g, 10° 
10g, 510,000" = 10g, «10,000 ehh 

= 1og, ,100 -2 

2 


Thus 10g, 910,000" =2=*4 1og, 910,000 » and 


1061 010,000 1/2 § 10g, 410,000 . 
© PROBLEM 804 


The graph of an exponential function f contains the point (2,9), 
What is the base of f? 


Splution. Since f{ is an exponential function, we know that f(x) = 
where b, the base, is a positive number that we are to determine, 
An exponential function f may also be written as y = f(x) = b*, 
Since the exponential function f contains the point (2,9), 
9 = £(2)=b* or vb? =9 
= 6 

b=3., 
Note that only the positive square root was taken, since for the base 
b, a positive number, is desired. 


@ PROBLEM 805 


If £ is the logarithmic function with base 4, find £(4), 


£(Z), and £(8). 


Solution: Since f is the logarithmic function with base 4, 
then y = f(x) = log, x. The values f(4), £(z), and £(8) can 


be found by replacing x by 4, ie and 8 in the logarithmic 
function y = f(x) = log, x. Hence, £(4) = logy. Let 
Ny = £(4) = log, 4. By definition, log, a=Nis a a 


to x a. Therefore, Ny = log, 4 is equivalent to 4 “1 = 4. 


Since 44 = 4, Ny #1, Then , Ny =1 = £(4), 


For the a value (2), <%) - a log, i Let 
- <3) = log, i Hence, % = log, 3 is equivalent to 
‘ 
2_1 -1 1 
4723, since 4} - + = 3,5, =-1. men, s, = -1 = (3). 
Por the third value £(8), £(8) = log, 8. Let N, = £(8) 


= log, 8. Hence, N3 = log, 8 is equivalent to . " = 8. 


Since 4 = 2?, N3 = log, 8 is equivalent to (2)" 328 or 
588 


2N 
2 3= 8. Since 2? = 8, 2N, = 3. Dividing both sides of the 


equation 2Nn, = 3 by 2: 


3 


© PROBLEM 806 


Solve the equation log, @ = 8%) = 2. 


Solution: The expression log,® = y is equivalent to r= a. Hence, 
log, &* - 8x) = 2 is equivalent to 37 = x* - 8x, Therefore, 


3° = x* - Bx 
or 9= x - 8x, 


Subtract 9 both sides of this equation: 
9-9= x* ~8x-9 
O= x* -8x- 9, 


Factoring this equation: 
O = (x - 9(x +1). 


Whenever the product ab=0 where a and b are any two numbers, 
either a=0©0 or b=0, Hence, either 


x-9=0 or x+1=0 
x=9 or x=-l,. 


@ PROBLEM 807 


Solve the equation 2% = 7 for x. 


SQlution: By taking logarithms of both sides of the 
equation, we obtain the equation 


log 2* = log 7. 
Using the rule log M* = x log M, we obtain: 

x log 2 = log 7 

Prom a table on common logarithms the log 2 = .3010 
and the log 7 = .8451. So our equation becomes 
-3010x = .8451. Hence, 


-8451 
x= — io * 2.808. 


Remark 1. Since 2? = 4 and 2° = 8, it should be 
obvious at the start that the solution of the equation 


2* = 7 is a number between 2 and 3. 


Remark 2. Since x log 2 = log 7, it follows that 
x = log 7/log 2. It should be emphasized that the ex- 
pression log 7/log 2 is a quotient. We do not evaluate 
this quotient by looking up log 2 and log 7 in the table 
and subtracting; we look up the two numbers and divide. 
We can divide with the aid of logarithms, but it still 
will be division. 


@ PROBLEM 808 


Solve the equation 2* = 3** gor x. 


We take logarithms of both sides of the 
equation to obtain the equation: 


log {2*] = log a} 
Using the rule log, Mm = x 10g, M, we obtain: 
x log 2 = (x + 1) log 3. 


Hence, x log 2 = x log 3 + log 3, by 
distributing log 3; and 


x log 2 - x log 3 = log 3, 
or in other words x(log 2 - log 3) = log 3 


Using a table of common logarithms we obtain: 


os 24771 peer: ) eee 


. O-. *.e 


Solve for x in the equation 77°) . 5 «0, 


i. Writing the equation as vel. 5 


of both members, we have 


5", and equating logarithms 


log ~~ = logs™ 


Recall logx” = y log x, thus, 
(2x = l)log 7 = 3x log 5 
Looking up log 7 and log 5 in our log table and substituting, 


(2x - 1) (0.8451) = 3x(0.6990). 
Hence 
1.6902x - 0.8451 = 2.097x, 0.4068x = -0.8451 


and x © -2,077, 


@ PROBLEM 810 


| 
| i Solve the equation I 


; This is an exponential equation, an equation involving one 
or more unknowns in an exponent. We solve it by logarithms. 
2% a gett 
Taking logarithms of both sides: 


1og(2?*) = 1og(4**t) 
Apply log pi = q log p: 3x log 2 = (xtl)log 4 
Now log 4 = log 2 = 2 log 2, and consequently 

3x log 2 = (xtl)log 2” 

3x log 2 = 2(xtl)log 2, 
Divide by log 2: 3x = 2x + 2, 


Subtract 2x from both sides: 
x= 2. 


The solution can be yerified by substituting the value x = 2 into the 
original equation, 2°* = 4**1, Thus, 


o32 2 42H 


" Pa 


RS Gy 
6 - 2° 
Thus, the solution is x = 2, 
@ PROBLEM 811 


solve 5 = 7**) . 


Solution; If we take the common logarithm of each member of the given 
equation, we have 


log 5™ = 10g 77*2 


Recall log x” = y log x. Thus log 5 = 2 log 5 and log 7** = 
(x+1) log 7. Making these substitutions we obtain, 


2x log 5 = (x + l)log 7 
Distribute, 2x log 5 = x log 7 + log 7 
Add (-x log 7) to both sides, 

2x log 5 - x log 7 = log 7 
Pactor x from the left member, 

x(2 log 5 - log 7) = log 7 
Since y log x = log x” 

2 10g 5 = log 57 = log 25 
Thus replacing 2 log 5 by log 25 we obtain, 

x(log 25 ~ log 7) = log 7 
Divide both members by log 25 - log 7, 

rae log 7 

log 2 - log 7 
Looking up log 7 in a log table we observe log 7 = .8451. Since 
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25 = 2.5 x 10° 
log 25 = log(2.5 x 10°) 
= log 2.5 + 10g 107 


= log 2.5 +1 

= ,3979 +1 

= 1.3979 

Substituting these values for our logarithms, 

8451 

a 
1,3979 - ,8451 
-8451 

= yams = 2-50 


© PROBLEM 812 


0.4x _ 7. 


Solve the “exponential” equation: 2 
Solution: Taking the log of both sides of the given equation, 


log 20-4x 


= log 7. 
Since log, y* =a log, y, log 20-4x = 0.4x log 2. 
Thus 0.4x log 2 = log 7 
“ 7 
es x= oa toy 2 


In a log table we find log 7 = .8451 and log 2 = .3010. 
Thus 
-8451 = 23451 
T120F 


. . 


x= = 7.02. 
Or, if we wish,we may complete the solution by using loga- 
rithms again: 

1 


log 0.8451 = log 8.451 x 10° ~ = .9269 - 1 
log 0.1204 = log 1.204 x 1072 = .0806 - 1 


Since log, 1 = log, y- log z, 


z 


= log .8451 - log .1204 


= (.9269 - 1) - (.0806 - 1). 
Thus log x = .8463 


We look up the mantissa, 0.8463, in a table of Common 
Logarithms and find its corresponding number to be 7020. 
We adjust the decimal point by noting the characteristic 0 
of 0.8463 is one less than the number of digits to the left 
of the decimal point of the number we seek. In this case, 
therefore, there should be one digit to the left of the 
decimal point. Hence, 


x = 7.020. 
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Solution: We can use a fundamental property of 
logar to simplify the left-hand side of this 
equation. 

The logarithm of the product of two or more posi- 
tive numbers is equal to the sum of the logarithms of the 
several numbers. If P, Q, and R are positive numbers, 
then log (P * Q* R) = log P + log Q + log R. 

2 log x - log 10x = 2 log x - (log 10 + log x) 

= 2 log x - log 10 = log x 
= log x - log 10. 
But log 10 means that base 10 raised to what power = 10, 


or 10° = 10; and 10! = 10. Thus, log 10 = 1, and the 
equation becomes: log x - 1 = 0. 


Rewriting this equation: 
log x - 1=0 
log x = 1 


Since the problem is in base 10, log x = 1 can be re- 
written as, 


10' = x, Thus x = 10. 
@ PROBLEM 817 


Solve log(40x - 1) - log(x - 1) = 


Solution: By the law of the logarithm of a quotient of two 
numbers which states that log E = log a - log b, 


log (40x - 1) - log(x - 1) = log “X= += 3, Hence, 
109} 9 at = 3, By the definition of a logarithm, if 
log, N = x, then b* = N. Therefore, 109) 9 fet = 3 
3 40x - 1 40x - 
means 10° = 40% 2. thus 1000 = 40X-)+, multiply noth 


sides by (x - 1): 


(x = 1)1000 = (G2) ($= | 
(x = 1)1000 = 40x - 1. 


Distributing, 1000x - 1000 = 40x -1. Subtract 40x from both 
sides to obtain: 


1000x - 1000 - 40x = Bax - 1 - Tex. 


Combining terms, 960x - 1000 = -1. Add 1000 to both sides 
to obtain: 


960x - Tveo.+ Toea = -1 + 1000. 


Combining terms, 960x = 999. Divide both sides by 960: 


ae He 


© PROBLEM 818 


Solve logo(x - 1) + logo(x + 1) = 3. 


Solution: Applying a property of logarithms, log, x + log, y 
= log), xy, to 
logs (x - 1) + log, (x +1) =3 


we get logo[(x - 1) (x + 1)] = 3. log, x = y is equivalent 


to bY = x by definition, thus logo[(x - 1)(x + 1)} = 3 is 
equivalent to (x - 1) (x +1) = 23 = 8 
x? = -1=8 
x? -9 =0 
2_ 42 


O=x*-9=x -3. 


Thus we apply the formula for the difference of two squares, 
a? - b" = (a + b) (a - b), replacing a by x and b by 3 and 


obtain 0 = x? - 37 = (x + 3) (x - 3). Whenever the product 
of two numbers ab = 0, either a = 0 or b= 0. Thus 


(x + 3)(x - 3) = 0 means either 
x+3=0o0rx-32=0 
and x = -3 or x= 3. 


Therefore, {3,-3} is the possible solution set, but we must 
check each in the given equation. This is necessary because 
we have not defined the logarithm of a negative number and, 
consequently, must rule out any value of x which would re- 
quire the use of the logarithm of a negative number. 


Check: Replacing x by 3 in our original equation 
logy(x - 1) + logg(x +1) = 3 
log(3 = 1) + log, (3 +1) =3 
log, 2 + log, 4 = 3 
1 + 2 = 3 since 2) = 2 and 27 = 4 


3=3, 
Replacing x by (-3) in our original equation 


log, (x -1) + log, (x +1) #3 


logy(-3 - 1) + log, (-3 +1) =3 


log, (-4) + log, (-2) = 3. 
x = -3 cannot be accepted as a root because we have 


not defined the logarithmof a negative number. Thus our 
solution set is {3}. 


@ PROBLEM 819 


Solve the equation log 2 + 2 log x = log (5x + 3). 


Solubion By the law of the logarithm of a power of a 
positive number which states that 


log a" = n log a, 2 log x = log x’. 
2 


Hence, log 2 + 2 log x = log 2 + log x = log(5x + 3). 


Therefore, log 2 + log x? = log(5x + 3). By the law of the 
logarithm of a product of two numbers which states that 


log(a+b) = log a + log b, log 2 + log x? = log 2x”. There~ 
fore, log 2x2 = log(5x + 3). Hence, 2x7 = 5x +3, Subtract 
Sx from both sides to obtain: 


2x? - 5x = de + 3 - x. 


Combining terms, 2x? - 5x = 3. Subtract 3 from both sides 
to obtain: 


2x? - 5x -3 = 3-3. 


Combining terms, 2x? - 5x -3 0. Pactoring the left side 
of this equation into two polynomial factors, (2x + 1) (x - 3) 
= 0. Whenever a- b = 0 where a and b are any two real num- 
bers, either a= 0orb= 0. Therefore, either 


2x+1l=0 or x-3 #090, 
2x = -1 


and x= -5 or x=3. 


Since the domain of the logarithmic function is the set of 
positive real numbers, it is important to check all proposed 
solutions of a logarithmic equation. In this example, the 


given equation is satisfied for x = 3, but x = “5 is not a 
solution since log (4) is not defined in the relation 


log 2 + 2 log(-}) = log F. 
© PROBLEM 820 


Solve for x: 2 log (3 - x) = log 2 + log (22 - 2x). 


We shall rewrite the equation in the form 
log M = log N and then state that M=N. (If two numbers 


Recall that log 10 = 1 (since 10" = 10). Therefore, 
2 


x 

log sp ax = 18 10. 
Now since the logarithms of the two quantities are equal, the quantities 
are equal. Thus, 


ummm = 10. 


30 = 2x 
Cross multiplying, we obtain: 


x? = 10(30 - 2x) = 300 - 20x 
Bubtracting x? from both sides: 
x* + 20x - 300 =0 


Factoring: 
(x + 30)(x - 10) = 0 


Setting each factor to zero: 
x+3=0, x-1l0#0, 
or 
x= -30, x=10 


It is important that all solutions of a logarithmic equation be checked. 
Here we see that the negative number x = -30 is not permissible, for 
the first term of equation (1) has no meaning if x is negative, be- 
cause 2 log x becomes 2 log(-30), and the log of a negative quantity is 
meaningless. The value x= 10, however, when substituted in the left 
member of (1) gives us 2 log 10 - log 10=2-1=1. Therefore, x = 
10 is a valid solution. 


© PROBLEM 6822 


2 
Solve the equation 108, 9G + 32) + log, 5x = 1 + 1og,,2%. 


Solution; We first subtract 10g, .2* from both sides of our equation 
so as to have the right-hand side free of logarithmic expressions and 


obtain 2 
10g, 9 + 38) + 1og,,5x ~ 10g, 52x = 1 
x 
By the law of logarithms which states that log, 7 bl log, x - log. y , 


5x 
log, Sx - log, ,2x = log, 3 + Also, by the law of exponents which 


states that log, (x-y) = log,x + log,y, 


106196" + 39) + 10g,95% ~ log, 52x = 10¢,9@” + 38) + 108,, = 


2 
= 1089" * 
2 
= toe, SEP a 
2 2 
Bence, log. SxG" +3) or log. 5G + 39.3, The expression 
10 2 10 2 2 
log,a = y is equivalent to pb’ = a. Therefore, reg, $+ 32 22 


2 
is equivalent to 107 = SG" + 2 . Hence, distributing: 
Sx® + 15x 


0:.—_—" 


Multiply both sides of this equation by 2. 


log (x + y) = log x + log y, 
log 100x = log 100 + log x. 


Now, since log 100 can be equivalently written as 
log;, 100, then log; 100 = x or 10% = 100; and we can 


replace log 100 by 2 (107 = 100). 
Thus, we have: 2 + log x. 
We can therefore write our equation as 
(log x)? = 2 + log x, 
and so it is equivalent to the equation 
(log x)? - log x - 2, and factoring: 
= (log x - 2)(log x + 1) = 0. 
Now, {(log x - 2) (log x + 1) = 0} 
= {x]log x = 2 or log x = - 1} 
= {log x = 2} {log x = - 1}. 


Recall that when no base is expressed it is assumed 
to be 10. Thus, the equation log x = 2 means 
107 = x, or x = 100; and log x = - 1 means 107' = x, or 
x= i . Thus, 


(200) v {rs} = {100, ith ; 


and this is the set of numbers that solves the given 
equation. 


® PROBLEM 824 


x41 


Solve the equation 27 = 243, 


Solution; We seek all numbers which satisfy the equation. If x is 
such a number, then 

oth = 243 
Then,taking logarithms to the base 3 of both sides we have 

og,77"*) log ,243 
Since log, x" = F log,x, it follows that 

G+ 1)1og ,27 = log, 243. 
Note that the expression Log, x = y is equivalent to b’ = x. Hence, 
1og,27 =N is equivalent to 3” = 27, Therefore, N= 3 and 1og,27 = 
3. Also, log,243 = M is equivalent to 3M = 243. Therefore, M = 5 
and 1og,243 = 5. Hence, 

@+Ds=5 


or, by the commutative property of multiplication, 
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3@7 +) = 5, 


Divide both sides of the equation by 3. 


Subtract 1 from both sides of the equation, 
me l-12$-1 


2? 8 -108-2~ 2 


Therefore, x = + iz [E s0.20ff or ed 3 


To check that each of these numbers satisfies the given equation, sub- 
stitute each number for x in the given equation. Substituting 


= for x: 


2 3 
an /™ +2. (ary 942 . a3 7 [nS i: (*m)° 
5 
= (3) 
= 243 / 


Substituting fi for x: 


wo V273)7+1 | (mn (2/3)+1 _ 55/3 | Ife z (va 
5 
= (3) 
= 243 


©® PROBLEM 825 


Solve gxth a pete 


Seles Take the logarithm of each side of the equation. 
log 2*t+ log pte, By the law of the logarithm of a power 
of a positive number which states that 

log a" = n log a, log 2**! = (x+1)log 2 and log 7x2 = 


(x+2)log 7. Therefore; (x+1)log 2 = we 7. Distrib- 
uting, x log 2+ log 2 = x log 7 + 2 log 7. Subtract x 
log 7 from both sides to obtain: 


x log 2 + log 2 - x log 7 = x 1QK7 + 2 log 7 —x Dog 7 


or x log 2 - x log 7 + log 2 = 2 log 7. Now, subtract 
log 2 from both sides to obtain: 


x log 2 - x log 7 + Tog 2 - Tdg.2 = 2 log 7 - log 2 


or x log 2 =~ x log 7 = 2 log 7 - log 2. Factoring out the 
common factor x from the left side: 


x(log 2 - log 7) = 2 log 7 = log 2. 
Dividing both sides by log 2 - log 7: 


2 (Gog ctor) . 24 7 = log 2 
= log 2 Tog 7 


This is the required inverse function. 

The form of relation (2) would seem to indicate that, if x= x; 
is the value corresponding to y = Yy> then y = “yy will also yield 
x= x) - However, equation (1) shows that y cannot be replaced by 
-y without creating thereby a different functional relation. In fact, 
y as given by (1) will be non-negative for every real value of x in 
its permissible range, 0 < x = et - *x>0 because 1n0 does not 
exist. If x # ot, for example x =e, the 


1a + A - xD) 
does not exist. The functional relation y = a - A ° oy). 2 Inx-1 


yields only non-positive values of y and likewise leads to the same 
inverse relation “ey If you select an x from the domain = <xte > 


for example x =e and substitute it = y* in(a - A - ex" )-2 Anx-1, 
- 4/2 
then y = In{l - - ee 


e2tae? -1 


nite Asal )< 8p «1 


ye intl) +1-1=0, 
Therefore, y is a non-positive value. 


Our example thus illustrates the fact thet all conclusions drawn 
from a deduced inverse function must be checked against the original 


relation. ® PROBLEM 829 


Solve for x in the equation 


3251 = 2164(1.02)* 


Solution; Taking the logarithm of each member of the given equation 
we obtain x 
log 3251 = 1og[2184(1.02) } 


Since log(ab) = log a + log b, 

log 3251 = log 2184 + log(1.02)” 
since log > = b log a, 

log 3251 = log 2184 + x log 1.02. 
Adding (-log 2184) to both sides, 

x leg 1.02 = log 3251 - log 2184, 
dividing both sides by log 1.02, 


x22 = 
log 1.02 


Solving for our logarithms: 
3,251 = 3.251 x 10 
Thus the eee oe is 3 and we interpolate to find log 3.251: 


C 250 rrr 
Pee +251 2 )13 


3.260 5132 


3 


log a> = b log a and, 
log > = log a - log b. Thus, 
from log (.3)* < log + we have: 


x log (.3) < log 4 - log 3, 


Express log (.3). The characteristic of the 
common logarithm of any positive number smaller than 1 
is negative and is obtained by adding one more than the 
number of zeros between the decimal point and the first 
digit. The mantissa is obtained by looking it up in a 
table of common logarithms. For .3, the characteristic 
is - 1 since it is less than one and there are no zeros 
between the decimal point and the first digit. Its 
mantissa is .4771. Thus log .3 = (.4771 - 1). The log 4 
and log 3 can be obtained from a table of mantissas of 
common logarithms. 


Thus, solving the inequality we obtain: 
x (.4771 - 1) < .6021 - .4771, 
- .5229x < .1250, 
x > - .239. 


Therefore, {x > - .239} is the solution set of our given 
inequality. 


@ PROBLEM 831 


Solve 
and 


for x and y. 


Sa If we equate the common logarithms of the members 

of each of (1) and of (2), we get 

log 5**¥ = 10g 100 
log 2°*-Y = log 10. 

Recalling that log, a’ = y lob,, a, 


log S**Y = (x + y)log 5 and log 22*-Y = (2x - y)log 2. 


We also know log,, 100 = 2 (since 10° = 100) and 


logyg 10 = 1 (since 107 = 10). 
re Toa these values into equations (1) and (2) we 
obta (x + y)log 5 = 2 (3) 
(2x = y)log 2 = 1. (4) 


If we solve these equations for x + y and 2x - y we obtain 
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See a table of common mantissas of logarithms for the number correspond- 
ing to 0.0300. Note that the characteristic of 0.0300 which is zero, 
will be one less than the number of digits to the left of the decimal 
point of the corresponding number . Therefore,there is one digit to the 
left of the decimal point. Thus, the number is 1.072. Then we see that 


N = 1.072 x 10? = 1,072,000, 000, 


so @ single cell is potentially capable of producing about a billion 
organisms in a 10-hour period. © PROBLEM 9833 


From the given graph find as well as you can (a) log, 1.5, 


(b) log, -5, (c) the number x for which log, x = 1.5, and 
(d) the value of e. 


Solution: The smooth curve drawn is y = log, x. For 
(a) log, 1.5 and (b) log, -5, find the corresponding x- 


values, x = 1.5 and x = .5, and move along these vertical 
lines until you reach the curve, y = log, x. Then find 


the y-values from the corresponding projections onto the 
y ~ axis. We find that (a) log, 1.5 = .4, and (b) 


log, -5 =37. For (c), we are given the ordinate. Move 


along the horizontal line, y = 1.5, up to the curve of 
log, x, and then find its abscissa, which is 4.5. Thus, 
(c)"x = 4.5. The number e satisfies the equation log, x 


= 1, and from the figure, it appears that e = 2.7 
(actually, to 5 decimal places, e = 2.71828). 


@ PROBLEM 834 


Construct the graph of y = log.x . 
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Solution; The equations u=logv and v= bY are equivalent. 
Therefore, the relation y = log.x is equivalent to x = 27. Hence we 


assume values of y and compute the corresponding values of x, getting 
the table: 


For example, if y = -3, then xe 2 e2>s 37 


The points corresponding to these values are plotted on the coordinate 
system in the figure. The smooth curve joining these points 
is the desired graph of y = log.x - It should be noted that the graph 


lies entirely to the right of the y-axis. The graph of y = log, x for 


any b>1 will be similar to that in the figure. Some of the proper- 
ties of this function which can be noted from the graph are: 


I. log, x is not defined for negative values of x or zero, 
It. log,} = 0. 
Itt, If x>1, then log, x >0. 


W. tf O<x<1, then log, x <0, @ PROBLEM 835 


Construct the graph of y = ree 
dl 


So Assume values of x and compute the corresponding values of 
y by substituting into y = 3*, obtaining the following table of values: 


The points corresponding to these pairs of values are plotted on the 
coordinate system of the figure and these points are joined by a smooth 
curve, which is the desired graph of the function. Note that the values 
of y are all positive. Furthermore, if x <0, then y increases to 
a emall extent as x does. If x >0, y increases at a more rapid 


rate. @ PROBLEM 836 


| Graph the following functions: (A) y = 2", (B) y = 4%, l 
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| (c) 47%, (D) y = 3-2%. J 


20 Y 
16 
1 
8 
4 4 
Fig. A Fig. B Fig. Cc Fig. D 


Solution; When graphing a function y = f(x), set 
up a table consisting of two columns: one for x and one 
for y. Choose values for x and find the corresponding 
value for y. In this problem if: 

x -. 1 1 

x= - 4, then y = 2° = 2 = oe =-I-- 
Similarly, find other y values for different values of x. 
It is best to choose negative and positive values of x 


centering around and including zero to determine the 
nature of the graph. 


x | -4 |] -3 | -2 |} -1 /OoO;l’ji2i;3z}4 
y Té B 7q z 1 2 4 8 |16 

Plot these points and draw a smooth curve through 
them. This is the graph of the exponential function 
y = 2%, 

Note that from the table and graph constructed, as 
you increase x by 1 each time moving from x = - 4 to 
x = 0, the y values increase slightly. However, when 
you move through the positive values of x, the change in 
y is much greater for each unit change in x. 

See Figure A. 


{B) Solution; Construct a table in the same manner as 
problem A. The table of values for the integers - 3 to 
3 can be determined to be: 


x -3 -2 -1 0 1 2 3 
ylaglyxe] ¢]1| 4 |26 Je 


Then plot these points and draw a smooth curve. 

Figure B is the graph of y = 4* although it is not 
practical to plot the points corresponding to x = - 3 
or x = 3 on this coordinate system. 


When this curve is compared to the graph of y = 2” 
(Figure A), we see that the general shape is the same. 
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Both curves pass through the point (0,1), that is, both 
have a y-intercept of 1. If we consider the curves to the 
left of the y-axes, we see that the curve of Figure B 
approaches the x-axis faster than the curve of Figure A. 
If we consider the same negative value on both curves, 
the y-value in Pigure B is smaller than in Figure A. If 


x = - 3, then y = 27? = i for Figure A and y = 47? = a 


for Figure B. Thus (the) point (- 3, a is closer to the 
x-axis than (- 3, 3| ° 


(C) Solution: Obtain a table of ordered pairs as in 
Examples A a B. Plot the points and draw the smooth 
curve by connecting them. 

f(- 3) = 4 = 4? = 64 

f(- 2) = 4 22 4? = 16 

f(-1 ea Oe ge 4 


£(0) = 4° =1 


-1 1 
f(l)=4 =@G 


£(2) = 4° = 


Figure C is the graph of y = 4*. 


The graph of y = 4* of the Figure B and the graph of 
y= 4a * of Figure C are mirror images of each other. 
{D) Solution: In Example A we determined the values of 


2* for x an integer and - 4 < x < 4. The values of y for 
this function then must be three times the corresponding 
values of y of Example A. 


x | -4 -3 | -2 -1 | 0 1/2 3 4 


yixe| |] 2] $13] 6 |a2 |2s fas 


The graph of this function is shown in Figure D. 


Prom these four examples we can see some of the 


features of the graph of y = ab™, a > 0, and b > 0. The 
y-intercept of the function is a: If a > 1, the curve 
will approach the x-axis to the left of the y-axis and 
the y value increases as the x value increases. The graph 
will be in quadrants I and II. 


The y-intercept of Examples A, B, and C is 1 since 
a-il. It is true for Examples A and B that the curve 


approaches the x-axis as x becomes more negative and the 
y-value increases as x increases. However when a = 1 in 
Example C, the reverse occurs. As x decreases, y in- 
creases and the curve approaches the x-axis as x becomes 
more positive. 
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CHAPTER 27 


TRIGONOMETRY 


Basic Attacks and Strategies for Solving 


Problems in this Chapter. See pages 615 to 
656 for step-by-step solutions to problems. 


In trigonometry it is convenient to think of an angle in terms of rotating a ray 
about its endpoint from some original position (vertical side) to a new position 
(terminal side). The size of an angle is usually described using degree or radian 
measure. 


If an angle A is in standard position and the point (x, y) is any point on the 
terminal side r of A, other than the origin, then six trigonometric functions of 
angle A are defined as follows: 


sin A =>/, 
cos A =*/, 
tan A =/, r y 
cotA =*/, 
secA ="/, 
and cscA=‘/,. = 


An easy way to find the trigonometric function of an angle between 0 and 90 
degrees, inclusive, is to use trigonometric function tables and/or a calculator. 
However, it may be necessary to first change degrees-minutes-seconds measure 
of the angle to the decimal form or radian form before using tables or the calcula- 
tor. For example, 75° 12° 36” in decimal form is given by 


75° + (12/60)° + (36/3600)° = 75° + (.2)° + (.01)° = 75.21° 
and in radian form is about 1.31 radians. 


If the angle is larger than 90 degrees, then the values of the trigonometric 
functions of the angle are found by first determining the corresponding or related 
reference angle for the given angle. Then, the values of the trigonometric func- 
tions of the reference angle are equal to the trigonometric functions of the origi- 
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nal angle. The trigonometric functions of any angle A > 90 degrees are equal to 
those of the reference angle associated with angle A, except possibly for the sign. 
The sign can be determined by considering the quadrant in what the terminal side 
of angle A lies. If the angle is larger than 360° or a negative angle (e.g., - 480°) 
smaller than - 360°, then a coterminal angle should be found before finding the 
reference angle. For example, to find tan (- 480°) note that the coterminal angles 
for ~ 480° is 240° since 
— 480° + 2(360°) = 240°. 


The reference angle for 240° is 60° in the third quadrant and the tangent is 
positive in this quadrant. Thus, 
tan (~ 480°) = + tan 60° = square root of 3. 
There are two general types of trigonometric equations — identities and 
conditional. Trigonometric identity equations, like algebraic identities, are state- 


ments which are true for all permissible replacements of the variable, this is, for 
any angle for which the function is defined. Examples of identity equations are 


sec?x=tan’x+1 and tan (x-y)=(tanx-tan y) /(1+tanx-tany). 
The second type of trigonometric equations, conditional equations, are true 
only for specific replacements of the variable. Examples of conditional equations 
are 
4cos?x=1 and sin 2x+sinx=0. 
Any trigonometric identity can be proved by three different procedures: 
(1) The left-hand member may be reduced to the right-hand member, 
(2) The right-hand member may be reduced to the left-hand member, or 


(3) Each side may be separately reduced to the same form as long as the 
steps are reversible. 


The series of steps used in the simplification process is by no means unique. 
So, no matter which side you start on, there may be a choice of next steps of 
which some may result in a shorter proof than others. Some suggestions for 
handling identities are as follows: 


(1) Memorize the basic trigonometric relations and be able to recognize 
when they should be used. 


(2) It is usually better to start with the side of the identity that appears to 
be more complicated. If both sides of the identity appear to be equally 
complicated, express each function in terms of sines or cosines and 


simplify. 
(3) Look for places to use algebraic manipulations that do not involve 
division by zero. 


615-B 


(4) Keep in mind where you are heading and what steps might get you 
there. 

Solving a triangle using trigonometric functions is straight forward if the 
triangle is a right triangle. The basic trigonometric relationships — sine, cosine, 
tangent and their respective reciprocals, cosecant, secant, and cotangent, are used. 
However, if there is an oblique triangle (that is, it either has three acute angles or 
one obtuse angle and two acute angles), then the solution technique involves the 
use of the law of sines or law of cosines. The law of sines is given by: 

a. ager. Bee -E9 

sinA sinB sinC’ 
where a, 5, and c represent the sides of the triangle and A, B, and C represent the 
corresponding angle. In any event, we must be given three parts of the triangle, at 
least one of which is a side, in order to use the aforementioned laws, The law of 
cosines is given by: 

a? = b + c? ~ 2be(cos A); 

b = a? + c? - 2ac(cos B); and 

c? = a? + b - 2ab(cos C), 


where a, 6, and ¢ represent the sides of the triangle and A, B, and C represent the 
corresponding angles. 
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Step-by-Step Solutions to 
Problems in this Chapter, 


“Trigonometry” 


ANGLES AND TRIGONOMETRIC FUNCTIONS 
@ PROBLEM 837 


If tan @ = 3.8436, find 6. 


geben Looking through a table of trigonometric 
functions under the vertical column marked tan, it is 
found that the angle @ = 75°35' corresponds to the number 
3.8436. 


@ PROBLEM 838 


Complete the following table: 


rae oe 
wee | dL lw! | ie lawl 
in degrees 0 60 50 


Solution: If an angle 8 is A degrees wide and also ¢t radians 
wide, then the numbers A and t are related by the equation: 


—s= q) 

Thus, equation (1) can be used to complete the table. For column (2): 
A. XS ‘ 
180° 


A. 1/6 


180 
Multiplying both sides by 180° , 


(fo) = 180° (1/6) 
A= 30° 


For column (3): 


Multiplying both sides by 180°, 
SA . 
1 —~) = 180 (%) 
me) 
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For column (4): 


wl 
‘ 
ale 


Multiplying both sides by ", 
(1/3) = Wey 
W/3nee 

For column (5): 


Anny 


180 
Multiplying both sides by 180°, 


ofA . 
189"(/——~) = 180°) 
alerry 


A= 90° 
For column (6): 


Multiplying both sides by 180°, 
SA ° 
iho ee = 180° (2/3) 
47) . 
A = 120 
For column (7): 


Multiplying both sides by Tf, 


7(3/4) = ®(t/® 
W4nm"ee 
For colum (8): 
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Sokution: The reference angle for 195° is 15°. Also, 
19 s a third quadrant angle (see Figure) 


In the third quadrant, the sine and cosine 
functions are negative, but the tangent and the cotangent 
functions are positive. Therefore, sin 195° = sin 15° = 
-0.2588, cos 195° = cos 15° = -0.9659, tan 195° = tan 15°= 
0.2679, and cot 195° = cot 15° = 3.7321. (Note that the 
values obtained for the trigonometric functions were 
found in a table of trigonometric functions.) 


Find (a) tan 30° (b) tan 90° 


Fig. A 


<SQhubion;4) Recall tan 6 = a » by definition; hence 


sin 30° 


°o = 
tan 30 tos 30° 


Looking at a 30-60 right triangle we find the values of 
sin 30° and cos 30°: 


sin = posite side 7 sin 30° = & 
adjacent side 4 
cos = *ipotenuse = 7 co8 30° = 5 


sin 30° 
hence, = B5g-307 = 


5 
Multiplying numerator and denominator by 2: 


“a "5 therefore tan 30° = —— 


b) To determine tan 90° we can use the same method 
as in part a: 


o . Sin 90° 
tan 90° = cos 00° ° by definition of tangent. 
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mar 
O° 1 
However, since the quotient 5 is undefined, we must 
therefore conclude that the tangent of 90° does not exist. 


We may also observe the graph of the tangent function 
to determine tan 90°. 


90 + " 
tan 90° = tan 180 radians = tan 2 


We observe that the tangent function does not exist on 
the line 5 {the graph of the tangent function is asymptodic 


to the line x = Ye but never touches it). » ppogiem 843 


Calculate the values of the six trigonometric functions at the 


point 1 


= 


-7~ 


Solution; To find the trigonometric point r(3"), proceed around the 
unit circle in a counterclockwise direction, since 5 is a positive 
angle. Recall that sin 60° 1.e., sin(™/3) = /3/2. Now, using the 

Pythagorean theorem and the fact that the hypotenuse is unity because 


it 1s a unit circle we can compute the third side, which we find to be 
1/2 (s ae Therefore, the coordinates of the trigonometric 


point are (1/2, 1/2/35). Hence, we apply the following equations: 
acent side 1 hypotenuse 
eos O = enuse sec @ = => " Sdjacent side 
opposite side 1 hypotenuse 
sin 0 = hypotenuse coc 0 = gin 6 = opposite side 
opposite side cos 6 adjacent side 
tan @ = adjacent wide cot @ = sin o 7 opposite side 
Thus, 
1 
cos $ =3> sec 3 = 2, 
sin 2 = 25, cae Bt = 2/3 = 2S + B/S 
= 2/3 f3 
tan 37 = 3, cot 7 = 1S = 1/5 + S/S 
= V3.8 


@ PROBLEM 844 


What primary angle is coterminal with the angle of = 743°? 


Solution: - 743° = a-n * 360° (1) 
- 743° = a= 3 * 360° = a - 1080° (2) 
Multiply both sides of equation (2) by - 1. 
- 1( = 743°) = = 1(a - 1080°) 
743° = - a + 1080° 
743° = 1080° - a (3) 
Note that the positive integer value chosen for n 
results in an angle (in equation (3)) which is larger 
than but closest to the angle of 743°. Also, 
0°< a < 360°. 
From equation (3), 


a = 1080° - 743° = 337°. 
@ PROBLEM 845 


What primary angle is coterminal with the angle of 124? 


Solution: Using the formula, B=a+n * 360°, obtain 
1243° =a +n * 360°. In this formula choose the largest 
positive integer for n which, when multiplied by 360, 


is closest to but smaller than the given angle. Also, a 
is an angle between 0° and 360°, that is 


0° < a < 360°. 
Since 3 + 360° = 1080° and 4 + 360° = 1440°, n = 3, and 
1243° = a + 1080° or a = 1243° - 1080° = 163°. Thus, the 
angles 1243° and 163° are coterminal. 
@ PROBLEM 846 


What primary angle is coterminal with the angle of 5m radians? 


45° 


Solution; The figure illustrates the angle of 53m radians. 


. 
Note that the angle of 537 radians has a reference angle of 45 . 
However, we seek a primary angle (an angle between 0° and 360°) 
which is coterminal with 537; that is, which has the same terminal 
side as an angle of S$7 radians. Also, since a primary angle is a 


positive angle, its initial side is the positive x-axis and the 
angle revolves in the counter-clockwise direction. Therefore, a 
primary angle with the same terminal side as an angle of 537 radians 
is (180° + 45°) = 225° = (+ 1/4) radians = 5/4 1 radians, 


@ PROBLEM 9847 


Find sin 202k° and tan 2024°. 


Sol 2024° is a third quadrant angle. Thus its reference angle 
is 578° (202%° - 180° = 224°). See the figure. 


In the third quadrant, the sine function is negative while the tangent 
function is positive. 
ctions, sin 2024° = -sin 224° = -sin 22930' = -0.3827 and 
tan 2024° = tan 224° = tan 22°30' = 0.4142. 


Find the values of the trigonometric functions of an angle 
of 300°. 


Therefore, using a table of trigonometric fun- 


@ PROBLEM 848 


ee An angle of 300° is a fourth quadrant angle and 
its reference angle is an angle of 60°. In the fourth quad- 
rant the sine, tangent, cotangent and cosecant functions 

are negative. This 


sin 300° = sin 


cos 300° 


tan 300° 
cot 300° 


sec 300° 


esc 300° 


yields 

‘3 
60° = - 
soe = 2, 
60° = - 73 
soo = - B 
60° = 


60° = 


@ PROBLEM 854 


If0<t<—} 1, and tant = + 4, find cos t. 


Solution: One way to find cos t is to express + Y5 as 
a decimal, use a table of trigonometric functions to solve 
the equation tan t = > ¥5 for t, and then again use the 


table to find cos t. But it is much easier to use some 
trigonometric identities to solve this problem. 


Since we are given that tant =} 5= 4, 
we can use the identity sec* t = 1 + tan? t to find 
sec? t. Substituting, we obtain: 


sec? t = 1 + (tan t)? 
sec? t=1 + [-4’ , or 


ee 


Thus, since cos t= , then 


— = 
sec t 


cos? t = l/sec? t = —>— = > ; therefore 


coe fPuid 


Since 0 <t< a ™, we know that cos t > 0 (see graph) 
and hence we reject the negative value, - +. and it 


follows from the last equation that cos t = + . 


TRIGONOMETRIC INTERPOLATIONS 
@ PROBLEM 855 


Find cos 37°12’. 


x. See a table of natural trigonometric functions, which is, 
constructed in terms of multiples of ten seconds. The cosine of 37 12' 
lies between 37 10' and 37 20'. Therefore, we must interpolate. The 
cosine decreases as the angle increases, so we form our proportion as 
follows, where . 
the cosine of the angle 37 12' , 4 
the difference between the cos 37 10' and cos 37 12': 


—— cos 37°10' = 0.7969 
2 [ ®aos Ja 
10' cos 37 12' = x -0.0018 
cos 37°20' = 0.7951 
ee ee 
10 ” -0,0018 
Cross multiply to obtain: 


10d = 2(-0.0018) 


d= .2(-0,0018) 
= -0.00036 
d aw -0.0004 


Thus, x = 0.7969 - 0.0004 
= 0.7965 


Since the cosine is positive in the first quadrant, 
cos 37°12' = 0.7965 


Remember that results obtained by interpolation are approximations. 
You should not use an answer that is more accurate than the original 
data, in this case, four significant digits. 


x 
d 


@ PROBLEM 856 


Find the value of tan 38°46' by 


of interpolation. 


Solution: Since 38°46' is between 38°40' and 38°S0', 
we assume that tan 38°36' is between tan 38°40' and tan 
38°50". In fact, since 38°46" is six-tenths of the way 
from 38°40' toward 38°50', we assume that tan 38°46' 

is six-tenths of the way from tan 38°40' = .8002 toward 
tan 38°50' = .8050. Using these assumptions we perform 
the following interpolation: 


tan 38°40" = .8002 
6' [ ]s 


10° tan 38°46" = ? -0048 


tan 38°50 = .8050 
Set up the proportion c 6 
700m ~ To 


10c = 6(.0048) 


6 
c= To (+0048) = .0029 


tan 38°46' = ,8002 + .0029 = .8031 
Therefore, c was added because tan @ increases from 


6 = 38°40" to 6 = 38°50’, 
@ PROBLEM 857 


Pind tan 63°19.27'. 


Solution: The value of tan 63°19.27' can be found by 
interpolating the values of tan 63°19' and tan 63°20'. 


Degree Value of function 
3°19' 1.9897 
da 0.0015 
1 63° 19.27° x 
63° 20° 1.9912 


Now, set up the following proportion: 
GQ og, 22? gp 027 
Sm 


d= (.27) (0.0015) 
d = 0.0004. 
Therefore, x = tan 63°19.27' = tan 63°19' +d 
= 1.9897 + 0.0004 


tan 63°19.27' = 1.9901. 
®@ PROBLEM 858 


Find @ if sin 6 = .6212, and ->< 6< $. 


Sati Since 0.6212 is not found in the sine table, we 
proce y finding the two numbers closest to .6212, one 
greater and the other less than it, and interpolating. 


Te psin 38°20" = .6302 
10" ¢ [sin © = 16212 -00101 9023 


sin 38°30" = .622 


We set up the proportion Tor = ah. 


Oer(0") = 3g(20") 


6 = 4' to the nearest minute. 
Thus, @ = 38°20' + 4’ 
= 38°24". 


@ PROBLEM 859 


Find @ if cos @ = -0.5731 and 0< 6< 360°. 


Solution: Since 0.5731 is not found in the cosine table, 
proceed by finding the two numbers closest to .5731, 
one greater and the other less than it, and interpolating, 
Notice that the cosine function decreases as the angle in- 

creases, 


ia 55°0' = ate 

da 

10' s x = 0.5731 
os 55°10° = 0.5712 


0.0005 
0.0024 
Setting up the proportion, & = oo = Cross 
multiplying, 24d = 50 
d = 2' to the nearest minute. 

Thus, x = 55°O0' + 2" = 55°2', Since we are given a nega- 
tive cosine, and cosine is negative in the second and third 
quadrants, we know that our reference angle 55°2' appears 
in the second or third quadrant (see diagram). Hence 

= 180° - 55°2' = 124°58', or 


= 180° + 55°2' = 235°2', 
© PROBLEM 860 


Find a solution of the equation cos t = .6241. 


Ae We see that .6241 is not found in a trigono- 
metric table; therefore, interpolation is necessary. We 


choose the two entries in the trigonometric table which 
+6241 lies between, and arrange the numbers as follows: 
cos .89 = .6294, 
cos t = .6241, 
cos .90 = .6216. 


We obtain, 


x | cos -89 = .6294 53 
01 cos t = .6241 78 
cos .90 = .6216 

by subtracting .89 from .90 (.90 - .89 = .01) and calling 
the difference between .89 and t, x. Also, .6294 - 6241 

= .0053, and .6294 ~- .6216 = .0078. Since both .0053 and 
-0078 are four decimal places we can rewrite them as 53 
and 78, without changing the value of the following pro- 
portion. Now, 


x 4. 83 
TO «(7s 
78x = 53(.01) = .53 
-53_ ~ 
x= a = .007 
The cost lies between .89 and .90; thus, 
t = .89 +.007 = .897. © PROBLEM 861 


Find log sin 36°41°. 


270° 

Solon From a table of logarithms of trigonometric 

unctions we find log sin 36°40° and log sin 36°50*. 
Then, by the process of interpolation we find: log 

sin 36°41° = 9.77626 - 10. Since all values of the sine 
function for acute angles are in the range of 0 < sin 
x <1, the characteristic is negative. (Recall that for 
a number less than one, the characteristic is negative.) 
The range of sine can be seen by inspecting the accompany- 
ing figure. Sine is given by the y coordinate; cos is 
given by the x coordinate. Observe that y value varies 
from 0 to 1, as the angle varies from 0° to 90°. 


© PROBLEM 862 


Find log cos 49°13.6°. 


: First consult a table of logarithms of trigono- 
metric functions. 


Notice that 49°13.6° lies between 49°10° and 49°20°, 
so that the log of 49°13.6° will occur between the logs 
of 49°10° and 49°20° and can be determined by inter- 
polation. 


angle log cosine 
49°20 9.8140-!° 

10°) 3.6° hetinsitn x | 0015 
49°10° 9.8155" '° 


632 


Solution: Since,by definition, tan x = & 


To combine terms, we convert cos @ into a fraction 
whose denominator is cos 6, thus 


sin? 6 cos 6) . 
cone * lacs 3] cos @6. (Note that 


cos 6/cos 8 equals one, so the equation is unaltered 


sin? @ , cos*6 
cos 6 cos 6 


= Sin? 6 + cos? 6 


cos 6 


Recall the identity sin? 8 + cos? 6 = 1; hence, 
1 
cos 6 


= sec 6. 
© PROBLEM 865 


. tan x - cot x 
Reduce the expression “tan x + cot x £9 One involving 


only sin x, 


1 1 cos x 
cot x = coe =z 
bs tan x sin x/cos x ~ sin a 
sin x _ cos x 


tan x - cot x = COS x Sin x 
tan x + cot x sin x + Cos x 


cos x sin x 
sin x(sin x) _ cos x(cos x) 
sin x(cos x cos x(sin x 


sin x(sin x) , cos x(cos x 
Sin x(cos x) ~ cos x(sin x 
sin? x - cos? x 

Sin x cos x 

sin? x + cos? x 

Sin x cos x 


- sin? x - cos? x x sin x cos x 


an 2 COSi sin? x + cos? x 
~ -Sin®? x - cos? x 


sin? x + cos? x 


Since sin*® x + cos* x = 1 or cos? x = 1 - sin’ x, 


tan x - cot x _ sin? x - cos* x _ sin? x - cos? x 
tan x + cot x in? 6 %eoe" x 


= sin? x - cos? x 
x - (1 - sin? x) 
= sin? x - 1 + sin? x 


= 2 sin? x - 1. 


Find sin 105° without the use of a trig. table. 


a 
to} 
° 
~ 


Solution: We note that 105° = 60° + 45° and find the sine of the 
sum of two angles. 
sin 105° = sin(60° + 45°) 
Using the formula for the sine of the sum of two numbers, 
sin(xty) = sin x cos y + cos x sin y, sin(60° + 45°) 
= sin 60° cos 45° + cos 60° sin 45. 


Now we must find the values of sin 60°, cos 45°, cos 60°, and sin 45°. 
Observing a 30-60 and 45-45 right triangle we note: 


sin opposite ; thus, sin 60° « B 


° 
7 hypotenuse 
sin 45° = +. a 


a) 
en poe ; thus, cos 45° = = ‘a f 
1 


cos 60° = 
Substituting, we obtain: 


Multiply the fractions (recall Ja - Jb = fab) to obtain & + 2 


- oe . Therefore, sin 105° = +2 ° 


4 © PROBLEM 867 


Find cos 15°, without the use of a Trig. table. 


a 30°™ 


Solution: We express cos 15° as the cosine of the difference of two 
angles whose cosine and sine we know, Since we know 15 = 45 - 30, 
then cos 15 = cos(45 - 30), Wow we apply the formula for the 


cosine of the difference of two angles, which states: 

cos(u - v) = cos u cos v + sin u sinv. 
Thug, cos 15° = cos(45 - 30°) = cos 45° cos 30° + sin 45° sin 30°. 
Now, we must find the values for cos 45", cos 30°, sin 30°. This can 
be accomplished by observing the 45-45 and 30-60 right triangles. 


Since cos = Sdjecent we find: cos i. 8 
a7} 


hypothenuse 
cos 30° = 2 » 
and since sin = Seposite- we find: sin 45° -L.2 
ypotenuse 2 
/2 
sin 30° = A 


Substituting, we obtain: 
&.84,2.1. 
2 2 2 2 
Multiplying the fractions (recall Ja - Jb =./ab) we obtain: 


2,2. +72 | 
4 4 4 
Therefore, cos 15° = e+ 


Solution: Express cos ar in terms of angles whose 
values of the trigonometric functions are known. 


cos a w= cos [4t-+-=3 + 
- cos [41-145] 


Now apply the difference formula for the cosine of 
two angles, a and f.cos (a - 8) = cos a cos 6 + sina sin B. 


In this example, a = —}- and 6 = -f- 1. 


Hence, sin 195° = 2a-/2, 


@ PROBLEM 873 


Derive a formula for sin 3a in terms of sina. 


: We my regard 3a as a + 2a, and use the addition formula 
for the sine of two angles. 


sin(a + b) = sin a cos a + cos a sin b 


where a= @ and b= 2a. 
sin 34 = sin(@ + 20) = sin a cos 24 + cos @ sin 20 . 


Now replace sin 2a and cos 20 by the expressions 
cos 2a = cos“a - sin“s 
and sin 2a = 2 sinacosa. 
We find chat 
2 2 
sin 3a = (sin a) Gos a- sin 0) + (cos @)(2 sin a cos @) 
= sin o cosa - sina + 2 sina cosa 
=3 sing oe - sin?a . 


Finally, since we wish a result involving only sin a, replace cosa 


by l- sin’a; then 
sin 30 = 3(sin aG - sin*a) - sin-a 
=3sina- 3 sin?a - sin?’a 


=3sina-4 sina. 


This is the desired identity. 
@ PROBLEM 8674 


Simplify the expression 


2 sin( - 8) = 3 cos(™ +6) - tan(-6) + cot(> 


Solution; Apply the following laws of subtraction and addition of 
rigonometric functions: 


sin(a - B) = sin @ cos B - cos @ sin B 
cos(a + 8) = cos a cos B - sin a@ sin B 


Derive cot(a + 8) from the addition formula for the tangent: 


canta + 9) = RST OE 


Since cot(a + 8) = ath » we have: cot(a + 6) 


Multiplying all terms by cot @ cot B, 


b? + c? = a? a? + c? = b? 
tac 


con: ap. 


172 + 32? - 23? 
“C2 C17) T3zy 


cos B= 


2 20 2 
oni 22 18-2 


cos A = 0.8587 cos B = 0.7206. 


3A = 31°(nearest degree) ‘4B = 44°(nearest degree) 


a? + b? - c? 
cos C = 7a 


17? + 23? - 32? 
cos C = Da rk] 
cos C = - 0.2634 
4C = 105° (nearest degree) 
It is not necessary to calculate angle C using the 
law of cosines when angles A and B are known. Angle C 
can be found instead by the following: 


4A +%B+4C = 180° since the sum of the angles 
of a triangle is 180°, 


or 31° + 44° +49C = 180° 
75° +4C = 180° 
4C = 180° - 75° = 105°. 
@ PROBLEM 882 


Solve triangle ABC for 4 C, a, and b, given 


5A = 52°20', $B = 28°10", c = 87.6 


c=87.6 


c - 2e%10' ® 
Given two angles, the third is determined, since the three 
angles of a triangle equal 180°. ® 
FA+FB+FC= 180. 
$C = 180° - ($A + 4B) 
$c = 180° - 80°30" = 179°60' - 80°30’ = 99°30", 
Sides a and b can be determined from the law of sines, In any tri-~ 


angle, the sides are proportional to the sines of thé opposite angles 
(see figure). Then: 


a c b c 
sinA ~ Sin c sin 5 sinc 
Now, since $A, $B, and side C were given, and we previously deter 


mined $C, substituting into these proportions, and using a table of 
trigonometric functions, will give us 2a and b, Thus, 


45 


sinB . sinc 
side b sidec 


to find side b: 
b 78 
Cross multiplying we obtain 
b sin 23° = 78 = a 740" 


ce 23° 
Substituting in the values sin 113°40" = 0.9159 and sin 23° = 0.3907 


we obtain 0.9159 
5 
b- 70(5 3507 3907 


Hence if we choose <A «= 43°20' then 


= 183 


<B=113°40' and 
side b = 183 
If, however, we choose <A = 136°40', then since 
<A+<B=157 
136°40' + < B= 157 
and < B= 157" - 13640" = 20°20! 


Applying the law of sines to find side b gives us: 


sinB _ sinc 
side b side c 


Crosa multiplying gives us 
b sin 23° = 78 sin 20°20' 
b= 28 sto 20 20" ’ 
sin 23 
Substituting in sin 20°20' = 0.3475 and sin 23° = 0.3907 we obtain 


= 780.3475) | 
0.3907 


Hence if we choose <A = ae then <B= cer and 
side b= 69. 


@ PROBLEM 887 


Find all the sides and angles of triangle ABC, given @ = 43, b = 32, 


<B=67. 


Solution: Draw triangle ABC, filling in the given information. Thus 


649 


Solution: The Law of Tangents states: 


b- cy, tan 8 - y) 
b+e tan & (8 + y) 


We use this relation here to find the remaining angles,6 
and y. We know two sides, b and c, and we can derive the 
two unknown angles from the law of tangents and the fact 
that the sum of the angles in a triangle is 180°. From 
this last fact, we know the sum of the unknown angles: 


B + y = 180° - a, or 6 + y = 180° = 42°19,8° 
= 179°60.0° - 42°19.8° = 137°40.2° 


K(B + y) = & (137°940.27). Now dividing by 2 


we have 68°, with 1° remaining. Since 1° = 60°, we have 
60° + 40.2° = 100.2°, and divided by 2 = 50.1%. Thus, 


kk (8 + y) = 68°50.1°. 
Now, since b - c = 16.351 - 11.189 = 5.162,b+c=27,540, 
(8B + y) = 68°50.1", 


substituting into the law of tangents and solving for 
tan & (B - y): 
can (8 - y) = $5763 tan 68°50.1° 


Now, using a table of values of trigonometric functions 
we find that tan 68°50° = 2.583. We accept this value also 
as tan 68°50.1°, because the two angles differ only by .1, 
and even interpolation will not give us a different value. 
Thus, we have: 


tan & (8 - y) = $5762 (2.583), 


and performing the multiplication: 
tan k (8B - y) = .4841 
Now, we again refer to a table of trigonometric functions. 
We are looking for the angle whose tangent is .4841 (or 
the arctangent of .4841). We find that, tan 25°50°= .4841. 
Thus, 
4s (8 - y) = Arctan .4841, or 
ks (B ~ y) = 25°50° 
We now solve the equations 
4 (8B + y) = 68°50.1° 
4 (B = y) = 25°50° 


simultaneously for § and y by distributing 4, and then 
adding: 
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aS7 = reat and substituting: 


Bin 153°4@ ~ Sin 5°33 


¢ = sin 53°44" (5 feyy>] . Taking the 


logarithm of both sides, we obtain: 
log c = log sin 153°44* + (log 47 - log sin 5°33”) 


To solve for log c we must find log sin 153°44’, 
and substitute this value, and those found previously 
for log 47 and log sin 5°33°. To obtain sin 153°44° 
we first observe the coordinate axis, (see fig. 2), 
and discover that sin 153°44° = sin 26°16”. We now use 
interpolation: 


x log sin x 
26°10° 9.6444 - 10 
6 y 
10 26°16~ ? -0026 
26°20° 9.6470 - 10 
5° robe 
TO © 70026 
l0y = .0156 
y = .00156 


log sin 26°16“= log sin 153°44° = 9.6444 - 10 + .00156 
= 9.64596 ~- 10 


Thus, since log 47 was found to equal 1.67210 and 
log sin 5°33° = 8.98547 - 10, we have: 


log c = 9.64596 - 10 + [1.67210 - (8.98547 - 10j) 
9.64596 - 10 + [11.67210 - 10 - (8.98547 - 10)] 
9.64596 - 10 + (2.68663) 


= 9.64596 - 10 + (12.68663 - 10) 
= 22.33259 - 20 

log c = 2.33259 

Interpolating, to find c: 


a Jog x 
15. 2.3324 
y -00019 
1 ? 2.33259 +0021 
216. 2.3345 


CHAPTER 28 


INVERSE TRIGONOMETRIC 
FUNCTIONS 


Basic Attacks and Strategies for Solving 


Problems in this Chapter. See pages 657 to 
670 for step-by-step solutions to problems. 


The inverses of functions defined by formulas involving trigonometric func- 
tions can be determined in the same way we determine the inverses of other 
functions. That is, interchange the independent and dependent variables and solve 
for the new dependent variable. Note that the elements of the ranges of the 
inverse trigonometric functions are angles in standard position. 


When evaluating the inverse function of the sine, cosine, and tangent, it helps 
to first remember that the arc (sine/cosine/tangent), respectively, of x is the angle 
(or number) whose sine/cosine/tangent, respectively, is x. Secondly, to find the 
value of an inverse trigonometric function, apply its definition and determine 
which quadrant(s) the angle terminates. Then, calculate or find the y value (angle) 
which is the solution. The use of a sketched graph is helpful to visualize the 
positions of the angle. 


For example, to find the value of 
sin! (1/2) or aresin ('/3). 
Set y = sin~! ('/2). Then, by definition of the inverse sine function, sin y = '/, . Since 
sin*/,='/, and */g 
is in the range of y = sin~'x, then 
sin ('/2) = */¢. 


A calculator can be used to easily find the values of inverse trigonometric func- 
tions. 


The domains of the other trigonometric functions: csc x, sec x, and cot x, can 
be restricted so that each has an inverse function. A calculator can be used to find 
the value of the functions. If appropriate keys are not on the calculator, then we 


6S7-A 


can use the sine, cosine, and tangent keys to find the values. 


To find the value of composite function, first find the value of the argument 
function. After this value is determined, then take the trigonometric function of 
this value. For example, evaluate sin (cos~! '/,). This expression means the sine 
of the angle between 0 and x, inclusive, whose cosine is '/;. The angle */; is the 
value whose cosine is '/, . Then, 

. (x) _ V3 
s(5) 


3)" 2 


2 
Therefore, 
¥3 


sin(cos™! ¥) = = 


ered y = arctan (- /3); tany = - /3; y= 120°, 300°. Since 
tangent has period ", we have 


arctan(- J) = n+ 3n . 


Does the sine function have an invers: 


The domain of the sine function is the set of real numbers, 
‘and its range is the interval {- 1<y <1}. For each number y in 
this interval, the equation y = sin x has infinitely many solutions. 
For example, for the number 0 in {- 1% y <1}, 
0 = sin 0 = sin 360 = sin 720... . 


Recall that a function has an inverse if for each number y in the 
range of the function there is only one number x in the domain of 


the function such that y = f(x). Thus, the sine function does not 
have an inverse. 


In AABC, A = arc cos(- £) . What is the value of A expressed 


in radians? 


A 
| 
y 
Solution: The ae “arc con(- 8)» means "the angle whose co- 
sine equals - 2 -" Angles whose cosine equals - 2 are 
150°, 210° , -150°, and -210° . 

Since the principal value of an arc cosine of an angle is the 
positive angle having the smallest numerical value of the angle, 


’ sn 
150 , or $$ is the principal value of angle A. 


Evaluate: (a) 


Since the principal value of an arc sine or an arc tangent of 
an angle is the smallest numerical value of the angle, 


are sin § « 30° and arc tan l = 45°. 
Hence, the ratio 
arc sin § | 20" a 
3 


arctanl 45 
@ PROBLEM 898 


Find sin 4075. 


The inverse sine of 0.4075 is the angle, x, whose 
sine is 0.4075. Since 0.4075 is not found in the sine 
table, we proceed by finding the two numbers closest to 
-4075 (one greater and the other less than) which do appear 
in the table, and interpolating. 


in 24°0' = 0.4067 
10'|4 tre = 0.407 0.0008) 0.0027 
in 24°10" = 0.409 


Setting up the proportion, a. . 0.0008 e.. Cross multi- 
Id ~ 0.0027 ~ 27 


plying, 27d = 80 
d = 3' to the nearest minute. 
Therefore, 


sin? 


0.4075 = 24°0' + 3° = 24° 3! 

Each function value is the function value of many 
angles. For example, a negative cosine is the cosine of 
an angle in the second quadrant and also of an angle in the 
third quadrant. But we defined the inverse relation so that 


it is a function. Hence, sin + 0.4075 defines a unique 
angle, namely, 24°3', 
@ PROBLEM 899 


Find Arccot 10.365. 


Solution: The problem is to find the angle 6 whose 
cotangent function has the value 10.365 . In a table of 
trigonometric functions, the number 10.365 does not appear 
in the vertical column headed by cot. We find two numbers, 
10.385 and 10.354, one of which is larger and the other 
smaller than 10.365. 

In such a case, we must interpolate to obtain the 
proper angle. It must lie between 5°30’ and 5°31‘. The 
form for interpolation can be used. 


Angles Values of Punction 
ies | 
x 
1'=60" 8 10.365_}| -0.020/ -0.031 
5°31’ 
10.354 


Note that the negative values found in the values of the 
cotangent function were obtained by subtracting a number 
from the one below it. The same was done for the angles. 
Illustrating this point: 5°31' - 5°30' = 1' = 60", 
6-5°30' = x, 10.354 - 10.385 =-0.031, 10.365 - 10.385 = 
-0.020. Now, the following proportion is set up: 


X= -0.020 
60" = _=9-031 


or x = -0.020 (60") = (.645) (60") = 38.7" 


Therefore, 8 = 5°30'0" + 0°0'38.7" = 5°30'38.7", 


Hence, Arccot 10.365 = @ =5° 30'38.7". 
@ PROBLEM 900 


Pind Arccos 0.74652. 


The problem is to find the angle 6 whose 
cosine function has value 0.74652. In a table of 
trigonometric functions, the number 0.74652 does not 
appear in the column headed by cos. We find two numbers, 
0.74664 and 0.74644, one of which is larger and the other 
smaller than 0.74652. In such a case, we must interpolate 
to obtain the proper angle. It must lie between 41°42' 
and 41°43'. The form for interpolation may be used, 


Angles Values of Function 
ee sore 
x 
1' 8 0.74652_J-0.00012 
41°43" -0.00020 
0.74644 


Note that the negative values found in the values 
of the cosine function were obtained by subtracting a 
number from the one below it. The same was done for 
the angles. Illustrating this point: 41°43’ - 41°42' = 1', 
6 = 41°42' = x, 0.74652 - 0.74664 = -0.00012, and 0.74644 - 
0.74664 = -0.00020. 


Now the following proportion is set up: 


x = -0.00012 
IF =0.00020 


or x = -0.00012 (1') = pets (60") 
=0.00020 0.000 


= (.6)(60") = 36.0" = 36" 
Therefore, x = 41°42' 0" + 0° 0°36" = 41°42'36". 


Hence, Arccos 6 .74652 = 6 = 41°42'36". 
© PROBLEM 901 


Evaluate cos(arc sin (-1)]. 


y' 
Solution; The expression “arc sin (-1)" means "the angle whose sine 


equals -1." Between O° and 360°, the only angle whose sine equals 
“1 is 270. 


Hence, cos{arc sin(-1)] = cos 270°. 
The value of cos 270 = 0. 


Note: In problems of this type, a sketch of y = sin x and y = 


cos x is very useful. 


Evaluate cos (sin™? 5 - 
2 


3 


Solution: Inverse sine of * is the angle whose sin is je 
From our diagram of a 30° - 60° - 90° right triangle we 
observe sin 30° = 2 so sin") i = 30°. Thus cos (sin? 3) = 
cos(30%). Consulting our diagram we see cos 30° = 4. 
Therefore cos ein” 5 --—: 


Express in radical form the positive value of sin(arc cos 4). 
B 


2 a/> 


a 
A bl oc 
Solution; The expression “arc cos 4" means “the angle whose cosine 


equals 4." In the diagram, note that A is the angle whose cosine 
is 4&. 


Since 60° is the angle whose cosine equals k, A= 60°, The 
positive value of sin(arc cos 4) = sin 60° « ra . 


© PROBLEM 909 


Find sin (} Arccos yg). 


Solution, Let Arccos 2; = a; then we have 


ut) Fs. [-B ye os 


~ © PROBLEM 910 


Find sin(Arctan x), where x may be any real number. 


Solution; Let t= Arctanx. Then tant =x, and -41 < t < 4M, 
RYso tc and x have the same sign (see Figure). Now, we express 
sin t in terms of x as follows: 


since tent =x = 25 , and 
cos t 
my . 

sint sat cost, 


we write 
sin t= x cost 


sin't = x cos*t, 
and by the identity 


sid’ t + cos*t = 1, 
sin't = (1 - sin’t). 
Solving for sin’t, 
1. ¥ (1 - sin’ t) 
sin’t 


sin't(L+x*) =< 


sift o & . 
1+ 


Thus, x = 1 does not satisfy the given equation. (Notice that out- 

side the restricted values for arccos we have arccos 0 = - 1/2 

also, which, together with arcsin 1 = 1/2 , makes x= 1 a solution.) 
Hence x = 0 is the only solution of the given equation when only 


the restricted values are permitted (recall that for the inverse sine 
function, 
-$* (arcsin x = @) <5 


and for the inverse cos function 
0 = @rccos(1 - x) = #) = r). 


CHAPTER 29 


TRIGONOMETRIC EQUATIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 671 to 
705 for step-by-step solutions to problems. 


The process of solving trigonometric equations is very similar to the process 
of solving algebraic equations. Because of the periodic nature of trigonometric 
functions, trigonometric equations will not typically have a finite number of 
solutions unless one restricts the search for solutions to some specified interval. 


The simplest kind of trigonometric equation has the linear form 
trgx =c, 


where trg is one of the trigonometric functions, c is a given number, and x is the 
variable whose value is to be determined. Such equations can be solved using 
memorized values or the inverse trigonometric function operations on a calculator. 


If the trigonometric equation is more complex, then the first step in the 
solution process is to set the equation equal to zero and factor (if possible) the 
other side of the equation. Then set each factor equal to zero and solve each 
resulting equation. 


If the equation is not factorable and is in quadratic form, then other techniques 
for solving algebraic equations should be tried, such as, the quadratic formula 
and completing the square. If more than one trigonometric function is involved in 
a trigonometric equation and/or different multiples of the angle and the factoring 
method is not applicable, then it is necessary to use identities to obtain an equation 
involving only one trigonometric function. After identities have been applied, 
then solve the equation using the techniques mentioned above. 


General guidelines for proving trigonometric identities involve the following 
steps: 
(1) Begin work on the side of the statement which is more complicated. 


(2) Look for trigonometric substitutions involving the basic identities that 
may help simplify things. 


671-A 


671-B 


(3) 


(4) 


6) 


Look for algebraic operations, such as adding fractions, the distributive 
property, or factoring, that may simplify the side you are working with 
or that will at least lead to an expression that will be easier to simplify. 


If you cannot think of anything else to do, change everything to sines 
and cosines and see if that helps. 


Always keep an eye on the side that you are not working with to be sure 
you are working toward it. There is a certain sense of direction that 
accompanies a successful proof. 


Solution: Since the unknown quantity is involved in 
the radicand, squaring of both sides to el te the 
radical is suggested. Thus, we obtain 1 + sin* x = 


2 sin? x. Hence, sin? x-1= 0, 


or sin? x=l 
Ysin? x = tv 


sin x = 21 


When sin x = 1 on [0,217], x = 1/2. When sin x = -1 on 
[0,2"], x = 32/2. 

The complete solution set seems to be{s/2, 31/2}. Since 
we squared both sides of the equation, we should try each 
element in the original equation. When_x =1/2, we 

Yitl =/2+1. When x = 30/2, we obtain /i+l=/Z(-1). The 
second element does not satisfy the original equation, 
hence does not belong to the solution set. An extraneous 
root was introduced by squaring the equation, it would 
seem. Thus, the solution set is{1/2}. © PROBLEM 922 


Find one number in the solution set of the equation tan t = 3 ° 


bel 
Solution: We know that the 


opposite side _ /3 
tant = adjacent side “A (see figure A). 
The third side, c, can be found by the Pythagorean theorem Pe . a + ? 


fs V3)? +127 = 34284 

c =¥4=+2 
Reject -2, since a side of a triangle cannot be negative. 
Thus, c.= +2, Thg student should recall the trigonometric functions of 
the 30, 60, 90 triangle, that is, 


sin 30° = Sbposite == cos 60° = SGIRGERE (eee figure 3). 


Thus, t = 60° because cos t = 4, and sint =") 5 that is, 
tan 60” = 210.60" _ 13/2. (3)(2) 25 
con co” 2 uc @ PROBLEM 923 


Find the solution set on [0,7] for the equation 
tan x sin x - sin x - tanx+1= 0. 


Solution; This equation can be factored to obtain 

(sin x - 1)(tan x - 1) = 0, 
The values of x satisfying this equation may be found by setting 
each factor equal to zero, 


672 


Solution: sin & + 2tan8 = 0 


sin 8 8 
Since tan 6 = sind » by substitution: sin 6 + 2 saint =0 


Multiplying both sides by cos 6 gives us cos 8(sin 8 + 2 sine) . 
O(cos 6) 


Distributing we obtain, 
sin 6 cos § + 2sin 6 = 0 


Factoring out sin@ gives us 

sin 8(cos 8 + 2) =0 
If xy = 0, either x= 0 or y= 0, hence either sin®=0 or 
cos 8 +2= 0, Subtracting 2 from each side of the latter gives us 


cos @ = -2 Thus sin@ =0 or cos® = -2 


On the given interval, 0 < 6 < 2", sin® = 0 when 6 = 0,0 = 
6= 27; and cos 6 = -2 for no angles of 6 (cos is only Getined” 
on the interval |-1,1]). 


Thus the solution set is {0,1,2n},Check these values. If we do not 
restrict & as we have done, then the solutions may be expressed as 

@ = 0+ k", where k is any integer. That is, by adding any integral 
multiple of 1 to the angle &, we obtain an angle coterminal with 
either zero or . (By coterminal we mean the initial sides of the 
angles lie on the positive branch of the x-axis and the terminal sides 
coincide.) 


@ PROBLEM 931 


Solve the equation 


sin? 6 +2cos 6-120 


for non-negative values of 6 less than 21. 


SrarSeaeTe Two trigonometric functions of the unknown 6 
tself appear in this equation. Accordingly, we make use 
of the identity connecting these functions, namely, 


sin? 6+ cos” 6 = 1, to transform it into an equation in- 


676 


u/2+20 


ae Factoring the left side of the given equation into a product 
of two trigonometric functions 


(sin x - 3)(sinx - 1) = 0 ql) 


Whenever a product ab =0 (where a and b are any two numbers) either 
a-=0 or b#0. Hence, either 


sinx-3=0 or sinx-120 
sinx=3 or sinx=l , 
and so our desired solution set is the union 
{sin x = 3} U {ein x = 1}. (2) 


The first of these sets is the empty set because sin x takes on values 
only between -1 and 1; that is, -1 sin x <1. For the second set, 
sin 7/2 = 1. Note that any integral multiple of 2 added to 1/2 will 
result in the same reference angle. Hence, 
bul bul bul bul 

sin > = sia( + on) = sia(S - an) - sia(S + an) el. 
Therefore, the solution set for the second set is 2 + 2tk, where k 
fe 0, +1, + oo Since the first set has no sotution eet, the 


solution set for the second set is the solution set of the given eque- 
tion. Hence, {3 +2k, where k= 0, +1, +2} fs the solution set of 


the given equation. 


© PROBLEM 934 


Sglution: To determine all values of x such that 0° < x < 360° and 
sin 2x = -k, we must determine all values of 2x such that 


2-0° = 2-x < 2-360° and sin 2x = -k, 


678 


They are 135° in the second quadrant, and 315° in the 
fourth quadrant. This is through one revolution or 360°. 
Through a second revolution (720°) the chosen angles 
are 495° in the second quadrant and 675° in the fourth 
(see Figure). 


The angles are 135°, 315°, 495°, 675°. According to 
the equation each angle is twice the required angle. 
Therefore, the values of x which we are interested in are 


Ase = 67.5° 


325° = 157.59 


oe = 247.5° 


se = 337.5° 


Solve the equation 
3 tan @+ sec 8+1=0 


for non-negative values of § less than 2m, that is, 0 < 9 < 2n, 


Solution: Here the two functions involved are connected by the identity 
sec 8 = 1+ tan’6, This can be derived from sin70 + cos76 = 1, by 
dividing by cose, 

sin?@ + £08 i] 1 


tan @ + 1 = sec 


Since both functions appear to the first degree in the equation, the 
introduction of an irrationality is unavoidable, Therefore a redundancy 
may arise, and all solutions obtained must be checked. 


We choose to eliminate sec 8; thus, solving for sec @ in the given 
equation, 

3 tan 6 + sec 8+1=0 

3 tan 6 + 1 = -sec @ 


Solving for sec @ in the identit sec*@ = tan70 + 1, and substituting: 
sec @ = + A + tan*e 


Stan @41=-sec@=+A + tan’ 


Squaring both sides: 
(3 tan 0+ 137 = (¢ As eante)? 
9 tan*6 +6 tan @ +1 = 1+ tane 


Subtract ten’6 +1 from both sides to obtain: 
9 tan" + 6 tan 6 +1 - (tan 41) = 14 tan’ 

~ (tan’e + 1) 
8 tan“@ + 6 ten 6 = 0 

Factor 2 tan © from the left side: 
(2 tan @)(4 tan 8 + 3) = 0, Thus, 
2tanO®=0, or 4tan0+3«=0 
tan @=0, or tan @ = - 3/4 


Therefore, we must find the angles whose tangent is 0, and the angle 
whose tangent is (- 3/4) = -.75, where the angle is greater than or 
equal to © and less than 2” (or 360°). 
The angle whose tangent is 0 is 0° and 180°. Thus, for 
tan 6 = 0 we find 6 = 0°, and 6 = 180°. 
Now, we must find 9% such that tan 8 = -.75. Referring to a table of 
trigonometric functions, we find tan 37° ws .75, Thus, 3 is our 
reference angle. Since the tangent function is negative in the second 
and fourth quadrants, @ = 143°, 323° (see figure), 
Therefore, the roots of the equation are 6 = 0° ,180° ,143° ,323°. But, 
before accepting these roots as solutions to the original equation, we 
substitute each root into the equation as a check for validity. Thus, 
when @= 0° , 3 tan @ + sec 8+ 1 = 0 becomes, 

3 tan 0° + sec 0° +1 = 0, and 


since tan 0° = 0 and sec 0 = + = 1, we have: 


cos 0 


3(0)+1+120; 240 


Thus, 9 = 0° is an extraneous root, 
when 6 =180°, we have 
3 tan 180° + sec 180° + 1 = 0, since 
tan 180° = 0, and sec 180° = cos 180° = -1 
we have 0+ (-1) +120 
Therefore, § = 180° is a solution of the given equation. 
When @ = 143°, 3 tan @ + sec 6 +1 = 0 becomes, 
3 tan 143° + sec 143° + 1 = 0; and 


since sec 143° = -sec 37° ( the sign is negative because sec 
is negative in the second quadrant), we have: 

3 tan 143° — sec 37° + 1 = 0 
Prom a table of trig functions we find that sec 37° 1.25, and we found 


previously that tan 143° w -.75 ; thus: 
I 


3(- .75) - 1.2 +140 
-2.25 -.254 0 
2.540 
Therefore, @ = 143° is not a solution of the given equation, 
When 6@ = 323°, we have: 3 tan 323° + sec 323° + 1 = 0; 
and since sec is positive in Quadrant IV, sec 323° = sec 37°, We have 
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previously found that tan 323° a - .75. Thus, 
3 tan (329) + sec 37° +1 Zo 
3(- .75) +1.% +120 


-2.% +2.%=0 
o=0 


Therefore, 9 = 323° is a solution of the given equation. 
Thus, the solutions of the given equation are 


6 = 180°, 323° tor 0 < @ < 2m, 
@ PROBLEM 937 


Solve the equation 
2 sin 28 + cos 286 + 2 sing = 1 


for non-negative values of 6 less than 2r. 


Solution: Here we have functions of both @ itself and 26. 
lence we first transform so as to get an equivalent equation 
involving functions of 6 only. We set sin 26 = 2 sin § cos 6 


and cos 2 =1- 2 sin? 8, the latter form being chosen so 
that the constant terms in the equation will cancel. 
This leads to 


2 sin 28 + cos 26 + 2 sin 6 = 1 


2(2 sin @ cos 6) + (1 - 2 sin? 6) +2 sin 6 =1 


2 


4 sin 6 cos 6 +1 - 2 sin” 8 +2 sin§ =1 


2 6 + 2 sin @ = 0 (subtracting 1 
from both sides) 


(2 sin 6)(2 cos 6 - sin 6 +1) = 0 (Factoring out 2 sin 6) 


4 sin 6 cos 6 - 2 sin 


2(sin 6) (2 cos 6 - sine +1) = 0. 
Whenever a product of two numbers ab = 0 either a = 0 or 
b = 0. Hence 2 sin @ = 0 or 2 cos 6 - sing +120. When 
the factor sin 6 is set equal to zero, the last equation is 
satisfied, whence we get 
6=0, 6=f. 


It is easy to verify these solutions in the original equa- 
tion. 


Check: 
6=0 
2 sin 2(0) + cos 2(0) + 2 sin (0) = 1 
2 sin (0) + cos (0) + 2 sin (0) = 1 
2°0 1 + 2°0 #1 
1 =1 


ent 

2 sin 2(n) + cos 2(n) + 2 sin n = 

2(0) + (1 #20) * 
1 zl 


1 
2 sin 2n + cos 2n +2sinn #1 
1 


fo find possible solutions of the equation 
2 cos 6 - sin 6 + 1 = 0, we transpose to get 
2 cos 8 +1 = sin 6. 2 2 

From the Pythagorean relation cos© 6 + sin” 6 = 1, 
we obtain an expression for sin 6. 


2 


sin? 8 = 1 - cos 8 


sin 6 -+A- cos* . 


Substitute this into the factor 2 cos @- sinO +10. 


bcos @- wind +1= 2008 0s - cost e+1=0 


Transpose vi - cos? 8, 
2 cos 8 + 1 = 44k = cont . 


To solve this radical equation, we square both sides: 


ee rege aes eS ees 6. 
Subtract 1 and add cos* 6 to both sides to obtain: 


5 cos” 


@+4cos 6=0 
cos 6(5 cos 6 + 4) = 0. 
Set both factors equal to zero. 
cos 6 = 0 5 cops 6 +4=0 


5 cos 6 = -4 
4 
cos 6 = 0 cos 6 = -z. 


Note that all values of 6 obtained must be checked because 

the process of rationalizing a radical equation may lead 

to extraneous roots. s 3 
Corresponding to cos 6 = 0, ) = 5 and @ = 9. Sub- 


stitute these values into the given equation, 
2 cos 6 - sine +1= 0. 
Verify both values of 6: 


For 6 = 5 


2 cos 6 - sin6é+1=0 


a relation involving only one trigonometric function. 
Multiplying by -1 (or transposing), we have 


2 sin’ x - sin x < 0, 
or (sin x)(2 sin x - 1) < 0. 
Now for a product to be negative, then one factor 


must be negative and the other must be positive. There are 
two cases to be considered. 


Case I Case II 
sinx > 0 or sin x <0 
2 sinx-1< 0 2 sinx-1 >0. 


For Case I, when sin x > 0, the angle is in quadrant 
I or II and x > 0. Consider the second restriction, 


2 binx -1< 0. Then sin x < $. Thus, x < %. Combine 
these two restrictions: 0 < x < 5 Since z is a reference 
angle in quadrant II, then z"< x < w since 0 < sin x < i 


For Case II, when sin x < 0, the angle is in quadrant 
III or IV. Also, if 2 sin x - 1 > 0, then 


sin x > 5. Thus x > Zr and x < Yn, Jn <x < Yo, 


@ PROBLEM 941 


Sketch three periods of the graph y = 3 cos 2x. 


The coefficient of the function is 3, which 
means that the maximum and minimum values are 3 and - 3, 
respectively. The period of the cosine function is the co- 


efficient of x multiplied by 3 radians. Therefore, the 
period of the cosine function given in this problem is 
2 5 radians} = 1 radians 


and with this knowledge, we sketch the curve as in the 
Figure. 


y=sinx 
y=cscx 


Solution; To plot points for the function cosecant of x, first find 
the y-values of the reciprocal function, the sine of the angle x, 


Since the sine and cosecant are reciprocals, we state the following 
conclusions based on properties of real numbers, 


Q) For O<xs3, 0S sinxs and csc x > 1. 


In fact, as sin x increases, csc x decreases, For example: 


sin 0° = sin 0 =0 csc 0 = undefined 
sin 30° = sin 3 = 3 = .5000 coc F=2 
sin 5° = sing = + « A 1:04. .2070 coc 5 = 2m 1.414 
sin 90° = sin 5 = 1.000 csc 51 


(2) Por gexes, sin x decreases from 1 to 0, Hence, csc x will 


increase from 1 to very large values, We can observe this from specific 
examples: 


ar esc 5 =1 

sin 3n = Bw 87 csc $m 1,15 
sin 3m .707 cac Jt mw 1.4 

sin Sn = .500 coc Su = 2 

sin ™=0 cec T = undefined 


(3) Por nexsS » Sin x decreases from 0 to-1, Hence, csc x will 
be increasing and will increase from very large negative values to -1. 


(4) For 3ixsam, -1 S$ sin x < 0, and the graph will be increasing. 


Hence, csc x will decrease from -1 to very large negative values, 
The student can verify conclusions (3) and (4) in a similar manner to 
that used for (1) and (2), that is, choosing specific angles between 


y and 5, and then between “J and am. 


<6) a 


i oe as w= 
sec 6 cos @ adjacent side x 


Substitute these expressions into the identity: 
sec’@ - tan®@ « (ey - (zy 
a 
“5 -% 
3 


By the re ay Theoren, * = x +y*; substitute * for & - y’; 


since + ? 

a a ae 

Thus, sec’O - tan’é Fa 
71 © PROBLEM 946 


Prove the following two identities: 


Q) coo'$- 6) = sine (2) con @ = ain(S-@) . 


-Selution: To prove identity (1), we use the cosine difference formula, 


which states: cos(u - v) = cos u cos v+sinusinv. Thus, 

cos(S - @) = cos $ cos @ + sin Z sin 8 
Now, we must find the values for cos 5 and sin >. Since F= 90", 
and we know that cos 90° = 0 and sin 90° = 1, by substitution we have: 


con 5 - ®) = O-cos @ + 1-sin @ 


= sin 8, the desired result. 
To prove identity (2) note that 
F-(F-0)] = coe(F-F+0) ~ cose . 
Since cos @ = coat -(F - 6) ] we can use the difference formula, 


which states: cos(u-v) = cos u cos v + sinusinwv. Thus, we have: 


cou 0» co E(B 6] = one F am(Z =) + ain F(Z - 0) 


How since coos = 0 and sin > = 1, by substitution ve obtain: 


cos* 8 - sin* g = (cos? g + sin? 8) (cos? 8 - sin? 8) 
= (1) (cos? g- sin? 8) 
= cos? 6 - sin? B 
= (1 - sin? 8) - sin? 8 
= 1- 2 sin? g 


Therefore, cos* 8 - sin* 8 = 1 = 2 sin’ 8. 
@ PROBLEM 951 


Prove the identity 1 + sin 2x = (sin x + cos x). 


Sol nm To prove this identity, start with the right 
side o equation. 
{sin x + cos x)? = (sin x + cos x) (sin x + cos x) 
= sin? x + 2 sin x cos x + cos” x 


= sin? x + cos? x + 2 sin x cos x 
= 1+ 2 sin x cos x,since 
(sin? x + cos? x)= 1. 
But sin 2 x = 2 sin x cos x, and (sin x + cos x)? = 


1 + 2 sin x cos x.Therefore (sin x + cos x)? = 1+ sin 2x. 
@ PROBLEM 952 


Cc. 


Prove the identity csc 2x = . 
2 cos x 


Solution: Starting with the right side of the identity, 


csc x | l/sin x i ara | 
2cosx” 2esx? SO *" Sin: Hence, 
1 1 


2cos x sinx 2cosx ~ 2 sin x cos x 
Using the double-angle formula, sin 2a = 2 sin @ cos @, 

geex  . 1. . 

2 cos x 2 sin x cos x sin 2x 


a eee ssc x oe 
Again, cincs coc x sinx’ 2cosx. sin 2x 


have proved the left side equal to the right, 


= csc 2x. Since we 


@ PROBLEM 953 


cos? x - cos x + sin x _ cos’? x _ cos x , sin x 
cos x cos x cos x cos x . 
But cos*_x = cos? ' x = cos* x 
cos x 


cos xX _ 1 
cos x 


sin x 
and cos x 7 tan x. 


Thus, replacing these values we obtain: 
= cos* x - 1 + tan x. 
Recall the identity sin? 6 + cos? @ = 1. 
Subtracting sin’? 6 from both sides gives us 
cos? 6 = 1 - sin? 6, 
and subtracting 1 from both sides we obtain 
cos? 6 - 1 = - sin? 6; 
thus replacing cos? x - 1 by - sin? x we have: 


3 
cos’ x - cos x + sin x 2 
cos Xe ee se - x + 
cos x in tan x 


= tan x - sin® x. 
@ PROBLEM 956 


Show that tan t + cot t = csc t sec t. 


sin t cos t 
“cose OMA CORE™ “Sine 


Solution: Since tan t = 


by substitution we have: 


sint cos t 
rane £t cos t + Sint 
- _sint - cost 


Since multiplying by 1 = cin and 1 = oom TET 


does not alter the value of either fraction, we perform 
this multiplication, and obtain: 


sin t sin t + cost cos t 
cos t sin t Sin t cos t 
2 sin? t cos? t 
sin t cos t sin t cos t 


sin? t + cos? t 
sin t) (cos 


= —iL- cos? 
Sin 6(1 + cos 6) 
Since cos? 6 + sin? 6 = 1 or sin? 6 = 1 - cos? 6, then 


1 - cos 6 _ 1 - cos? 6 = sin? 6 

sin 6 Sin 6 + cos 6 sin 6(1 + cos 6) 
pa sin 6 
T+ cos 6 


Note that this method starts with the left side of the 


identity to be proved. The following is another method 
which can be used to prove the identity. 


(b) sin 6 _ sin 6(1 - cos 6) 
+ cos 6 (1 + cos 6) (1 - cos 6 
* sin 6(1 - cos 6) 
+ cos 6 = cos 6 - cos? 6 
sin 6(1 - cos 6) 


1 - cos? 6 


Again, since sin? 6 = 1 - cos? 6, 
sin 6 = Sin 6(1 - cos 6) 
I + cos 6 1 = cos? 6 


sin 6(1 - cos 6) 


sin? 6 
1 - cos 6 
Sin 6 


Note that this second method starts with the right side of 
the identity to be proved. 


cos A + cos A =2tanA 


esc A+ 1 esc A+1 
is an identity, 


Solution; The left member is the more complicated; hence, we shall 
work with it and begin by performing the indicated addition. The 
lowest common denominator is (csc A - 1)(csec A+ 1) = cec’A - 1, 
Thus 
cos A , —coe A ~ (eee 4 +t) cos A 
esc A-1 cacA+1 cA+ esc A-1 


+ Chit) coc A+ 1 


7 A+ A, A- A 
cae A-1 cae A-1 
sf A+ cop A, sac - 

csc A-1 esc A-1 
_ £8c A cos A + cos A+ - 
csc A-1 


« csc A A+ A A 
cc A-1 


Recall the trignometric identity csc*A-1 = cot*A, 


A 
cot A 
, 
replace csc A by sin A? 
A A 
cor A 
A 
replace ow by cot A, 
. Zoot A 
cot A 
cancelling out cot A, 
* ‘cot A 
Replace cot A by 1 . 
tan A, 1 
tan A 
Multiply numerator and denominator by tan A, 
=2 tanA 


We have thus proved 
A cos A - 
cacA- 1 + csc A+ 1 2 tan A is an identity. 


@ PROBLEM 960 


Prove that the following equation is an identity: 


This problem may be approached in a variety of 
ways. One method is based on the fact that two fractions 
are equal if their cross products are equal. That is, 


1 - sin x _ cos x . 
cos x I+ sin x if (1 sin x) (1 + sin x) 


= (cos x) (cos x). 
(1 - sin x) (1 + sin x) = 1 - sin? x 


Now, recall the trigonometric identity cos? 9 = 1 - sine; 


thus(1 - sin x) (1 + sin x) = cos* x = (cos x)- 
(cos x), and since the CrO8S products are equal, we have 
proven the original fractions equivalent. 


© PROBLEM 961 


Prove the identity: sec A csc A = tan A + cot A. 


One approach to the proof of identities, when 
many functions are involved, is to express the given 
functions in terms of fewer functions. In this case, 
suppose we express each of the given trigonometric 
functions in terms of sine and cosine functions. We 
will work in parallel columns, with each side of the 
given equation: 


Since sec A = l/cos A and Since tan A = sin A/cos A 
csc A = l/sin A, and cot A = l/tanA = 


1/sin A/cos A = cos A/sin A, 
sec A csc A tan A + cot A 
= . i = S8inA, cos A 
cos A  SinA cos A sinA~’ 
1 
" cosh sin Kk To combine these fractions, 


we convert them into fractions 
with the least common de- 
nominator (LCD) cos A sin 


A; thus: 
< sink sin A 
Sin A cos A 
gos & gos A A 
sin A 


sin? A + cos? A 
cos A sinaA : 


Recall the trigonometric 
identity sin? A + cos? A= 1; 


replacing sin? A+cos? A by 1 
we obtain: 


1 
= cos A sin A 


Now, since we have proved that both sides of the given 
equation are equal to the same expression, we are tempted 
to say that they are therefore equal to each other, and 
that we have therefore proved what we set out to prove. 


We have indeed, except for one detail. We have not 
considered the values of A for which the given expressions 
and those which we substituted are meaningful. 

This aspect of the proof of a trigonometric identity 
rarely leads to trouble, and may therefore usually be 
omitted. The careful student, however, will want to be 
prepared to investigate this question. 

Thus we note that sec A and tan A are defined if 
and only if A is a real number of degrees not an odd 
multiple of 90; csc A and cot A are defined if and only if 
A is a real number of degrees not an even multiple of 
90. Both sides of the equation are therefore defined if 
and only if A is a real number of degrees not an integer 
multiple of 90. 

Each of the substitutions made in the parallel 
columns above is valid if A is such a number. 

Therefore sec A csc A and tan A cot A are equal 
whenever both are defined, and the equation sec A csc A 
= tan A + cot A is an identity. 

@ PROBLEM 962 


Show that tan (~ v) = - tan v for every number v in the 
domain of the tangent function. 


: Working on the left side of the equation, we 
note that cos 26 can be rewritten as cos (6 + 6), to 
which we apply the formula for the cosine of the sum of 
two angles, cos (u + v) = cos u cos v - sin u sin v. 
Thus, cos 26 = cos (6 + 6) = cos @ cos 6 - sin 6 sin 6 
= cos? § - sin’ 6. 

Replacing cos 28 by cos? 6 - sin? 6 we obtain, 
cos 26 _ cos? 6 - sin? 6 
cos 6 cos 6 


Divide numerator and denominator by cos? 6, 


cos? 9 - sin? 6 
cos‘ 8 


cos? 6 


Recall that tan 6 = sin 6/cos 6; thus 


2 9 = {8in_6)? _ sin? 0 
= 2 Es 3] cos? 6 * 


Substituting tan? @ for sin’? 6/cos? 6 we obtain, 


Since l/cos 8 = sec 6, replace l/cos @ by sec 8; thus 


1 - tan? 6 
sec 6 . 


Therefore, we have shown that 


cos 26 _ 1 - tan? 6 


cos 6 sec 6 . 


cos 8 1+ sin 8 
Prove that IT-sind "cose ’ 


i+ 
olution, SIG = GES, EEHEG . since mutspiication ty 


1 does not change the value of the fraction. Performing the multipli- 


cation we obtain: + 
(1 = sin €)(1 + sin 
701 


Multiplying the terms in the numerator we obtain: 


sin’ - sin‘e + sin“e . 1-(- 26in® + sin‘e) 


1-sin’8 1-sin’8 
8 = 8 49  Ac\in2s + 4 
1-sin’8 1-sin’e 
2sin%e - sinX® _ 1-1¢28in’® - sin’? 
1-sin’e 1-sin’e 


Zsin § - sin’e = 2sin’® - sin’s 
1-sin’6 1-sin’e 


2 
Since ain’e + tan“ = ein'e — eine and 
l-sin 8 


2 - sin 
sec @ - cos8 . 2sin’s 2 x 
l-sin’6 
sine + tan’e - sec’6 - cos“ 
because two expressions equal to the same expression are equal to each 


other. 
@ PROBLEM 967 


Prove the identity s05-2t} = cot” ee. 


Solution: Starting with the left side of the identity, 


os ae 
2 + psi since sec x © 
sec x- 1 1 cos x 
cos x . 
Hence, 1 + SO8% 
sec x +1 _ cos x_ cos x for l= 
secx-1l1 1. cos x cos x 
cos x cos x 
1 + cos x 
Combining fractions, . = 
i= cos x 
cos x 


Dividing by a fraction is equivalent to multiplying by its reciprocal, 


hence, 1 + cos x 
eo 

cos x 1 - cos x 
Cancelling cos x from numerator and denominator we obtain: 


secxti,Ltcorn . (, fiteoer)? 


secx~-1 1 - cos x 


Looking at the right side of the identity: 
from the formula for the tangent of a half angle, 


can 0 = tan2 e+ 


2 -%¥1+cos 6° and 
cot ix = cot $= -L—— - = 
tan Wi + cos x 


tv + cos x 
apne 2) ~t feces 
= an(+ = cos . - cos x 
x + cos x 


Therefore, secxti, (cot x)? = cot” . ° 


sec x- 1 


© PROBLEM 968 


Prove the identity 


tan {7 + 3] = sec § + tan 6. 


Solution: Factor out 5 


tan(j + $) = tan +5 + e). 
Then, apply the half-angle formula for the tangent. 


= cos 
tan 30, © +/Tr rt 


1 


Rationalize the denominator to obtain 


1 - cos 1 Ji ~ cos 8, 1 - cos 8 
ten 3°, § * / IF cos 3, /T- cos 


_ = 
1 


+71 - cosé 6 


1 


1 - cos 6, 


Vein" 8 


1 - cos 6 


1 1 
er. a 


wT 
Replace 8) by z+ 6. 


Apply the formula for the sum of the sine of two angles 
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and the cosine of the sum of two angles. 
cos(a + 8) = cos a cos 6 - sina sin 8 


sin(a + 8) = sin a cos 8 + cos a sin B 
cos [5 + 0 cos 5 cos 8 - sin 5 sin 6 
= O(cos 6) - sin 6 = -sin 6. 
sin(5 + 6] = sin 5 cos 6 + cos 3 sin 6 
= 1 cos 6 + 0(sin 6) 
= cos 6 


Substitute these two results. 


1 - cos 6 


1 liz 
a aay _ (5 . e] 7 
Pa tins (-sin 6) _ 1+ sin 6 
cos cos 6 
- —iL_ , sin 6 
cos 6” cos 6 


= sec 6 + tan 6. 


1 - cos 3 +6 


CHAPTER 30 


POLAR COORDINATES 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 706 to 


711 for step-by-step solutions to problems. 


Some problems in analytic geometry, especially involving motion about a 
point, are difficult to solve using the x-y coordinate system. In fact, such equa- 
tions as 


x+y? -2x ee 2y x? +y? 


are unwieldly in the rectangular coordinate system, but are manageable in the 
polar coordinate system. 


To set up the polar coordinate system in a plane, begin with a fixed point O 
(called the origin or pole) and a directed half-line (called the polar axis) with its 
endpoint at O drawn horizontally to the right. To each point P in the plane, the 
polar coordinates (r, 8) can be assigned. The angle 6 has the polar axis as its initial 
side and the half-line OP as its terminal side. The number r indicates the distance 
from the pole to the point P. There is an infinite number of ordered pairs associ- 
ated with (r, 8) 


For instance, a point whose coordinates are (3, 45°) may be described by 
(3, 405°), (3, 765°), (- 3, 225°), (- 3, - 135°), (3, - 315°) 
to name the function. Polar coordinate paper is useful in plotting points. 


We can superimpose an xy-plane on the r@-plane with the positive x-axis co- 
inciding with the polar axis. Then, the following polar-rectangular relationships 
can be deduced. 


x = rcos68 y = rsin® 
tan@ = /, Pexe+y 


These relationships provide the basis for changing polar equations to equations in 
rectangular form and vice versa. For example, using the above relationships 


x+y? -2x=2 x+y? 


Step-by-Step Solutions to 
Problems in this Chapter, 
“Polar Coordinates” 


© PROBLEM 969 


What is the graph of p = 3? 


Solution; This equation says that for all values of 8, p = 3. Thus 


for 6 = o,", p=3;6 30°, p = 3; etc. The graph is a circle of 
radius 3 with the center at the origin. @ PROBLEM 970 


Draw the graph of p = 2 cos 6. 


. 
120" P60? 


Sglution;, We assign values to @ and find the corresponding values 
of p , giving the following table: 


Values from 180° to 360° 

give the same points. 

(Check this.) 
We then plot the points (p,8) and draw a smooth curve through them. 
We get the graph of the figure. The equation which defines the path 
of P may involve only one of the variables (p,8). In that case the 


variable which is not mentioned may have any and all values. 
@ PROBLEM 971 


Transform the equation x? + y? - x + 3y = 3 to a polar 


equation. 
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y-axis P 


x 


: 7; x-axis 


Ordinarily, when we wish to locate a point in 
a plane, we draw a pair of perpendicular axes and measure 
specified signed distances from the axes. The points are 
designated by pairs in terms of (x,y). These are called 
rectangular coordinates. 


Another way is to designate a point in terms of polar 
coordinates. (p,0) are the polar coordinates of a point P 
where p is the radius vector of P and @ is the angle that 
is made with the positive x-axis and the radius vector, OP. 
(See diagram.) 


If P is designated by the coordinates (x,y) in 
rectangular coordinates and by (p,8) in polar coordinates, 
then the following relationships hold: 


Cos 6 = pauacent side = 5 or x =p Cos 8 


tin o> ppeeien tite or yo sin 


Now in this example, we replace x by p Cos ® and y by 
p Sin 6 to obtain: 
(p Cos 6)? + (p Sin 8)? - (p Cos 6) + 3(p Sin 8) = 3 


p2 cos? 6 + p* Sin* ® - p Cos @ + 3p Sin 6 = 3 


Factor out p? and -p. 
(cos? © + sin? 6) - p(Cos @ - 3Sin 6) = 3 
Apply the identity Cos” 8 + sin? 6@=1. Then, 
p? - p(Cos @ - 3 Sin 8) = 3 © PROBLEM 972 


Transform the equation p = 2 cos @ to rectangular coordinates, 


Solution: 
p»ifee+y, cos 0 - 5-5 


R+¥ 


@ PROBLEM 973 


Transform the equation xy = 4 to polar coordinates. 


Solution: x= 9 cos 6 
—_—_—_——_—————— 
y =e sin® 
xy = 4 


p cos 6-p sin 8 = 4 
p*cos @ sin® = 4 


@ PROBLEM 974 


Transform the equation r = 4/(2 - 3 sin 8) to an equation 
in cartesian coordinates. 


Solution: The given equation is in polar coordinates. 

6 18 another system of coordinates where a point (x, y) 
lies on a circle of radius r whose center is the origin. 
(see Figure.) 


We want to replace r and sin © by rectangular co- 


ordinates. Observe the following needed substitutions 
which can be derived from the diagram. 


= Cpposite side _ y 
sia © fenctensse r 


Pythagorean Identity x? + y? = r? 
Solving for r? Yt + yt%or 


Then we proceed as follows: 


rs > Wye replacing sin 6 by y/r 
4x 
i Tm simplifying the complex 
© Y fraction 
2r -3y = 4 multiplying each member by 
(2r - 3y)/r 
2vx7 + y™ = 4 + By replacing r by vx" + y* and 


adding 3y to each member 


4x? + 4y? = Sy? + 24y + 16 equating the squares of each 
member 


4x? - S5y* - 24y = 16 adding - 9y* - 24y to each 
member 


@ PROBLEM 975 


Convert the equation r = tan @ + cot 6 to an equation in 
cartesian coordinates. 


Solution: The given equation is expressed in polar co- 
or es (r, 0) where r is the radius vector, OP, and 
6 is the angle that r makes with the polar axis, OX. O is 
the fixed point called the pole. See figure A. 

Since tan 6 # - cot 6, then r # 0, and the graph of 

r= tan 6 + cot 6 

does not pass through the pole. If r were equal to zero, 
then the curve would pass through (0,0). Therefore in 
the transformation of this equation to cartesian co- 
ordinates, we must remember that (x, y) # (0,0). Now we 
must convert all expressions of r and @ into rectangular 
coordinates (x, y). If P is designated by the coordinates 
(x, y) in rectangular coordinates and by (r, 6) in polar 


coordinates, then the following relationships hold true: 
(see Pigure B). 


° site side 
tan @ = zcant side : 
adjacent side _ x 
cot 0 = Seer sias = = 


By the Pythagorean Identity x? + y* = r? 

Solve for r: re 4x? + y” 
Substitute these values for r, tan 6, and cot 6. 
TH =L+k 


xyvx? + y™ = x? + y? 
Divide by /“«* ¥ y* 


Yxt + y? 
Rationalize the denominator multiplying the 
numerator and denominator by +y 


xy « Bity? Atay 
a, 


xy 2 22 aa 
x? + y? 
xy = 4x7 + y* 
Squaring both sides, we obtain: 
x?y? = x? + y? 


where x # 0 and y # 0. 


@ PROBLEM 976 


Instead of plotting points of the form (r,8), we will 
write 8 equation in terms of cartesian coordinates x and y. 
Cartesian coordinates (x,y) and polar coordinates (r,6) are related 
by the following equations: (noting the figure,) 


= ite side * 
sine. ee zt a) 


adjacent side x 
cos O= hypotenuse “Tt @ 
and by the Pythagorean Theorem, 
Pa = x? + y? . q3) 
First, we multiply both sides of the given equation by r to obtain 
the equation 


r* = 4r cos 8 - 2r sin 8 («® 
From equations (1), (2), and (3), the new equation (equation (4)) 
8: 
2st ug) - mG) 


x+y? xe - 2 (5) 


Subtract (4x - 2y) from both sides of equation (5): 
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x? + y? ~(4x - 2y) = 4x - ay -(4x - 2y) 


x + y? ~ 4x + 2y=0 
x 4x4 y*+ 27 2 0 (6) 
Now complete the square in both x and y. This is done by taking 
half the coefficient of the x term (or y term) and then squaring 
this value. The result is then added to both sides of equation (6), 
Completing the square in x: 
2 
[x17 = a? ea. 
Hence, equation (6) becomes: 
GP -ax+ doy? + zy 2044 
@-ax+ Dey? + ay 24 


G&-D?+y?2 + 224 (7) 
Completing the square in y: 

[#(2)]? = a)? = 1. 
Hence, equation (7) becomes: 


G@-27+ G@sa+dader 


or 


or 


or 2 2 

& -% + 6 + 2y + » = 5 
or 

@-27?74G+n7% «5 (8) 
Also, note that the equation of a circle is: 


@ -0)?7 4 G0 - 7% = 


where (h,k) are the coordinates of the center of the circle and r 
is the radius of the circle. Equation (8) is in the form for the 
equation of circle where: 


x - 2 corresponds to x -h; i,e., h= 2, 
y + 1 corresponds to y -k; that is, y+l=y-k 
y+l-yxy-k-y 
is -«k 
-1Q1) = (-1) (-k) 


2 -l = k; 
and r° corresponds to 5; that is; r= . 


Therefore, the original equation given in polar coordinates (r,9 
represents a circle of center (h,k) = (2,-1) and radius «= r «= 5, 
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CHAPTER 31 


VECTORS AND COMPLEX NUMBERS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 712 to 


741 for step-by-step solutions to problems. 


To find the sum of two vectors A and B, written as A + B, we place the initial 
point of vector B at the terminal point of vector A. The vector with the same ini- 
tial point as A and the same terminal point as B is the vector sum A + B. 


Another way to find the sum of two vectors A and B is to use the parallelo- 
gram rule, To apply the rule place vectors A and B so that their initial points coin- 
cide. Then, complete a parallelogram which has A and B as sides. The diagonal of 
the parallelogram with the same initial point as A and B is the vector sum A + B. 


The length of a vector V = (x, y), expressed in rectangular components, is called 
the magnitude, denoted by | V| and defined by 


[V |= yx? +y? 


The magnitude of the resultant sum of two vectors A and B can be determined by 
using the formula for the Law of Cosines 


[VP =x? +y? -2xy cos@ 
|V |= Vx? + y? -2xy cos®, 


where 6 is each of the angles of the parallelogram adjacent to the angle at the 
initial point of the diagonal vector V. 


The standard or rectangular form of a complex number is 
z=a+ bi. 
The trigonometric polar form of a complex number is 
z = r(cos 6 +i sin 6), 


when 


reVa?+b?, cos0=4, sind e 2, 
r r 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Vectors and Complex Numbers” 


VECTORS © PROBLEM 977 


Which of the following vectors are equal to im if 
Me= ( 1) and N = (3, - 4)? 

(a) , where A= (1, - 1) and B = (2, 3) 

(b) CD, where C = (- 4, 5) and D = (- 3, 10) 

(c) 


» where E = (3, - 2) and F = (4, - 7). 


(c,d) 
z a,b 
tip | d-b 
| dc 
'b 
endpoin ' 
r) = \—. B: (c-a, seb) represents 
Fig. A:(a-0,b-0) represents the vector. 
the vector. 


With each ordered pair in the plane there can 

be associated a vector from the origin to that point. 

The vector is determined by subtracting the co- 
ordinates of the endpoint from. the agg pam co~ 
ordinates of the tip. As for MN, the tip the point 
corresponding to the second letter of the alphabetical 
notation, N, while the endpoint is the point corres- 
ponding to the first, M. In this problem the vectors 
are of a general nature wherein their endpoints do not 
lie at the origin. 


We first find the ordered pair which represents 
im. 


MN = (3 - 2, - 4-1) = (1, - 5) 


Now, we find the ordered pair representing each 
vector. 


(a) AB (2-1, 3- (- 1)) = (1, 4) 

(b) GB =((- 3) - (- 4), 10 - 5)= (1, 5) 

(c) EP = (4-3, -7- (= 2)) = (1, - 5) 
Only EF and MN are equal. 
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@ PROBLEM 978 


A force of 315 lbs. is acting at an angle of 67° with the 


horizontal. What are its horizontal and vertical components? 


b 
3; Construct the figure shown. 
= vector force = c. 
b = QA = horizontal component. 
a= OB = vertical component. 


In BOAR: ¢ = 315; « = 67°. 


© PROBLEM 979 


Two forces of 50 lbs. and 30 lbs. have an included angle of 60°. 
Find the magnitude and direction of their resultant. 


A 50 
Salutigg: Construct the parallelogram and label if as in the figure. 
Since is parallel to we have <ABC = B = 180 - 60 = 120. 
By the law of cosines: 
2 


= c* +0" - 2 ac cos B 


= 2500 + 900 - 2(50) (30) (-4) 
= 2500 + 900 + 1500 = 4900. 


x = 70 lbs. 
2 2 2 
=» Ht ch = ak _ 4900 + 2500 - 900. 13, 
cos @ 2xe 2(70) (50) 14 -9286. 
a= 21°47", 


© PROBLEM 980 


Two forces act simultaneously on a body free to move. One force 
of 112 lbs. is acting due east, while the other of 88 lbs. is acting 
due north, Find the magnitude and direction of their resultant. 
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SQhubion; Construct the figure shown. 


QA = b= 112 lbs. 
OB = 88 lbs. = RA = a. 


Therefore the resultant is 142.44 Ibs. and ita direction is 
38°9'25" north of east. 


© PROBLEM 981 


x 


The weight of the object acts as a 500-pound 
orce vertically downward. The component of the force 
parallel to the plane tends to force the object down 
the incline. The component perpendicular to the plane 
tends to force the object against the plane. The re- 
quired force is parallel to the plane, equal in magni- 
tude and opposite in direction to the parallel com- 
ponent. Observing the figure, the triangle WPB is 
similar to the triangle made by the inclined plane 
and the ground. Angle WPB therefore equals 40°. It 
follows then that angle APW equals 5 as it is 
complementary to angle WPB. By super posing the co- 
ordinate axes with the x axis parallel to the inclined 
plane, observe that the component of the force to be 
determined lies parallel to the inclined plane and can 
be found by multiplying the magnitude of weight by 
the cos of 50°. Here cos 50° can be calculated using 
the rule cos 6 = adjacent/hypotenuse for right 
triangles. The adjacent side is 3 and the hypotenuse 


is PW. Therefore cos 50° = AP/PW or (PW) cos 50° = AP, 
where Ap and PW represent the magnitudes of the force 
vectors. 


PW = 500, <APW = 90° - 40° = 50° 
cos <APW = x » Where AP = |AP| 
AP = PW cos 4 APW 

AP = 500 cos 50° 


AP = 500 (0.6428) = 321 
The required force PE is 321 pounds. 


714 


Find the magnitude and direction of the force necessary 
to counteract the effect of a force of 60 pounds and a 
force of 40 pounds that act on a point at an angle of 

60° with each other. 


E Pig. 1 Fig. 2 
Se aeree The problem requires finding the equilibrant 
° ie two forces. The equilibrant is equal in magnitude, 


but opposite in direction, to the resultant force. We 
find the resultant force of two vectors by using the 
parallelogram law of addition of vectors. Two vectors 


are drawn and the parallelogram is c leted. The. re- 
sultant is drawn caanaotine’ tee two Sobosite vertices 


(see figurel).We indicate the magnitude of a vector as 
the corresponding segment. In the parallelogram, resultant 
OR may be found by solving triangle OAR. 
OA = BR = 40 
AR = OB = 60 
ZA = 180° - 60° = 120°(see figure 2) 
By the Law of Cosines: 
(OR)? = (OA)? + (AR)? - [2(OA) (AR) cos 120°} 
(OR)? = (40)? + (60)? - [(2) (40) (60) (- 4)] 
(OR)? = 7,600 
OR = 87 


From the Law of Sines, 
o 
sinZAOR = 60 sin 120° _ 60(0.8660) _ 0.5972 
ZAOR = 37° (to the nearest degree) 
ZAOE = 180° - 37° = 143°, and the required 
force is a force of 87 pounds, 143° from the 40-pound 


force in the opposite direction from the 87-pound 
force. 


pag ater AND POLAR/TRIGONOMETRIC FORMS OF 
EX NUMBERS © PROBLEM 983 


Find the amplitude and the modulus of 5 - 3i. 


The complex number 5 - 3i is expressed in 
orm a + ib. Here the modulus is the length 
(distance) r from the origin 0 to the point (a,b) and 
the amplitude is the angle 6, measured clockwise, that 


15 


b=8 


Reals 


Solution: We are given s complex number z inthe formof a + bi, 
where a and b are real numbers and (a,b) is the corresponding 
point in the cartesian plane. The value of a is found on the real 
axis and b is located on the imaginary axis. (See Figure A). 

Now let r denote the distance between the origin and the point which 
represents z and let 8 be an angle in standard position whose 
terminal side contains the point z. We want to express a and b 
in terms of @, 


a 
cos ® = = => a=rcos 8 


sin 0 = 2 => be=rsin® 


Thus, a + bi = rcos 0 + ir sin @ = r(cos @ + i sin 8), 
In this example, a = -6 and b= 8 (see Figure B). To find r, 
apply the Pythagorean theorem. 
2 2 2 2 2 
r=a +b = (-6) + (8) = 100; 
thus, r= 10, » 8 4 
For 0: tan © => === gw n1-333 ... First look up in 


a table of trigonometric functions the reference angle whose tangent 


is 4/3, It is 53,1 . ,But 8 .is in Qugdrant II as we note from 
Figure B. Hence 9 = 180 - 53.1 = 126.9 . Therefore, since 
a+ bi = r(cos 8 + 1 sin 6), 


-6 + 81 = 10(cos 126.9" + 4 sin 126,9°), 


© PROBLEM 986 


Express each of the following in trigonometric form. 
{c) 24i 


In the plane, a complex number is represented 


as x # iy. 


Therefore the angle 6 can be defined as 
arctan X = 6 ortano =. 


In part a the x coordinate is negative and the y 
coordinate is positive, therefore 6 must lie in the 
second quadrant. 
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rf = 4? + (= 4)? = 32 

ri = W322 4 

r} = (73)? + (- 1)? =3 +124 
r2=2 


Since all three sides of both triangles are known, any 
of the trigonometric functions can be used to determine 
6. i.e. sin 6 = x/r; cos 6 = y/r; tan 6 = x/y 


Once 6; and 6, have been determined the multiplica- 
tion can be performed according to the formula 


r, (cos 6; + i sin 6,) + rz, (cos 6, + i sin 6,) 


= rir2(cos (6, + 62] + i sin [6,+ @2))- 


tan 6, = 4) + 6,= tan™'(- 1)=315°, fourth quadrant. 


tan 6; = 4 + 62= tan '(-/3)=330°, fourth quadrant. 


— 4 - 4i and /3 - i to polar form, we obtain 
4-4@4i24 (cos 315° + i sin 315°) and /3 - i = 
2(cos 330° + i sin 330°). Thus, (4 - 4i)(/3 - i) = 
4/2 (cos 315° + i sin 315°) + 2(cos 330° + i sin 330°) 
= 8 ¥2 (cos 645° + i sin 645°) = 8/Z(cos 285° + i sin 
285°). 

© PROBLEM 993 


Express each of the following in rectangular form, 
a + bi. (a) 3 (cos 30° + i sin 30°) 


(b) 10(cos 180° + i sin 180°) 


The complex numbers as given are in the 
trigonometric form 


r(cos 6 + i sin 6) 
in part a, 6 = 30°, 
(a) 3 (cos 30° + i sin 30°) =F 73+ 34 
in part b, 68 = 180°, 
(b) 10(cos 180° + i sin 180°) = 10(- 1 + i+ 0) = - 10 


Check: xr? = x? + y? 


7 2» (373)? 3)7 2 27,9, 
part a: (3) a + (3) 24 2n9 


part b: (10)? = (- 10)? 
®@ PROBLEM 989 


| Find [2(cos 30° + i sin 30°) ]{8(cos 60° + i sin 60°)). ] 
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The complex numbers are written in the form 
r (cos 6 + i sin 6). 


Therefore, the division of these two numbers is 
performed by dividing the first modulus by the second, 
and subtracting the second angle from the first accord- 
ing to the formula: 


xr, (cos 6; + i sin 6;) 


r2 Tcos 82 + 1 Sin 82) 


ry 
= =; [cos (8: - 02) + i sin (01 - 82)] 
r, = 8 
re = 2 
= 8 — 
7574 


6, = 1/2 
8, = 1/6 
@, - 62 = 1/2 - 1/6 = 8/3 = ampltitude 


8 [cos $+ 4 sin 5 + 2 cos (z + 4 sin 3] 


t 7 
= 4 [cos $+ i sin $] 


nia 


Check 8 {cos + i sin 5] = 8( 0+ i) = Bi. 
2 (cos 


Bi __ Bi Y5-i _ 8 + B/3i 
Y5+i J3+i V5-i 3 - i? 


as 
ol 


8+ 873i = 2+ 2/34 


4 (cos $+ 4 sing] = 4 (f+ Gs) = 2+ ov 
© PROBLEM 992 


ri(cos 6 + i sin 6) 


Show 
¥2 (cos @ + 1 Sin 6) 


ri 
= [cos (@ - 6) + i sin (6 - ¢)] 


For finding n roots just raise the complex number 
to a rational power which corresponds, i.e. l/n: 


(r[cos(@ + 2k) + i sin(6 + 2kx) 3) 1/9 


= r)/2 |cos teak *. *2] + i sin i + 2 
n n 
Therefore, for the fifth roots of 2: 


at = (2 [cos(O0 + 2km) + i sin(0 + 2kn)})* 


= 2 (cos 2k" + 4 sin 2 k= 0, 1, 2, oe 


Now substitute values of k from 0 to 4, inclusive. 


1 
For k = 0, rp = 25 (cos 0 + i sin 0) 
For k 1 + 2x 25 
=1, rr; = 2 cos ~~ + i sin “= 

1 
For k = 2, rz = 23 [cos 4$ + i sin 4 
For k = 3, r, <2 [cos $$ + i sin eS 
Por k = 4, re = 2 [cos 82 + i sin SF 


For k > 4, we obtain the same cycle of values. Hence, 
the fifth roots of 2 are those values designated as 
Tor Vie Y2e Ya, and ry. 


@ PROBLEM 996 


Find the four fourth roots of 9. The polar formof 9 is 


9(cos 0” + 4 sin 0°), 


Solution; 9 is a real number, This implies that its imaginary com- 
ponent equals zero, (i.e., 9+ 01). In its polar representation the 
angle © must be such that the sin 8 = 0 and the cosG=1, 0 sat- 
isfies this relationship. Therefore 


9 = 9(cos O° + 4 sind), 
To find the 4™ roots of 9, we use the formula 
w” = r'(cos @ + 4 sin 6)” = r°(con(b6) +isin(bs)) 


where b is any rational number, We must also keep in mind that since 
cos and sin are periodic, whenever @ satisfies a given relation- 
ship, 8 + 2, where k is an integer, satisfies t relationship 
also, when we seek the roots of a number, i.e., 2, we allow k to 
assume values from 0,...,n-l. In our problem 6 = 0°, n= 4 and we 
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@ PROBLEM 999 


Find the equations for sin 28 and cos 20 from the de Moivre 
equation with n= 2, 


Solution; Let a complex number be expressed in polar form, 

T(cos @+ 4 sin 8) where r is the radius vector and 6 is the angle 
made between the x-axis and r. Then de Moivre's Theorem states that 
if n is any rational number, then 


([x(cos 6 + 4 sin 6)]" = r"(cos n@ + 4 sin 8), 


Furthermore we can see that: 
(cos 6 + 4 sin 6)" = (cos n@ + i sin n@) . 
Also the complex exponential function is: 
of® con 0 +1 sin 0. 
If we substitute n= 2, 


(coe @ + 4 sin €)? = (coe 28 + 1 ain 20 = (044)? 
gif, 918 _ gt6e18 | ate 


Expand the expression (cos § + i sin 6)? . 
(cos 6 + 4 sin 6)? = (cos 8 + 4 sin 6)(cos @ + 4 sin 6) 


= cos“6 + 21 sin 8 cos @ + i*sin“6 
Noting that 7 ="1, we obtain: 
(cos @ + i sin 0)” = cos*@ - sin“ + 21 sin @ cos @ @ 
Purthermore by de Moivre's Theorem for the case n= 2, we have 
(cos @ + 4 sin 6)? = cos 20 + 4 sin 20 @) 


Equate the right side of equations (1) and (2) to obtain: 
cos’@ - sin“6 + 21 sin @ cos ® = cos 20 + 4 sin 28 
cos“@ - sin76 + 12 sin @ cos @ = cos 28 + 4 sin 20 
Equate the real and imaginary parts. 
cose - sine = cos 26 «3) 
12 sin 6 cos @ = i sin 20 (4) 
Note that, after dividing both sides by i, equation (4) becomes: 
2 sin 6 cos 6 = sin 26 
Therefore, the expressions for sin 26 and cos 20 are: 
cos 26 = cos“@ - sin“ 
sin 260 = 2 sin 6 cos 6 . 


OPERATIONS WITH COMPLEX NUMBERS 
@ PROBLEM 1000 


Express each of the following as the product of i anda real 
number, 


5 
(a) 24 (b) 4 


Solution; Recalling that J-1=1 (or -1 = 17); 


(a) ae e2.ats tp e2- 1+ de rt 


oy eo at. 2s 1. _-5 Re ce 
YY way? f° Te-rcgT ra Tr 


2 
Note that 1 = ~(-1) = -(17) = -1? . ence 3 = = 


(c) 81 = JETT) = =i - Jéi = 91 


What is the conjugate of 3 - 2i and the conjugate of 5 + 717 


y, 


{a,b) 


a@,~b) 
Solution; Any complex number may be interpreted as an ordered pair 
in the plane with the real component designated by the x value and 
the imaginary part designated by the y value. The conjugate of a 
complex number is that number which when multiplied by the original 
complex number yields a product which is purely real. Geometrically, 
the complex conjugate is a reflection of the complex number through 
the x-axis. The complex conjugate of 3 - 2i is 3 + 214 


i.e., (3 - 21)(3 + 21) = 13. 
The conjugate of 5+ 71 is 5 - 7i 
(5 + 71)(5 - 741) = 74. 


The conjugate of a pure real number a, which can be written a + 01, 
is merely itself or a- Oi. Geometrically we see that the reflec- 
tion of a real number is actually itself. The conjugate of a pure 
imaginary number bi is -bi. The conjugate of a complex number 
a+bi is a - bi. 

© PROBLEM 1002 


Add (3+ 44) and (2 - Si). 


Solution: Numbers of the form a+ bi, where a and b are real 
numbers, are called complex numbers. In the complex number a + bi, 
a is called the real part and bi is called the imaginary part. To 
add two complex numbers, add the real parts and add the pure imaginary 
parts. Therefore: we have 

(3 + 44) + (2 - SD= (3 + 2) + G- SL 


= 5+ (-t) 


=5-i 
Or we may treat the problem as the sum of two binomials: 


(3 + 44) + (2 - 54) = 34+ 4442 - SL 
=5-f 


@ PROBLEM 1003 


Perform the indicated operations: (- 2 + 3i) + (5 + (-6)i]. 


Solution: Addition of complex numbers is defined in the 
Followtns way: 


(a + bi) + (ec + di) = (a +c) + (b+ di, 
where a,b,c,d are real numbers. Thus, 
( - 2+ 34) + [5 + (-6)i] = (- 2+ 5) + {3 + (-6)]i 
= 3+ (-3)4i 


= 3- 3i. 
e@ prosiem 1004 


Write each of the following in the forma + bi. 


a) (2 + 44) + (3 + i) 

b) (244) - (4 - 24) 

c) (4-4) - (6 - 2i) 
3 - (4 + 2i) 


a) (2 + 4i) + (3 + i) =2+4i+3+i 
= (2 + 3) + (4i + i) 
= 5 + 5i 


b) (2 + i) - (4 - 2i) =2+i-4+ 2i 
= (2 - 4) + (i + 24) 
= -2 + 31 


c) (4-4) - (6- 2i) =4-i- 6 + 2d 
= (4 - 6) + (-i + 24) 
=-2+i 


a) 3- (4+ 21) © 3-4 21 
= (3 - 4) - 2i 


= -1 - 24 
© PROBLEM 1005 


Find the product (2 + 3i)(- 2 - 5i). 


Splublens Rages i ¥ gen ny emeees : iPeaoans hy gem 
elements + product of last elements: 
(2 + 3i)(- 2 - Si) = 2(- 2) + 2(- Si) + 3i(- 2) + 3i(- 5i) 
=- 4- 10i - 6i - 15i? 
=- 4- 16i - 15i? 
Recall i? = - 1, hence, = - 4 - 164i - 15(- 1) 
=- 4- 16i +15 
= 11 - 16i 
The same result is obtained by using the distributive law. 
(2 + 34) (- 2 - 5i) = (2 + 31) (- 2) - (2 + 3i)5i 
= - 4- 6i - 10i - 15i? = 11 - 16i. 
In other words, if one multiples 2 + 3i_and - 2 - 5i as 


if they were polynomials and replaces i* by - 1, then 
the correct product is obtained. 


@ PROBLEM 1006 


Multiply (3+ 44) by (5+ 2i). 


Solution: To multiply two complex numbers, form the product treating 
i as an ordinary number and then replace * by -1l. Hence, 


(3 + 41)(5 + 24) = 15 + 201 + 61 + Bf” = 15+ 264 + 8 
- 15+ 261 - 8 = 7 + 264 
Or we may treat the problem as the product of two binomials: 
(3 + G4)(5 + 2)= (3 + 41)5 + (3 + 41)24 

= 15+ 201 + 61 + 8” 
= 15 + 261 + 8(-1) 
= 15+ 261-8 
= 7+ 264 


© PROBLEM 1007 


Compute the sum and product of the complex numbers 3 + 2i 
and 1 - 3i. 


-Solubion, 
(3 + 24) + (1 = 34) 3+ 2h +1 = BL me B41 424 = Bie bed 
(3 + 24) (1 = 34) = 3(1) #24(1) + 3(538) + 24(-34) 
= 3+ 21 - 91 - 64 
(3 + 24)(1 - 34) = 3 - 74 - 64? Q) 


Since i? = -l, equation (1) becomes: 
730 


(3 + 21) (1 = 34) = 3 - 74 - 6(-1) 
a 3-71 +6 
= 9- 71. 
@ PROBLEM 1008 


values of the following expressions: 


(2 + 31) + (6 - 21) 
(2 - i) (1 + 3i) 
i - (2 + 34) 


Solution: a) (2 + 3i) + (6 - 24) = 2+ 314 + 6 =2i 


=2+6+ 3i = 21 
=8+i 


b) (2 = i) (1 + 34) = 2(1) = A(1) + 2034) -i(3i) 


= 2-1 + 64 - 312 (1) 


Since a? = <-l, equation (1) becomes: 


(2 - 1) (1 + 34) 


2- i+ 64 - 3(-1) 
=2-i+ 6i+3 
243-1 + 61 
= 5 + Si 
ec) i- (2+ 34) =i-2- 3i 


© PROBLEM 1009 


Express each of the following complex numbers in the form 
a+ bi, where a and b are real: 


(b) 2i (c) =3 
fe) (3 + 2493 - 24) (ft) RS 


(a) 7=7+ 01 (a= 7, b#= 0) 
(b) 2i= 0+ 24 (a= 0, b= 2) 
(c) Y=3 = VIS) = T+ YO = ivd= 0 + i493 (a = 0,b =/3) 


(a) 2+ 03 iti Bi (a-t,»-4) 


(e) (3 + 21)(3 - 24) = 9 = Gi + 64 - 4i? «= 9-417 = 9-4(-1) 
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either number is the complex conjugate of the other. 
6 - Si 3 - 4i | 18 - 154 - 244 + 2047 | -2 - 3914 
TF’ Ta" oF 16 —COt—=<CSC TO 


_ 2+ 394 
—=— 


Check: We check by multiplying the quotient by the divisor. 
The product must be the dividend. 


[- 2+ 394) (3 + 4i) = -3e(6 + 125i - 156) 


= - Je(1251 - 150) 


eRe © PROBLEM 1012 


Find the real and imaginary parts of 


(2 + 31) + (3 + 4i) 


3 In order to divide one complex number by another, 
the denominator must be converted to a real number. This 
can be done by multiplying the numerator and the denomina- 
tor by the conjugate of the denominator. The complex num- 
bers a + bi and a - bi are conjugates of each other. There- 
fore, the conjugate of the denominator 3 + 4i is 3 - 4i. 


Then, 
7+ 3i (2+ #110 = 44) 
+ + - 


_ § + 9i - Bi - 121? 
9 + 22f - let - 1617 


£+ i= 23(=} 7 since 4? = -l 


- &+i + 12 
3 + 16 


~ 18 +i 
et 


= 38 + xe i 
Hence, the real part of the quotient is x and the imaginary 
part is * 4. 


© PROBLEM 1013 


Divide 2 - Y2i by 2 - i: 


Soeeens This problem involves dividing one complex num- 
y another. To perform this division, the numerator 
and the denominator are multiplied by the conjugate of the 
renee Rega The conjugate of the denominator 2 - i is 
2+ 14. Then, 


2- Zi « Be ist) 
a = + 
~ 4 = 2vE i + 23 -/7 i? 
4-26+9r-i 


oA ee ee (2 =2/4 = YS) eince 1? = -1 
- 4+ 2 - 2¥%)i + VE 

+ 
aw At v2 + (2 - 272)i 


=~ 44+ 72, (2 ~ 272) 5 


® PROBLEM 1014 


Solution: To simplify eH Means to write the fraction 


without an imaginary number in the denominator. To achieve 
this, we multiply the fraction by another fraction which is 
equivalent to unity, (so that the value of the original 
fraction is unchanged) which will transform the expression 
in the denominator to a real number. A fraction with this 
property must have the complex conjugate of the expression 
in the denominator of the original fraction as its numera- 
tor and denominator. The complex conjugate must be chosen 
because of its special property that when multiplied by the 
original complex number the result is real. 

Note: a + bi; its complex conjugate is a - bi or they 
can be said to be conjugates of each other. To multiply 
notice that (a + bi)(a - bi) is the factored form of the 
difference of two squares. Thus we obtain 


(ay? ~ (biy?; 4? = -1; (a)? - (-1) (by? oF a? + b*, 
3 - 542 - 34 | 6 - 94 - 104 + 1517 
_ - 
tH Io 4-94 
_ 6 - 194 - 15 
a ik 0 meee 


= 2538 or GH - th 
Since the resulting fraction has a rational number in the 
denominator, we have rationalized the denominator, 


T34 


@ PROBLEM 1015 


Simplify: (a) 44 - 7i° 


Solution: (a) Factor i in the expression to obtain, 


a(4 - 71”) 


and we obtain, 
i(4 -7(-1]) =i(4 + 7) = 1lli 
(b) Rationalize the denominator by multiplying 
the original traction by a fraction equivalent to unity 
which will cause the imaginary expression in the denomina- 
tor of the original fraction to be eliminated. 


+ is suitable because : = 1 and i? = -l. 


2-31 2-34 i 23-317 | 2443 
oi rT" 5 


@ PROBLEM 1016 


Expand (2 + 3i)?. 


Solution: The identity (a + b)? = a? + 3a*b + 3ab* + b? 
ss valid in the case of complex numbers. Thus, 
replacing a by 2 and b by 3i we obtain 
(2 + 3i)* = 2° + 3 + 27(31) + 3 + 2(3i)? + (34)? 
=8+3+ 4+ 3+ i + 3 + 2(3747) + 373i? 
= 8 + 36i + 6(9)i* + 27:3 
= 8 + 36i + 54i? + 27:3, 


Recalling that i* = - 1, since i = y/- 1 and i? = 


v-1 TI = - 1; and i® = i?7(i) = (- lhi = - i, we 
obtain: 


= 8 + 36i + 54(- 1) + 27(- i) 


= 8 + 361i 


54 - 271i 
= 9i - 46. 
© PROBLEM 1017 


Evaluate x2 -2x+6 for x=3+21. 
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Solution; Substituting the given value, we get 


x? = 2x +6 = (3 + 24)" = 203 + 24) + 6 
= (3 + 21)(3 + 24) - 6 - Gi + 6 
Since (a + b)(c + d) = ac + ad + be + bd 
x? = 2x + 6 = (3)(3) 464 + 64 #(21)(24) = 6 ~ Ad 46 
= 9+ 124+ (21)? - 6 - 4146 
Since (ab)? - a0? 
(21)? = 27¢4)? 


By definition 1” i 


= -1, hence (24)? © 4(-1) =-4 and x - 2x +6 
=9+12i-4-6- 44+6 
Combine terms, = 5+ 8i. 


@ PROBLEM 1018 


Solution: Pactor out }: 


3+ B)P- Baap 
ie (5 7a + My? « on /3i)?, 


Then we apply the identity (a + b)> = (a + b) (a + b)(a +b) 
= (a? + 2ab + b?)(a + b) = a? + 207d + ab? + a*b + 2ab? + b® 
= a> + 3a*b + 3ab* + b*, Let ae -l, b= /3, then 


(= + ¥54)? = (-2p? + 3(-2)2v5E + 3-2) (VTL)? + (vSK)F 


= -1 + 373i - 917 + 37517 
= -1 + 3f3i + 9 - 373i = 8. 


since 17 = -1 and i? = i* i = (-1)4 = <i. Hence 
3 
Pe QP epee 


© PROBLEM 1019 


Solution: Factor out i, 
v2 


4 4 4 
1 i 1 1 4. 4 
a ¥ #| ° ee * | ‘ [al a+ aha + 4) 


3+ 4i = x? - y? + 2xyi 
Equate the real and imaginary parts of Loth members: 


3= x? - y? (3) 
4i = 2xyi (4) 
Dividing both sides of equation (4) by i: 
4i _ 2xyi 
re oe 
4 = 2xy (5) 
Therefore, our equations are: 
3 = x? - y? (3) 
4 = 2xy (5) 


Solving equation (5) for x: 
dividing both sides by 2y, 


4 
4° 
2. 

y x 


Note that the above operation assumes that y # 0 since 
division by 0 is undefined. (Also, in our original 


expression /3 + 4i = x + yi, there is assumed to be an 

an imaginary part; namely, yi. If y were equal to 0, 

then there would be no imaginary part since yi = 0(i) = 0. 
Hence, y cannot equal 0.) 


Substituting the expression for x in equation (3): 
: GY -» 
4 2 
3= -y 
y* 


Obtaining a common denominator of y? for the two terms on 
the right side of this equation: 


24.2 
6-242 
32=-—--- 
yy 
4 
4 
324,- 
oe 
4 


w 

LJ 

> 
“ 


Multiplying both sides by y?: 
4 


fo) 
Y 
3y? aa y! 
Subtracting ( - y‘) from both sides: 
3y? - @-y)-4-y4- @- v4) 
3y? -4+ y! = 0 


or y! + 3y? -~4=0 


Factoring the left side of this equation as a product of 
two polynomials: 


G2 +4) G?-1)=0 


Whenever a product ab = 0 where a and b are any two num- 
bers, either a = 0 or b= 0. Therefore, 


either y? +470 or y? -1l=0 
y? = -4 or y? #1 

y= +fT 

y= +l 


Note that there is no real solution to y~ = -4 since there 
is no real number y whose square is -4. 


Substituting y = -1 in equation (3): 


3 = x? - (-1)? 
3= x? - (1) 
3=x*%-1 


Add 1 to both sides: 
3+1le. x? -let#il 
4= x? 
Take the square root of both sides: 
+E =x 
+2=x. 


Hence, the two solutions appear to be (-2,-1) and (2,<1). 
Substituting z: = sr it n egug ion (3): 


: = 7% -1 
Add 1 to both sides: 
3+1]ext 141 
k= x? 
Take the square root of both sides: 


ti 2x ort2=x 
Hence, the two additional solutions appear to be (-2,1) and 
(2,1). For the four solutions obtained: 
when (x,y) = (-2,-1), 73 + 41 = -2 + (-1)i = -2-i, 
when (x,y) = (2,-1), 43 + 4 = 2+ (-1l)i = 2 - i, 
when (x,y) = (-2,1), 73 + 4i = -2 + li = -2 + i, 
when (x,y) = (2,1), “9+ 4i= 2+ 1li= 2+ i. 
Checking the four solutions of ¥3 + 41; namely, -2-i, 2-i, 
-2+i, 2+i, using equation 1: 
for -2-i, 3 + 4i = (-2-i) (-2-i) 
3+ 4i = 4+ 2i + 21 + i? 
3+ 4i= 4+ 4i- 1. Note that i? = -1, 


3¢+¢4i=3+ 4i 7 
Therefore, -2-i is a solution to “3 + fi. 
Por 2-i, 3 + 4i = (2 - i) (2 - i) 
34+ 4i = 4 - 24 - 21 + i? 
3+ 4i=4- 4i-1 since i? = -1 
3+4if3- 4i 
Therefore, 2 - i is not a solution to 73 + 4i. 
Por -2+i, 3 + 4i = (-2 + i) (-2 + i) 
3+ 4i = 4 - 21 - 2i + i? 
3+ 4i=4- 4i-1 since i* = -1 
3+4if3- 4i 
Therefore, -2 + i is not a solution to 73 + 41. 
For 2+ i, 3 + 4i = (2 + i) (2 + i) 
3+ 4i = 44 21 + 24 + i? 
3+ 4i=4+4 41-1 since i? = -1 
3+ 4i=3+ 4i” 
Therefore, 2 + i is a solution to 73 +41. 
ond the only two solutions to /3 + @i are: -2-i and 
+4, 
@ PROBLEM 1021 


Show that (a + bi) + (c + di) = (c +di) + (a + bi). 


Soiussene Use the assoiative, distributive, and commuta- 
tive laws. Associate the corresponding components of the 
complex numbers, i.e., associate the real and imaginary 
parts respectively. 


(a + bi) + (c + di) = (a +c) + (b+ ai 
=at+ct+ bit di 
=a+bi+e+ di 


= (c + di) + (a + bi) 

We would suspect that zero is still the additive identity, 
but zero is a real number. Recall that the real number 5 
and the complex number 5 + Oi represent the same number. 
Then the additive identity should be 0 + Oi. Let us see 
whether it is. Recall that adding the additive identity 
to a number does not change the number. Applying the de- 
finition of addition. 


{a + bi) + (0 + 04) = (a + 0) + (b+ O)1 


=a + bi 
This verifies that 0 + 0i is the additive identity. 
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@ PROBLEM 1022 


Given f(x) = x° + x +1, evaluate £(1 + i). 


Solutions f(1 + i) indicates that 1 + i should be sub- 
situ Or x. 


f(1 +4) = (144)? + (44) #1 
(1 + i) (1 + i) (1 + i) + (1 +4) 41 


(i+ 2+ )a+4 + 44) 42 


L+42i¢47 444 2147447 + (2 44) #1 


= 14344317443? + (0.44) 421 


zi+-+- jit 347 + 19 +1¢i¢41 
Note that 1*= -1 49= 47(4) = (1)(4) = <4. Then 
£(1 + 4) = 1 + 3i + 3(-1) + (“LDL + 1+i+21 


= 3i. 
© PROBLEM 1023 


Find the real numbers a and b such that 


(a + bi) + (2 - 34) = 2(-2 + 4). 


Solution: Subtract (2 - 31) from both sides of the given equation. 
(atbi) + (DQL) - XL) = 2(-244) - (2-31) 
atbi= -4+ 21-2+ 34 


e-h- 24+ 224+ HL 
atbi = -6 + Si 


Therefore, a = -6 and b= 5. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Analytic Geometry” 


POINTS ON LINE SEGMENTS © PROBLEM 1024 


Find the midpoint of the segment from R(-3,5) to S8(2,-8). 


Solution: The midpoint of a line segment from (x +¥,) to 
(x9r¥9) is given by 

a te ¥ * Ya 

Ss 8 ee 
the abscissa being one half the sum of the abscissas of the 
endpoints and the ordinate one half the sum of the ordinates 


of the endpoints. Let the coordinates of the midpoint be 
P(X9+Yq)+ Then, 


X= H-3 + 2) = -E ov, = RIS + (-8)1 = F-3) = J. 
Thus, the midpoint is P(t, -3). 


What are the coordinates of the midpoint of a line segment 
joining P(-2,1) and Q(6,4)? 


142 


Fig. A Fig. B 
GB)? = (5)? + (8)? = 25 + 64 = 89 


Taking the square root of both sides, AB = ./89 . Thus, the distance 
between (2,3) and (7,11), AB , is ./89. 


Generalizing, suppose we replece these points by P and Q with 
coordinates (p»¥p) and (9) respectively (see Figure B). Then 


what we have done in this problem would amount to using the following 
general formula for the distance between P and Q: 


4(P,Q) = Xp +(Yp ag / 
This formula continues to hold true in all possible positions of P and 
Q. 
@ PROBLEM 1031 


The point P, has coordinates (-2,-1) and the point P, has co- 


ordinates (2,2). Teind the distance between these points, 


we 


P, (-2,-1) Ps (2,=2) 


Solution; The points P, and P, are plotted in the accompanying figure. 


1 2 
Let P; be the point (2,-1). It is apparent that the points PLP and 
Ps are the vertices of a right triangle, P3 being the vertex of the 


right angle. Since the points P2 and P; lie in the same vertical line, 
you can easily see that the distance between them is 3 units. Similarly, 
the distance PP, = 4. Now according to the Pythagorean Theorem which 


states that the sum of the squares of the legs of a right triangle is 
equal to the square of the hypotenuse, 


P,P, J P,P '* PsPe 2 cay? + (3)? = 1649 = 2. 


Taking the square root of both sides, P,P, = 5. 
The concept of the distance between two points is so important that 


146 


a formula has been developed for it. The distance between 2 points 
(x, +¥,) and (%g1¥Q) is given by 


a =e - 4)" + (2-1) - 


If we apply this formula to our case, replacing (x,,7;) by (-2,-1) and 
(y¥2) by (2,2) we obtain 


2(-2))" + [2(-1)] = hay? + (3) = /16+9 = /8 =5 
as before. 


© PROBLEM 1032 


Find the distance between P(5,3) and Q(8,7). 


(8,7) 


P(x, rY,) 


' 
‘ 
! 
P(5,3)*-~4R(8, 3) 


R(x, +Y,) Q(x, -¥,) 
Fig. 1 
Solution: Any two points P(x, +7) and a(z,+72) not on a line 
parallel to either axis can be used to locate a third point. We do 
this by selecting for x-ordinate the x-ordinate of one of the points 


and y-ordinate the y-ordinate of the other point. The third point 
shown in Figure 1 is R(x,,y,). The choice of R 1s such thet triangle 


PRR is a right triangle with right angle at R. The distance 
pa = |y, - yal: m= Ix, - x,I- 


Pig. 


Since PQ is the hypotenuse of the right triangle, the distance is 


given as 
ro = tem)? + cry” = Uy, - ¥,)° + & - x)" 


The point R(8,3) is opposite the hypot termi: by the points 
P(5,3) and Q(8,7) (see Figure 2). PR = is - al. RQ nag - 7|. Hence 


va = As- als [9-71 = Asi? + bal? 
= fay? + (4)? = OF 16 = /B=5 


We have proved the following theorem: 
THEOREM: The distance d between any two points (x71) and (x5/¥,) 
is given by the formla 


d= Io, - 2) + @, ~ x5) 
@ PROBLEM 1033 


Find the distance from the origin to the point (x,y). 
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= -9 


@ PROBLEM 1035 


Given the three points P(4,3), Q(4,7), and R(7,3). Find the 
lengths of FQ and PR. 


ution; Points P and Q have the same x-coordinate and lie along 
a line parallel to the y-axis, Therefore the length of R= lyp - Jql- 


P and R have the same y-coordinate and lie ong ® line parallel to 
the x-axis, Hence the length of PR = |x, - a0 


= |3-7| =4 and Pa= |4- 7| =. 


We could have used the distance formula 
a= Ax, - x,) +(,- 7%) 
Then as 
a = /(4- 4) +(3-7) =4 
m-j/a-7*+G-3)'e3 


e PROBLEM 1036 


Suppose f = {(x,2x- 3)]. Choose any three points of the graph of 


f and show that they lie in a line. 


+ We are asked to choose any three points, so let us arbitrerily 
take x= 0, x= 1, and x= 2, and find their corresponding f(x) values: 


2(0) = 2(0)-3 
= -3 


tQ) = 2()-3 
=2-3 
zl 


£(2) = 2(2)-3 
24-3 
=1 


m8 


Thus, we have three points P_(0,~3), P,(1,-1}, and P,(2,1) shown on 
the accompanying graph of f teee fi d, The points are collinear; 
that is, lie in a line, if the distance P,P; is equal to the sum of 
the distances PP, and P{P,. (The shortest path between 2 points is 
a line). Applying the formula for the distance between 2 points (,.7,) 


and (x,,y,), a= Me,-=,)" + (y,-9,) , We find 
PP, = f(20)* + [1-(-3)1* «= ae = Ji +16 
= JB = TB a fh Ba 28 
27 Ja-o) + [-1-(-3)]" = A + (2) = A +428 


= henry? + (n-ne = Jaye? = A +4= 8 


and therefore PP, = PP, + PP, = 2/5 . Therefore we have shown that 


3 randomly selected points on the graph f = {(x,2x-3)} lie in a line, 
© PROBLEM 1037 


| 4 
i) 


(= 


Use the distance formula to determine whether the points 
A(0,-3), B(8,3), and C(11,7) are collinear. 


x 
4567891011 


Fig. A Pig. B 


If three points P,, P., P, are in such a position 
1 2 3 
that PIP, + BY oo PP; then the three points lie on a 


straight line and we say that the points are collinear (Pig- 
ure A). 

Thus we find the distances between points A and B, A 
and C, and B and C to determine whether the sum of any two 
of these is equivalent to the third, making A, B, and C col- 
linear. Using the formula for the distance between two 
points (xy+¥4) and (x3 +¥2)- : 


a= Nx,-x,)? + (y,-¥,)? 


The distance between (0,-3) and (8,3) is 


4, = 48-0)" + (3-(-3)]" = 4e7 + 6? = ETF = (TOS = 10 


730 


The distance between (0,-3) and (11,7) is 


a, = 4ai-0y" + [7-(-3)]° = ¥(11)% + (10) = #120 + 100 
= S221 wv 14.74 
The distance between (8,3) and (11,7) is 


a, = 4ai-8)* + (7-3) = 43)" + (4)2 = TFT = 5 = 5 


Since 5 + 10 = 15 and 15 > 14.74, the three points form a 
triangle as opposed to a straight line. Thus the points are 
not collinear. 

Plotting the points on a graph, and attaching them we 
also observe that the points form a triangle, not a line. 
(Figure B). 


@ PROBLEM 1038 


Show that the triangle with (-3, 2), (1, 1), and (-4, -2) 


as vertices is an isosceles triangle. 


Solution: If we can show that two sides of the triangle 
are equal in length, then the triangle is isosceles. This 
can be done by applying the formula for the distance be- 
tween two points, (ey. ¥)) and (x2. y5): 


a= 4, - x,)° + & - ¥,) 


Let the given points be designated as A, B, and C respec- 
tively, Then 


japj= “a + 3)2 + (2 - 2)2 = V7, 
Jac|= /(-4 + 3) + (-2 =2)" = 717. 


Hence |AB| = |AC|, and the triangle is isosceles. FPurther- 


more, 
[Bc] = V(-4 - 1)? + (-2 - vy = 434. 

Since |Bc|* = jaB|? + |ac|? (v3? = /I7? + /I7? or 34 = 

= 17 + 17), the Theorem of Pythagoras holds, and ABC is a 

right triangle, with the right angle at A. (See figure.) 
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© PROBLEM 1039 


Show that the points A¢2, 4), B(-3, -8), and C(2,2) are 
vertices of a right triangle. 


Rage If triangle ABC is a right triangle, then a? + p? 


= C’; that is, the sum of the square of the legs equals the 
square of the hypotenuse by the Pythagorean Theorem. 


Thus we compute the distance from B to C which is side a, 
the distance from C to A which is side b, 

and the distance from A to B which is side c. 

The formula for the distance between two points (x), Y,) 


and (x5, y) is 
f %2° my) + G2 - yy) 


Thus the distance from B to C, from (-3, -8) to (2,2), is 
J (2 = (-3))" + [2 = (-8)1° = / (243) + (2+8) 
= / 52 + 107 
= (FIT 
= fs 
Hence side a = /125 


The distance from C to A, from (2,2) to (-2,4), is 


Ji-2 - 2)7 + (4 - 2)" = /(-4)? + 2? 
= /ert 
= /% 


Hence side b = /20 


The distance from A to B, from (-2,4) to (-3, -8), is 


JUn3 = (-2)1" + (-8 - 49° = /(-3 + 2)° + (-12) 


= /(-1)° + (+12) 
= fe 
= / 


Hence side c = /145 
22 2 


Now, if triangle ABC is a right triangle, a+b =c. 
Replacing, 
a by /125, b by /25, and c by /YdS 


meas) lz} [a 
Since [af fen fife fem 


(yxzs]? = 125 


Thus a? + pb? = ? is equivalent to, 
125 + 20 = 145 
145 = 145 


Therefore, triangle ABC is indeed a right triangle. 
@ PROBLEM 1040 


Find the equation for the set of points the sum of whose 
d@istances from (4,0) and from (-4,0) is 10. 


and (a,,b,), a= Me,-2,)*+(0,-b.)" , we find that the 
distance from (x,y) to (4,0) is 


a, = Ja-ae+y? 


and the distance from (x,y) to (-4,0) is 


2* Aix + 4)" + y*, 


We are given that the sum of the distances a, + 4, = 10. 
Hence, the required equation for the set of points is 


Mix - 42+ y+ txt + y= 10 
Mix - at +y ne 10-Axeapey. 


Squaring both sides, 


(ix - 47 + y)? - Go - Aix + 7+ y*)?, 


Since (Ei? = Eo Cae hon, 


(Kx ST Ir ry = (x - 4)2 + y?, 


2 2 


Thus (x-4)2 + y? = 100 - 20/(x+4)* + y* + (xed)? + y 


x? - Bx + 16 + y* = 100 - 20/(x+4)? + y* + x? + Bx + 16 + y* 


Adding - (100 + x? + ax + 16 +y?) to both members, 
- 16x - 100 = - 20/7 (x + 4)" + y 
Dividing both sides by -4, 4x + 25 = 5¥(x + 4)“ +y 
Squaring again, 
(4x + 25) (4x + 25) = 6 (x + 


lex? + 200x + 625 = 25 
16x” + 200x + 625 = 25| (x + 4)? 
16x? + 200x + 625 = 25(x? + Bx + 16 + y%) 
16x? + 200x + 625 = 25x* + 200x + 400 + 25y* 
Adding - (16x* + 200x + 400) to both members, 


2 


225 = 9x? + 25y*. 


Dividing both members by 225,we can write the last equation 
in the form 
2 2 
9x* | 25y*_ 225 
5 + 32h" 355 


or ae ’ 


which is the standard form of the equation of an ellipse. 
This is the desired equation. 


@ PROBLEM 1041 


Find the equation for the set of points the difference of whose 


distances from (5,0) and (-5,0) is 6 units. 


(x9 = say) 
(5x-9) (5-9) = PGS a) 
25x - 90x + 81 = 9[(x-5)* + y*) 
25x° - 90x + 81 = 9(x* - 10x + 25 + y*) 
25x° - 90x + 81 = 9x7 = 90x + 225 + Sy” 
Adding -(9x° - 90x + 9y”) to both sides, 


25x" - 90x + 81 - (9x° - 90x + 99) = 9x7 ~ 90x + 225 + 9y* 


- (937 = 90x + 99’ 
25° = 9° - oy? + 81 = 225 
16x" - Sy* + 81 = 225 
Adding -81 to both sides, 
16% - Sy = 144, 
Dividing both sides by 144, 


1G? _ OF 1 
144 1440144 
ya rl 
9 #16 ’ 
which is the standard form for the equation of a hyperbola. 
From the form of the equation we can determine its graph. When 


the center is at the origin and its vertices are at (a,0) and (-a,0), 
the equation of the hyperbola is 


o-%er. 
In this case, the vertices are (3,0) and (-3,0) since «& = 9 and 
a= +3 (see figure). 
However, when the vertices lie on the y-axis, the equation of the 
hyperbola is 


or 


=e 25, 


The vertices would then be (0,8) and (0,-a). @ PROBLEM 1042 


Plot the points (1, - 2) and (5, 1) in the xy- plane. 
What ordered pair corresponds to point C in the Figure? 
If points A, B, and C of the Figure are three vertices 
of a parallelogram, what are the coordinates of the 

fourth vertex in the third quadrant? 
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oe In the Figure, the point (1, -2) is 1 unit to 
the right of the origin and 2 units below the x-axis. 
Therefore it is located at point A. The point (5, 1) is 
located at point B, 5 units to the right of the origin 
and 1 unit above the x-axis. 


The abscissa of point C is 0 and its ordinate is 
2. Therefore, the ordered pair is (0, 2). 


There are three possible locations for a fourth 
vertex. In quadrant III the vertex is the intersection 
of lines parallel to AB and BC, respectively. Since 
point C is 5 units to the left of point B and 1 unit 
above it, the required vertex D will be 5 units to the 
eee aie and 1 unit above it. Its coordinates 
are (- 4, - ° 


CIRCLES, ARCS, AND SECTORS @ PROBLEM 1043 


Write equations of the following circles: 


(a) With center at ( -1, 3) and radius 9. 
{b) With center at (2, -3) and radius 5. 


seat The equation of the circle with center at (a,b) 
r 


adius r is 
(x -a)? + (ly - b)? =r’, 


(a) Thus, the equation of the circle with center at (-1 
and radius 9 is 


fe - (-17)* + ty - 3)? = 9? 


(x +1)? + (y - 3)? = 81 


(b) Similarly the equation of the circle with center at 
(2, -3) and radius 5 is 


(x - 2)2 +  - (3)? = s? 


(x - 2)? + (y + 3)? = 25 


13) 


@ PROBLEM 1044 


Find the center and radius of the circle 


x2 


o a+ y? + by - 520 


lution: We can find the radius and the coordinates of the center by 
complet the square in both x and y. To complete the square in 
either variable, take half the coefficient of the variable term (i.e., 
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generally used for the equation of a circle with center at 
(3,4) and radius 5. See Pigure A. 

We can generalize the result of this example and find 
the equation for any circle with center (a,b) and radius r. 
The required circle is the set of points (x,y) at a distance 
xr from (a,b), 


Jin - ay? + y-b)2 er 


(x - a)? + (y-p er 
as shown in Pigure B. 


2 


© PROBLEM 1046 


If © ie an angle of 30°, what is its width in redians? 


ie mustens 6 is A degrees wide and slso t radians 
wide, t the numbers A and t are related by the equation: 


A 


t 
— s— 
v7 


180° q) 


If the given angle of 30° is t radians wide, then by using equation 
(1): 


=t 
W 


t 
$$" h 
Multiplying both sides by 7, 

1 t 

n(2) » w(f) 

1 

3 n=t 
Hence, the angle's width in radians is z" e 
© PROBLEM 1047 


Find the area of a sector in which the measure of the central angle 


ie 60° and the radius of the circle is 2. 


ho) 


Solution: Note the diagram. 

The central angle, 60° is + x (360°); that is, 60° = +x (circum- 
ference of circle). Therefére, con-ahath of the aren 0 

is covered. Using the fact that the area of the total circumference 
of the circle is mr*, or A= nr*: the area covered by the sector 
given in this problem is 
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1 1 1 4n 
As § mW = = n(2)? = = M4) = 
an 


3 
@ PROBLEM 1048 


Find the length of the minor arc of a circle of radius 1 whose 


central angle has a measure of 90", 


aN 


Solution; For problems dealing with arc length of a circle, the fol-~ 
lowing information is helpful. On a circle of radius r, a central 
angle of 6 radians intercepts an arc of length 


s = 103 


that is, arc length = radius x central angle in radians. (See Figure). 
Therefore, in this problem: 


length of minor arc = s = (1) (90°) 
= @)(F radians) 


= 5 radians 


We could have obtained this answer by noting that a central angle 
of 90° yields an arc equal to + the circumference, since 
90° = 3(360°) = 4x (circumference of circle) 
= 3(20 radians) 


= fs radians 
= : radians 
@ PROBLEM 1049 


What length of arc is subtended by a central angle of 75° 


on a circle 13.7 inches in radius? 


Solution; Let 6 denote a central angle in a circle of 
radius r, and let s be the length of the intercepted arc, 
measured in the same units as the radius. Then if 6 is 
an angle measured in radians, the length of the arc, s, 
iss = ré. 


We must express the given angle in radians. Since 
27 radians = 3609 then 1° = 27/360 radians = 1/180 
radians. Thus, 75° = 75 + 1/180 radians = 5/12 m radians. 


Substituting this value into the relation s = r0é, 
we have 
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x-axis and y-axis satisfy the given set { (x,y) Ixy = 0}. 
2 


c) For the set [(x,y) jx* + y* <4), note that the equation x? + y=4 
is a circle of radius = 2 and center (0,0). Hence, the set 


((,y) l<* + y’ <4) consists of “ points inside the circle of radius = 
2 (including center (0,0), since + <4). The points on the 
circumference of the circle are not included, 


4) For the set {(x,y)|0 <x <1, 0 < y <1), all points -bounded by 
the vertical lines x= 0 and x= 1 and by the horizontal lines 
y=0 and y=1 will be included in the get, Note the figure, All 
points of the square are in the set [{(x,y)|O<x <1, Oy 1), 
including the boundary points. 


SPACE RELATED PROBLEMS © PROBLEM 1052 


Find the distance of the point (x, y, z) from the origin 
0. 


Agiuticn From the given diagram we see that point 
%, Y, z) is labeled P. Then OP is the distance of 


(x, y, 2) from the origin 0. Thus, we wish to find OP. 

Referring to the figure, consider triangle OUP, in which 

the angle OUP is a right angle. From Pythagoras’ theorem, 
op? = ou? + up? 


Consider triangle OTU in which the angle OTU is a right 
angle. Using Pythagoras’ theorem again, 


ou? = or? + Tu? 

Substituting this value of OU* in the first equation 
op? = (or? + Tu?) + uP? 

But OT = x, TU = y, UP = z, and so 
op? = x? + y? + 2? 


The distance of the points (x, y, 2) from the origin 0 
is therefore 


op = Yet + y! + at. 


18 - 2 + z? = 4+ 2? 


18 = 4+ 2? 


Subtract 4 from both sides of this equation, 


18 -4=¢+ 2° 


2 


-f 
4=2 
Take the square root of both sides of this equation. 


tvVI7 = ‘* 


t7IT =z 
Therefore, 
z= TF or - Vif. 
Hence, the solutions are (0, 3, YI4) and (0, 3, - YI4). 


© PROBLEM 1055 


Find the solutions of the equation in xyz-space where the 


a. first and second components are zero, 
b. first and third components are zero, and 
c. second and third components are zero. 


x? +3y-22=4 


Solution; a) In this case, the first and second components 
are zero. In xyz-space, the point described is (0, 0, z). 
Once the third component, z, is found, a solution will be 
found. Letting x = 0 and y = 0 in the given equation, since 
the first and second components are zero: 


(0)? 


+3(0) -z=4 
0o+0-22=4 
-~z=@ 
Multiplying both sides of this equation by -1: 
~1(-z) = -1(4) 
z=-4 
Therefore, the solution in xyz-space is: (0, 0, -4) 
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CHAPTER 33 


PERMUTATIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 766 to 


775 for step-by-step solutions to problems. 


The basic counting procedure for objects is the multiplication principle. It is 
given by the following statement: 


If one event can occur in m ways and a second event can occur in n 
ways, then both events can occur in mn ways, provided the outcome of 
the first event does not influence the outcome of the second. 


For instance, to apply this counting principle, consider this example. 


How many different meals can be selected if a restaurant offers 3 salads, 5 
main dishes, and 2 desserts? 


Since the first event can occur in 3 ways, the second event can occur in 5 
ways, and the third event can occur in 2 ways, then there are 


3-5-2=30 
different meals to select from. 


Often we are concerned with the arrangement of a set of distinct objects in 
some specific order. Such an arrangement of a group of objects is called a 
permutation of the objects. The number of permutations of nm distinct things taken 
all at a time, denoted by 


P(a, n), 


is equal to n!. The number of permutations of n distinct things taken r at a time, 
where 


Osrsa, 
is given by 
P(n, r) = nln -r)!. 


For instance, the number of ways 12 distinct objects can be arranged taken 3 at a 


766 -A 


Step-by-Step Solutions to 


Problems in this Chapter, 
“Permutations” 


@ PROBLEM 1056 


Find os ° 


Solution: Using the general formula for permutations of b different 
b! 
things taken a at a time, P= Toa)T 2 WO substitute 9 for b 
9: 
and 4 for a. Hence -P, = G-aT "sr° Evaluating our factorials, 


we obtain: 


9-8-°7-6+ (5+4+3+2-1) 
P= 


94 (5*4.3+2-2) 
cancelling 5: in the numerator and denominator: 
a4 = 9-8-7°6 
= 3,024 
@ PROBLEM 1057 


Evaluate each of the following symbols: 


(a) 51 (b) 2 (ce) P(6,2) (a) P92) 


Solution: 

(a) Recalling n! = n¢(n-1)* (n-2)*(n-3) *** 1, 
5! = 5*4*3*2*1 = 120 

(b) Recalling n! = n*(n-1)! = ne(n-1)*(n=-2)1 = «+> 
71 L 7°6*5-# 
a 7 


(c) Recalling P(n,r) = T- xT 
6.2) ° TES aT” a” 


(a) Similarly P(9,2) = pent - $4 = 9:8-71 . 95 


Calculate the number of permutations of the letters a,b,c,d 
taken two at a time. 


Solution: The first of the two letters may be taken in 4 
ways (a,b,c, or a). The second letter may therefore be 
selected from the remaining three letters in 3 ways. By 


166 


the fundamental principle the total number of ways of 
selecting two letters is equal to the product of the number 
of ways of selecting each letter, hence 
p(4,2) =4*3 = 12. 
The list of these permutations is: 
ab ba ca da 
ac be cb db 


ad bd cd dc. 
@ PROBLEM 1059 


Calculate the number of permutations of the letters 


a,b,c,d taken four at a time. 


Solution: The number of permutations of the four letters 

en four at a time equals the number of ways the four 
letters can be arranged or ordered. Consider four places 
to be filled by the four letters. The first place can be 
filled in four ways choosing from the four letters. The 
second place may be filled in three ways selecting one of 
the three remaining letters. The third place may be filled 
in two ways with one of the two still remaining. The fourth 
place is filled one way with the last letter. By the 
fundamental principle, the total number of ways of ordering 
the letters equals the product of the number of ways of 
filling each ordered place, or 4°3*2+1 = 24 = P(4,4) = 4! 
(read ‘four factorial'). 

In general, for n objects taken r at a time, 


P(n,r) = n(n-1) (n-2)...(n-r+l) = she (x <n). 


Por the special case where r = n, 
P(n,n) = n(n-1) (n-2)...(3)(2) (1) = nt, 


since (n-r)! = 0! which = 1 by definition. 
@ PROBLEM 1060 


How many permutations of two letters each can be formed from 
the letters a,b,c,d,e? Actually write these permutations. 


Solution: We recall the general formula for the number of 
permutations of n difforent things taken r at a time 
n’r = ni/(n-r)!. The number of permutations of 2 letters 


that can be formed from the 5 given letters is 5Po° 
p= 5S! St, 514-3 
52° (S-2)T ~ 3 ~ GT 
Thus, the 20 permutations are: 


= 20 


ab ac ad ae 
ba be bd be 
ca cb cd ce 


© PROBLEM 1061 


Solution: 
Method A 
In this example we can use the formula for permutations 
Pat SS ary t 
hence, Begin -T-tet-a 
Method B 


If you do not recall the formula for permutations 
you may determine the number of possible permutations of 
3 elements taken from a set of four elements by recalling 
the fundamental principle: If an act can be performed in o 
ways and if, after this first act has been performed, a 
second act can be performed in n ways then the number of 
ways in which both acts can be performed, in the order 
given is m < n ways. 


Thus, there are 4 ways of filling our first box 
of 3 elements < 3 ways of filling our second box 
x 2 ways of filling our third box 


x = 24. 


3 
{the 3 remaining (the 2 re- 


4 
(a or b or c or d) 
letters) maining 
letters) 


Method C 
We can also determine the number of permutations 
using a tree diagram: 


Hence our permutations are: 


= abe (1) 
= abd (2) 


a 
= acd (4) 
aC = adb (5) 
c = adc (6) 


(7) 
(8) 
(9) 
(10) 
(11) 


ELEEE 


= bde (12) 
= cab (13) 
= cad (14) 
(15) 
(16) 


h 
a 8 
= 


(17) 


\ 
u u 
B 


(18) 
= dab (19) 
= dac (20) 
(21) 
(22) 
= dcb (23) 


Q 


Zz 


= dca (24) 
@ PROBLEM 1062 


In how many ways may 3 books be placed next to each other 


on a shelf? 


See We construct a pattern of 3 boxes to represent 
places where the 3 books are to be placed next to each 


other on the shelf: 


Since there are 3 books, the first place may be filled in 3 
ways. There are then 2 books left, so that the second place 
may be filled in 2 ways. There is only 1 book left to fill 
the last place. Hence our boxes take the following form: 


E32 |] 


The Fundamental Principle of Counting states that if one 
thing can be done in a different ways and, when it is done 
in any one of these ways, a second thing can be done in b 
different ways, and a third thing can be done in c ways, ... 
then all the things in succession can be done in axbxc ... 
different ways. Thus the books can be arranged in 3+*2-1 = 6 
ways. 
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@ PROBLEM 1065 


If a group of 26 members is to elect a president and a 


secretary, in how many ways could the 2 officers be 
elected? 


Solution: The group consists of 26 members, anyone of the 

can serve as president. After the president has been 
elected, there are still 25 other members that could be 
elected as the secretary. The Pundamental Principle of 
Counting states that, if one thing can be done in a 
different ways, and a second thing can be done in b 
different ways, then the two things in succession can be 
done in a + b different ways. Therefore the number of 
ways the two officers can be chosen is (26) (25) or 650 
ways. 


The fundamental principle can be extended to more than 
two events. The total number of ways the successive events 
could be performed is the product of the numbers of ways 
each of the events could be performed. 


This can also be seen by using the following approach. 
Since the arrangement of officers is important (x serv- 
ing as president and y serving as secretary is different 
than y serving as president and x serving as secretary), 
this is a permutations problem. Recalling the general 
formula for the number of permutations of n things taken 
rat a time, nr =n!/(n - r)! , we replace n by 26 and 


r by 2 to obtain 


26! 261 | 26+ 25 + ont | 
2cP2 " THE = 21" 3a" ~ —“wer~—S—S—=S «C81 


Thus, once again we find there are 650 ways to elect 
a president and secretary from the 26 members. 


® PROBLEM 1066 


How many telephone numbers of four different digits each can be 


made from the digits 0,1,2,3,4,5,6,7,8,9? 


Solution; A different arrangement of the same four digits produces a 
different telephone number, Since we are concerned with the order in 
which the digits appear, we are dealing with permutations. 

There are ten digits to choose from and four different ones are to 
be chosen at a time. The general formula for the number of permutations 
of n things taken r at a time is 


' 
Bt 
(n-r)i ° 
Here n= 10, r = 4, and the desired number is 


P(10,4) = ama T° eat = 109-8176: 


= 5040 


P(n,r) = 


Thus 5040 telephone numbers of four digits each can be made from the 
10 digits. 
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CHAPTER 34 


COMBINATIONS 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 776 to 


789 for step-by-step solutions to problems. 


In many instances we are interested in a collection of items, but the order in 
which they are arranged is not important. In such cases we are dealing with 
combinations rather than permutations. The number of combinations of n distinct 
things taken r at a time is given by 


(7) or c(n,r)= 


(-nyiri 


For example, the number of four-member committees that can be formed from a 
group of nine people is found by using the above formula as follows: 


(9,4) = 99-4)! 4! 
91/514! 
9*8474645!/51(4e3%2¢1) 


126 four-member committees 


In some applied situations, both knowledge of the fundamental counting 
principle and the use of combinations are necessary to solve the problem. 


5,l S,2 5,3 564 5,5 5,6 
6,1 6,2 6,3 6,4 6,5 6,6 
@ PROBLEM 1079 


How many different bridge hands are possible? 


eee eee Since the order in which the cards are dealt 
s terial, we are dealing with combinations, thus we 
are interested in determining the number of combinations 
of the 52 cards taken 13 at a time. Recall the general 
formula for the number of combinations of n items taken 
rat a time, 


C(n,r) = tin TT and 


(52,13) = ys7725-> 


S2t 


= (52) (5h) io {43} (48) iar (46) in (44) (43) 142) iA (40) 381 
H 1 1 5 


= 635,013, 559,600, 
@ PROBLEM 1080 


In how many ways can we select a committee of 3 from a group 
of 10 people? 


The arrangement or order of people chosen is 
un. rtant. Thus this is a combinations problem. Recall- 
ing the general formula for the number of combinations of n 
different things taken r at a time 


Cine) = SrEeeyT 


the number of committees of 3 from a group of 10 people is 
34 


103 10! 10°9+8-7! 
(10,3) = srqtgesyy ~ 3T7T ~ “ge ~ 120. 
@ PROBLEM 1081 


How many committees of four members each can be formed from 
a group of seven persons? 


Solution: This 18 a problem in combinations, rather than 
permutations, since the order is of no consequence. Thus, 
a committee consisting of Smith, Jones, Young, and Robin- 
son is the same as a committee consisting of Smith, Robin- 
son, Jones, and Young. The number of combinations of n 
different objects taken r at a time is equal to: 
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n(n-1)... (n-r+1) 
* ecor . 
In this example, n = 7, r = 4, therefore 


Alternately: The first member may be selected from the 
seven persons in 7 ways. The second member may be selected 
from the remaining six people in 6 ways. The third member 
may be selected tn 5 ways from the remaining five people. 
The fourth member may be selected from the remaining four 
people in 4 ways. By the fundamental principle the total 
number of ways of picking the four members is equal to the 
product of the number of ways of picking each member, or 
7°6+*5+*4 ways. This is a permutation of 7 people se- 
lected 4 at a time. To account for the number of ways in 
which the same four-person committee is selected, but in a 
different order, divide 7°6+5-+4 by the number of ways in 
which the same committee of four can be selected. This 
equals a permutation of 4 people selected 4 at a time, 
This, by the fundamental principle, applied as above, equals 
4*3+2+1. Then 


726*5°4., 36 
ae Eee 7 
© PROBLEM 1082 


How many baseball teams of nine members can be chosen from among 


twelve boys, without regard to the position played by each member? 


Solution: Since there is no regard to position, this is a combinations 
problem Wie order or arrangement had been important it would have been 
& permutations problem). The general formula for the number of combina~- 
tions of n things taken r at a time is 


Clot) = eae 


We have to find the number of combinations of 12 things taken 9 at a 
time. Hence we have 


4 . 
pH -# = 220 


12; 1 
(12,9) = 9rq2-9): * 913! “21h 
Therefore, there are 220 possible teams. 


© PROBLEM 1083 


A manufacturer produces 7 different items. He packages 


assortments of equal parts of 3 different items. How 
many different assortments can be packaged? 


Sehutaene Since we are not concerned with the order 
° items, we are dealing with combinations. Thus 
the number of assortments is the number of combinations 
of 7 items taken 3 at a time. Recall the general formula 
for the number of combinations of n items taken r at a 
time, ‘ 

n 


Cine) * eTtn-2T 


c(7,3) 


= 35 
Thus, 35 different assortments can be packaged. 


@ PROBLEM 1084 


A man and his wife decide to entertain 24 friends by giving 4 


dinners with 6 guests each. In how many ways can the first group be 
chosen? 


Solution; In the first group we are considering one dinner and there 
are 6 people out of 24 friends to be invited. We must find the number 
of ways to choose 6 out of 24. We are dealing with combinations. To 
select r things out of n objects, we use the definition of combina- 


or (°) = scat = c(n,r) 


o(2sje) = (4) = 24h = Mh 23 22 2d 20 9 De 


6°5°4-3-2+1 
= 134,596 


@ PROBLEM 1085 


A lady has 12 friends, She wishes to invite 3 of them to a bridge 


party. How many times can she entertain without having the same 3 
people again? 


Solution; Since no reference has been made to order or arrangement 
(for example, the order in which the guests arrive or their seating 
arrangement at the bridge table), the problem is one of combinations 
rather than permutations. Recall the general formula for the number 
of combinations of n different things taken r at a time, 


CO.) = SET 


Thus the number of ways of selecting 3 friends from 12 is 


4 
12: ye -11-Ta- By 
c(2,3) "jaa: ig-a): * Stet 1 = 220 


In evaluating C(12,3), observe that the numerator and denominator of 
the fraction are first divided by the larger factorial in the denom- 
inator. (9! cancels in our fraction.) Thus, the lady can entertain 
220 times without having the same 3 people. 


© PROBLEM 1086 


A Sunday school class of 12 members is to be seated on seven chairs 
and a bench that accommodates five persons. In how many ways can the 


bench be occupied? 


Solution: If we are concerned with the order of people on the bench (so 
that we consider the same five people sitting in different arrangements 
ae distinct ways), then this is a permutations problem. Recalling the 
general formul- for the number of permutations of n elements taken r 
at a time 


' 
p(n,r) = st 
we find the number of permutations of 12 elements taken 5 at a time, or 
p(i2,5). Thus 


p(i2,5) = = 12°11°10°9°8 = 95,040 


oe ee 28 
(12-5)! ~ "7! 
If we are not concerned with the order of the people on the bench this 


becomes a combinations problem. Recalling the general formula for the 
number of combinations of n elements taken r at a time 


<T 
ti(n-r)! 
we find the number of combinations of 12 elements taken 5 at a time, 


or c(12,5). ' > 
. 12! _ AZE. , 12+12+10-9-8+7: | 
(12,5) © SiGg=syt ” S17 5-43-2072 792. 


e(n,r) = 


© PROBLEM 1087 


How many different sums of money can be obtained by choosing 


two coins from a box containing a penny, a nickel, a dime, 
a quarter, and a half dollar? 


Solution: The order makes no difference here, since a 
Selection of a penny and a dime is the same as a selection 
of a dime and a penny, insofar as a sum of money is con- 
cerned. This is a case of combinations, then, rather than 
permutations. Then the number of combinations of n differ- 
ent objects taken r at a time is equal to: 


mined 2++ (n-r+l) 
e2ee*r ° 
In this example, n = 5, r = 2, therefore 


c(5,2) = $24 = 10, 


As in the problem of selecting four committee members from 
a group of seven people, a distinct two coins can be se- 
lected from five coins in 


= 10 ways (applying the fundamental principle). 
@ PROBLEM 1088 


In how many ways can 5 prizes be given away to 4 boys, when each 
boy is eligible for all the prizes? 


Solution: Any one of the prizes can be given in 4 ways; and then any 
‘one of the remaining prizes can also be given in 4 ways, since it may 
be obtained by the boy who has already received a prize. Thus two 

prizes can be given away in 42 ways, three prizes in 49 ways, and so 
on. Hence the 5 prizes can be given away in 4°, or 1024 ways. 


5-4 
r-2 
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® PROBLEM 1089 


How many “words" each consisting of two vowels and three consonants, 


can be formed from the letters of the word ‘integral? 


Solution: To find the number of ways to choose vowels or consonants 
rom letters, we use combinations. The number of combinations of n 
different objects taken r at a time is defined to be 


‘ 

Cine) = Shar 
Then, we first select the two vowels to be used, from among the three 
vowels in integral; this can be done in C(3,2) = 3 ways. Next, we 
Select the three consonants from the five in integral; this yields 
C(5,3) = 10 possible choices. To find the number of ordered arrange- 
ments of 5 letters selected five at a time, we need to find the 
number of permutations of choosing r from n objects, Symbolically, 
it is P({n,r) which is defined to be 


P(n,r) = ——t 


We permute the five chosen letters in all possible ways, of which there 
are P(5,5) = 53 = 120 arrangements. Finally, to find the total number 
of words which can be formed, we apply the Fundamental Counting Principle 
which states that if one event can be performed in m ways, another one 
in n ways, and another in k ways, then the total number of ways in 
which all events can occur is mXnxX k ways. Hence the total number 
of possible words is, by the fundamental principle 


€(3,2)C(5,3)P(5,5) = 3-10-120 = 3600. 
© PROBLEM 1090 


From 12 books in how many ways can a selection of 5 be made, 


(1) when one specified book is always included, (2) when one specified 
book is always excluded? 


Solution: Here the formula for combinations is appropriate: the 
number of combinations of n things taken r at a time: 


where n=#11, and r= 4, 


(2) ~Since the specified book is to be included in every selec- 
tion, we have only to choose 4 out of the remaining 11. 


Hence the number of ways = Uc, 


11-10-9-8-7? 
““a-sala. 


=~ 2LX10 X9 x8 
Lx2x3x4 


= 330. 


(2) Since the specified book is always to be excluded, we have 
to select the 5 books out of the remaining 11. 


can be chosen: 


(a) If each committee is to have exactly 3 men? 
(b) If each committee is to have at least 3 men? 


Solution: 
{a) The order in which the people on the committee are chosen 
is unimportant, thus this is a problem involving combinations. 
The general formula for the number of combinations of n differ- 
ent things taken r at a time is C(n,r) = n!i/ri(n-r)!. Thus, 
the number of ways to choose 3 men from 10 men is C(10,3) 

34 


= 201 ee ee aS = 120. 
The number of ways to choose 2 women from 6 women is C(6,2) 


3 

‘a $i « ols =o-Mt wo 15, 
The Fundamental Principle of Counting states that if the 

first of two independent acts can be performed in a ways, 

and if the second act can be performed in b ways, then the 

number of ways of performing the two acts in the order 

stated is ab. Thus by the fundamental principle, the number 

pak 4 to choose the committee is C(10,3) * C(6,2) = 120°5 

= 1,800. 


{b) If the committee is to contain at least 3 men, the 
possibilities are 3 men and 2 women, 4 men and 1 woman, 5 men 
and no women. 

We have just shown that the number of committees consist- 
ing of 3 men and 2 women is 1,800. The number of committees 
containing 4 men and 1 woman is 


10! 61 10! 6! 
c(10,4) + C(6,1) = * = . 
; WMO-ayT * ITTE-IyT * Ter © Ist 


34 
= SSE + EG = 220.6 = 1,260 . 


The number of committees consisting of 5 men is 


10! 10! 
(10.5) = STTIO-3)T * SIST * 


The probability that any of several mutually exclusive events 
will occur is the sum of the probabilities of the separate 
events. 


Hence the number of committees containing at least 3 men 


is 
1,800 + 1,260 + 252 = 3,312. 


@ PROBLEM 1095 


From 7 Englishmen and 4 Americans a committee of 6 is to be formed; 


in how many ways can this be done, (1) when the committee contains ex~ 
2) at least 2 Americans? 


Solution (1) s Case (1) is when we choose exactly 2 
Americans and thus we need 4 Englishmen in order to have 
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CHAPTER 35 


PROBABILITY 


Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 790 to 


810 for step-by-step solutions to problems. 


The set S of all possible outcomes of a given experiment is called the sample 
space for the experiment. Any subset of the sample space S is an event. The prob- 
ability of an event E, denoted by P(E), is the ratio of the number of outcomes in 
the sample space S which satisfies event E compared to the total number of out- 
comes in sample space S. Thus, 

P(E) @ Sie), . Bamber of outcomes entietyin ig event E 
n(s) number of outcomes in sample space S 


This definition is the procedure for calculating the probability of an event E. For 
instance, consider the experiment of rolling a single die and finding the probability 
of the event E = “the number of spots showing on the upper face is greater than 
three.” This is done by first noting that 


mE)=3 since E={4,5, 6} 
and n(S)=6 since S={1,2,3, 4, 5, 6}. 
Thus, 

P(E) = n(E)/n(S) = 3/6 = 1/2. 


Calculating probabilities by listing and counting the elements of a sample 
space, as well as the event, is not always practical. Instead, one should use the 
counting principles developed in Chapters 33 and 34 to determine the number of 
elements in the sample space and event, respectively. 


Some guidelines for understanding a probability that involves two or more 
independent events A and B are given below. In a probability statement: 


(1) The word “or” usually means to add the probabilities of each event, say 
A and B, if the events are mutually exclusive, that is, 


P(A or B) = P(A) + P(B). 


(b) The probability of drawing a black ball, 
P(B) = —— of ways of Sages a unBEe ball 
of ways of selecting a 


P(B) = yy = 
(c) The probability that either one of two mutually ex- 
clusive events will occur is the sum of the probabilities 


of the separate events. Thus the probability of drawing 
either a white [P(W)] or a black ball [P(B)] is P(W) + P(B). 


P(W) = number of ways of drawing a white ball 
number of ways of aries a ball 
mz * 3 
P(B) =} [shown in part (b)]. 


Thus, P(W or B) = P(W) + P(B) = 


© PROBLEM 1110 


Determine the probability of getting 6 or 7 in a toss of 
two dice. 


Solution: Let A = the event that a 6 is obtained in a toss 
of two dice 


B = the event that a 7 is obtained in a toss 
of two dice. 


Then, the probability of getting 6 or 7 in a toss of two 
dice is 


P(A or B) = P(AW B). 


The union symbol "V" means that A and/or B can occur. Now 
P(AU B) = P(A) + P(B) if A and B are mutually exclusive. 
Two or more events are said to be mutually exclusive if the 
occurrence of any one of them excludes the occurrence of 
the others. In this case, we cannot obtain a six and a 
seven in a single toss of two dice. Thus, A and B are 
mutually exclusive. 

To calcuiate P(A) and P(B), use the following table. 


Note: There are 36 different tosses of two dice. 
A= a 6 is obtained in a toss of two dice 
= (05), (2,4), (3,3), (4,2), (8,0) 
74 


B= a7 is obtained in a toss of two dice 
ad (1.6), (2,5), (344), (423), (5,2), (61)}. 


P(A) = number of ways to obtain a 6 in a toss of two dice 
n r of ways toss two ce 


“% 
P(B) = number of ways to obtain a 7 in a toss of two dice 
number or ways to toss two dice 
6 1 
"36° o 


Therefore, P(AU B) = P(A) + P(B) = oa + te . ie 


© PROBLEM 1111 


A penny is to be tossed 3 times. What is the probability 


there will be 2 heads and 1 tail? 


elution: We start this problem by constructing a set 
of all possible outcomes: 


We can have heads on all 3 tosses: (HHH) 
head on first 2 tosses, tail on the third: (HET) (1) 

head on first toss, tail on next two: (HTT) 
e (HTH) (2) 
e (THH) (3) 

ms (THT) 

(TTH) 

(TTT) 


Hence there are eight possible outcomes (2 possibiities 
on first toss x 2 on second x 2 on third = 2 x 2 x 2 = 8). 


We assume that these outcomes are all equally likely 
and assign the probability 1/8 to each. Now we look for 
the set of outcomes that produce 2 heads and 1 tail. We 
see there are 3 such outcomes out of the 8 possibilities 
(numbered (1), (2), (3) in our listing). Hence the 
probability of 2 heads and 1 tail is 3/8. 


@ PROBLEM 1112 


Find the probability of throwing two sixes in one toss of a pair 
of dice, 


eee To find the probability of throwing two sixes in one toss of 
a pair of dice, first we express it symbolically. 


P(throwing two sixes in one toss of a pair of dice) = 


P(throwing a six in one toss of a die) x P(throwing a six in one toss 
of a die). 

This is true because the event of tossing a die is independent of tos- 
sing another die. That is, the occurrence of one event has no effect 
upon the occurrence or non-occurrence of the other. Now, 


P(throwing a six in one toss) = 
795 


number of ways to obtain a six 
Zz 


number of ways to obtain any face value of a die 
Hence, the probability of obtaining two sixes is ®@ . 73 . 


@ PROBLEM = 1113 


What is the probability of obtaining two aces on two 


successive throws of a die? 


Solution: The throw of a die results in 6 different but 
equally likely face values. An ace can be obtained only 
when a certain 1 of the 6 faces shows. Therefore the pro- 


bability of obtaining an ace in one throw is ze In a toss 


of two dice, the fall of either does not affect the fall of 
the other. Thus the two events, consisting of two sucessive 
throws, are independent. The probability that all of a set 
of independent events will happen in a single trial is the 
product of their separate probabilities. Therefore, the 


probability is ¢+Z= 4. oy 
© PROBLEM 


If a pair of dice is tossed twice, find the probability of obtain- 
ing 5 on both tosses. 


Solution: We obtain 5 in one toss of the two dice if they fall with 
either 3 and 2 or 4 and 1 uppermost, and each of these combinations 
can appear in two ways. The ways to obtain 5 in one toss of the two 
dice are: 


(1,4), (4,1), (3,2), and (2,3). 


Hence we can throw 5 in one toss in four ways. Each die has six faces 
and there are six ways for a die to fall. Then the pair of dice can 
fall in 6*6 = 36 ways. The probability of throwing 5 in one toss is: 


the number of ways to throw a 5 in one toss my ee 
the number of ways that a pair of dice can fall ~ 36° 9° 
Now the probability of throwing a 5 on both tosses is: 


P(throwing five on first toss and throwing five on second toss). 


“and” implies multiplication if events are independent, thus 
p(throwing 5 on first toss and throwing 5 on second toss) 


= p(throwing 5 on first toss} Xx p(throwing 5 on second toss) 


Since the results of the two tosses are independent. Consequently, the 
probability of obtaining 5 on both tosses is 


fd) - a - 


© ProBLEmM 1115 


A bag contains 4 black and 5 blue marbles. A marble is 
drawn and then replaced, after which a second marble is 


drawn. What is the probability that the first is black 
and second blue? 


Solution: Let C = event that the first marble drawn is 
black. 


796 


D = event that the second marble drawn is 
blue. 


The probability that the first is black and the second 
is blue can be expressed symbolically: 


P(C and D) = P(CD). 


We can apply the following theorem. If two events A and 
B, are independent, then the probability that A and B will 
occur is, 

P(A and B) = P(AB) = P(A) * P(B). 
Note that two or more events are said to be independent if 
the occurrence of one event has no effect upon the occur- 
rence or non-occurrence of the other. In this case the 
occurrence of choosing a black marble has no effect on 
the selection of a blue marble and vice versa; since, when 
a marble is drawn it is then replaced before the next 


marble is drawn. Therefore, C and D are two independent 
events. 


P(CD) = P(C) + P(D)} 
P(C) = number of ways to choose a black marble 
humber of ways to choose a marble 
.4 
sv 
P(p) = umber of ways to choose a blue marble 
number of ways to choose a marble 
_ 5 
cd 
4 


P(CD) = P(C) + P(D) = 5° 


wu 
a" 


@ PROBLEM 1116 


A box contains 4 black marbles, 3 red marbles, and 2 white 
marbles. What is the probability that a black marble, then 


a red marble, then a white marble is drawn without replace- 
ment? 


Solution: Here we have three dependent events. There is 

a total of 9 marbles from which to draw. We assume on the 
first draw we will get a black marble. Since the probability 
of drawing a black marble is the 


number of ways of drawing a black marble 
number of ways of drawing 1 out of (4+3+2) marbles , 
4 4 
oA) S530 5. 
There are now 8 marbles left in the box. 


On the second draw we get a red marble. Since the 
probability of drawing a red marble is 


number of ways of drawing a red marble 
number of ways of drawing 1 out of the 6 remaining marbles 


137 


(b) p (first ball will be white and the second red) 
= p (first ball will be white) p(the second ball will be red) 


number of ways to choose a number of ways to choose & 
_ white ball red ball 

Dumber of ways to choose @ fumber of ways to choose @ 

ball ball after the removal of the 
irst 

1 

a 4% 7 7 
¥é 


Se 


(c) p (three bells drewn in the order white, black, red) 


= (first ball is white) p(second ball is black) p(third ball is red) 
= number of ways to choose that number of ways to choose that 
the first ball is white second one is black 
YT of ways to choose the ni r of ways to ci 
first ball second one 


number of ways to choose that the 
third one is red 
number of ways to c se the third 


one 
ja. .eOSs os 
¥ BH N 2 
4 3 2 


e proBLEM 1118 


What is the chance of throwing a number greater than 4 with an 
ordinary die whose faces are numbered from 1 to 6? 


Sol : I€ an event can happen in s ways and fail to happen in f 
‘ways, and if all these ways (s + f) are assumed to be equally likely, 
then the probability (p) that the event will happen is 


{successful ways) 
(total ways) 


In our case there are 6 possible ways in which the die can fall 
(1,2,3,4,5, or 6). Of these, two are fayoraple to the event required, 
5 or 6, therefore the required chance = ¢ = 4 


8 
Peet 


@ PROBLEM 1119 


A bag contains 10 red, 15 green, and 5 yellow beads. If a single 
bead is drawn from the bag what is the probability (a) that the bead 
is red, and (b) that the bead is not red? 


Solution: (a) If an event can happen in s ways and fail to happen 
in t ways, and if all these ways (s + f) are assumed to be equally 
likely, then the probability (p) that the event will happen is 


Pratt (total ways) 


There are 10+ 15+ 5 = 30 beads in the bag, any one of which could 
be drawn from the bag. Ten beads are red, therefore 8 = 10. The 
total of nonred beads is 20, f = 20. 


The probability that a 7 will appear, 


) number of possible ways of obtaining a 7 
p(7) = comber of ways that 2 dice can be thrown 
p(7) = Se = : . 
@ PROBLEM 1124 


If two dice are cast, what is the probability the sum will 
be less than 5? 


: If A, B, and C are mutually exclusive events, 

that is, their intersection is the null set, then 
P(AU BUC) = P(A) + P(B) + P(C). Since the obtaining of 
sums of 2, 3, and 4 are mutually exclusive events, the 
probability of obtaining a sum less than 5 is the sum of 
the probabilities of obtaining a sum of 2,3, and 4. To 
obtain the sum of 2 with 2 die, we have the following 
possibilities: (1,1). 

Similarly for the sum of 3, we have: (1,2) and (2,1). 

For the sum of 4, we obtain: (1,3), (3,1), and (2,2). 
Thus Py = probability of obtaining a sum of 2 


= number of ways to obtain a sum of 2 
number of ways to throw 2 dice 
rae” 
ky 
Po probability of obtaining a sum of 3 
= number of ways to obtain a sum of 3 
n r of ways to throw ce 
se «UIs 
P3 = probability of obtaining a sum of 4 
= Humber of ways to obtain a sum of 4 
n r of ways to throw ce 
ae | 1 
36 ~ T° 
The probability of obtaining a sum less than 5 is 


as See ae 
Py t Pat Fs" 9g * ty * Te 


oe os 


© PROBLEM 1125 


Pind the probability that when a pair of dice are thrown, 


the sum of the two up faces is greater than 7 or the same 
number appears on each face. 


lu The sample space consists of 36 equally likely 
outcomes as shown in the accompanying figure. Those out- 
comes that give a sum greater than 7 are 


G= {(6,2) ’ (6,3), (6,4)(6,5), (6,6) ’ (5,3), (5,4), (5,5), 
(5,6), (4,4), (4,5), (4,6), (3,5), (3,6), (2,6) } 


Let us call the possible outcomes which are circled above 
set A. Then the elements of set A, A={ (1,1), (1,2), (1,3), . 
(2,1), (2,2), (3,1)} are all the possible ways of obtaining i 
four or less. 

The probability of obtaining 4 or less, 


@ PROBLEM 1127 


The probability that A wins a certain game is }. If A 


Plays 5 games, what is the probability that A will win (a) 
exactly 3 games? (b) at least 3 games? 


Solution: We shall apply the following theorem. If P is 

e@ pro ility that an event will happen in a single trial 
and q is the probability that this event will fail in this 
trial, then n°r pq’ = is the probability that this event 
will happen exactly r times in n trials. nor: the number of 
combinations of n different objects taken r at a time, is 


ni 


n°r “rin-r)l 
Note that p+q=l. 
(a) We are given the probability of a success, p, 
which is winning a game: p = Z. Therefore from p + q = l, 
qeil-pei-ge}, The number of ways of winning 3 
games out of 5 is 
2 
5 51 S: Let 
5s°3 = (3) "shart ye vy 7 20. 
Thus, the probability of A winning 3 games is 


ron-r 2}3{1)2 2.2.2.1,1 80 
nor PG ~ 5c [3}°(3]? = 10 3-3-9 -4-3= 2% 

(b) To win at least 3 games A must win either exactly 
3 or exactly 4 or all 5 games. In order that A will win at 


least 3 games,;we must calculate the probability that A will 
win three games, four games, and five games. 


ve s¢3(3}° [3]? + sa(3)‘(3]? . s°s(3)°(3}°. 
~ star(3)°(5)? + attr{3)‘ (5)? + stor{§]* 


8 16 32 192 64 
= 10+ sry + 5¢ 393 + 33 7 375 7 OT 


® PROBLEM 1129 


A die is tossed five times, What is the probability that an 


ace will appear: (a) at least twice; (b) at least once? 


Solution: This is a problem involving repeated trials of an experiment, 
The experiment is "tossing a die five times". Apply the following 
theorem: If p is the probability that an event will happen in a 
single trial and q is the probability that this event will fail in 


this trial, then eign 


cp q 
2 

is the probability that this event will happen exactly r times in 

n triale, 

(a) To find the probability that an ace will occur at least twice, 
find the probability that it will occur twice, or three times, or four 
times, or five times. The sum (the word “or” implies addition in set 
notation) of these probabilities will be the probability that an ace 
will happen at least twice. p = probability that an ace will occur 


in a given trial number of ways to obtain an ace 


An experiment can only succeed or fail, hence the probability of suc- 
cess, p, plus the probability of failure, q, is one; p+q = 1, Then 
a= 1-p=1- 1/6 = 5/6, Therefore, using C_ p’ q@F , p (at least 
tro acne) = 2,23 3.2.2 
s°2 (1/6) (5/6)° + 5°30/8) (5/6) 
4 1 5 0 
+ 5°4 (1/6) (5/6)° + 5°s (1/6)" (5/6) 
a°y is a symbol for a combination of n things, r at a time, 
where r objects are chosen from n objects, 
c= = 
nr Tr: Grr): 
Apply this formula. Then, 
5€2(1/8)7(8/8)" + ,c,(1/6)°¢5/6)" 


+ ,042/6)%05/6)" + ,0,2/6)°¢6/6)° 

~ Har C3) + Sar C$) Sine 5) + Sar @) 

- 3 ; (1235 + 3s 5 (3), 5-R%_(5 +3 
hy 05) gh G) GG) 5 

= 1025) + 9) + (5) + 5 

= 2280+ 80+ +2 | 150, 763, 


Therefore, the probability that an ace will appear at least twice is 
763 


(b) An ace can be obtained at least once by tossing one ace, 2 sces, 
3 aces,..., or 5 aces, Hence, the probability of obtaining at least 
one ace is the sum of the individual probabilities of obtaining one, 
two, three,..., up to five aces. Apply the same method as in part (a). 


2.203 
p(at least one sce) = 5002/8)" 8/6)" + 50 9(1/6)"(6/8) 
+ so a/en?es/ey” + 5ogr/en*wrsy” 


+ 50506)” (s/6)° 


= Star CH) + Siar CB) + SiG) + Sig) 
Bes) ENS) FRE) SES) 
+ wics) + a) 2 (3) + 10) 4 + 10(%) 


3) 


3125 + 1250 + 0+ 2 +1 _ 4651 
T 7176 


An alternate, shorter method, is to calculate the probability of 
failure, (obtaining no aces) and subtract this from one. This is 
true because q+p = 1, hence q = 1-p. 


t least one ace) = 1 - p (no aces 
Ee c.1/6)°(5/6)> = 3 (@) 
p (no aces)= 5°o oet - 
- 23 
TTT6 
Thus, 
p (at least one ace) = 1 - p (no aces) 


_ 3125 _ 4651 
=1- 7776 * 7776 


Therefore, the probability that an ace appears at least once is 
4651 


© PROBLEM 1130 


A coin is tossed 3 times, and 2 heads and 1 tail fall. What is the 
probability that the first toss was heads? 


Solution: This problem is one of conditional probability. Given two 


events, Py and p,, the probability that event Po will occur on the 
condition that we Rave event Py is 


, P(p, and p P(p,P. 
2/1) “Fy” FP 

Py! 2 heads and 1 tail fall, 

Pa? the first toss is heads. 


P = Humber of ways to obtain 2 heads and 1 teil 
@y) number of possibilities resulting from 3 tosses 


« ((4,4,7}, (4,2,8), (1,4,8))/ (i, 8.2), (8, 4,7), (8,7,7), (8,7, 8), 
(z,7,),(2,8,7), (7,8, 8), (7,7,7)) 


CHAPTER 36 


SERIES 


Basic Attacks and Strategies for Solving 


Problems in a — See pages 811 to 


A series is associated with any sequence. It is the indicated sum of the terms 
of a finite or infinite sequence. If the sequence is finite and is an arithmetic 
progression, then the finite series is given by 


S, = (n/2) [2a + (n - 1)d], 


where a is the first term, a is the last term, and d is the common difference. If the 
sequence is finite and is a geometric progression, then the finite series is given by 


S, = (a-ar")/(1-7), 
where r = 1, a is the first term, is the last term, and r is the common ratio. 


A series for which the general term is known can be represented by the sigma 
or summation symbol. For example, 


§,=44+7410+...+Gn+1) 


can be written as 


5,5 i+). 


jel 


For an infinite series, the question of whether it converges or diverges is 
pertinent. For an infinite series, 


converges if and only if 
Sty S25 vey Spy ves 


the corresponding sequence of partial sums, converges. If the sequences of partial 
sums converge to the number L 


811-A 


(lim S, = L) 
a--e 
then L is said to be the sum of the infinite series and thus 
S,* > s;=L. 
jai 


For example, 


3 tvs-Gom) 
converges to 
L=1-1n+1) 
because the n partial sum of this series is given by 
S, = (1/1 - 1/2) + (1/2 - 1/3) +... + [In - 1) - Un] + [1m 1 + 1)) 
= 1-1n+1). 


An infinite series that does not converge is said to diverge (or, if the se- 
quence of partial sums diverges, then the series is said to diverge). For example, 
the series 


ya! 

j=l 
diverges because the 7 partial sum of this series, 

Sp= 14284224 0.42 Ha(1— 2 / (1-2-1 
does not yield a real number value Z as m approaches ». 


Step-by-Step Solutions to 
Problems in this Chapter, 
“Series” 


© PROBLEM 1132 


Find the numerical value of the following: 
7 


21 
a) © (29+1) 
j=l 
Solution: If A(r) iss mathematical expression and n is a positive 
integer, then the symbol A(r) means “Successively replace the 


letter r in the expression A(r) with the numbers 0,1,2,...,n and 
add up the terms. The symbol E£ is the Greek letter sigma and is a 
shorthand way to denote "the sum". It avoids having to write the sum 
A(O) + A(1) + A(2) +... + A(n). 


a) For a) successively replace j by 1,...,7 and add up the terms. 
z (241) = (2(2)+1) + (2c2r+1) + (203941) + (204941) + (205941) 
: + (2(6)+1) + (2(7)+1) 
= (241) + (4+1) + (641) + (841) + (LOH) + (1241) + (1441) 
=34+54+7+9411+134+15 
= 63. 
b) For b) successively replace j by 1,2,3,...,21 and add up the 
terms. 
(33-2) = (3¢)-2) + (3029-2) + (3030-2) + (304-2) + (3659-2 
- + (3(6)-2) + (3079-2) + os + (3(9)-2 
+ pte, + (3€41)-2) + (3(12)-2) + (3013-2) 
+ en + (3(15)-2) + (3(16)-2) + (3(17)-2) 
+ (3(18)-2) + (3(19)-2) + (3(20)-2) + (3(21)-2) 
= (3-2) + (6-2) + (9-2) + (12-2) + (15-2) + (18-2) + (21-2) 
+ (24-2) + (27-2) + (30-2) + (33-2) + (36-2) 
+ (39-2) + (42-2) + (45-2) + (48-2) + (51-2) 
+ (54-2) + (57-2) + (60-2) + (63-2) 
=14+4+47+410+ 13 + 16+ 19 + 22 + 25+ 28+ 31+ 34 
+ 37 + 40 + 43 + 46 + 49 + 52+ 55+ 58+ 61 
= 651. 
© PROBLEM 1133 


Determine the general term of the sequence: 


1 1 


1 1 1 


811 


To make use of the ratio test,we find 
ie nth term of the given series, and the (n+l)th 


term. If we let the first term, 1 = uw, ,then a = Use 
2 


31 


A ee ads Bil We examine the terms 


n+1° 


of the series to find the law of formation, from 
h we conclude: 


ni +1)! 
uy = > and, nel = eT 


n+1)™ 
n+ 
Forming the ratio = «we obtain: 


(nt+1) 1 sé 
(n+) ®* 
(ntl) (nt), an? . on” 


(nt1)"inel) Fn? 


ie 


Now, we find tat lea This can be rewritten as: 
n+1) 


1 


We now use the definition; 1 
e = lim(1 + x)*, 
x+0 


If we let x = ES in this definition, we have: 
i 


i 
Lin(2 + zy = lim(1 + z)", which is what we have 
2. nro 
=0 
1 


n 
above. ‘Therefore, lim = 1, since e = 2.7, 
nee {2 + = n e 


i= fad which is less than 1. 


Hence, by the ratio test, the given series in 
convergent. 


© PROBLEM 1138 


Test the series: 


3? 34+ 36 
be yt ne * rt eee 
2 2° +4 2° +45 +6 


by means of the ratio test. If this test fails, 
use another test. 


sehublens To make use of the ratio test,we find 
nth term of the given series, and the (n+1)th 


814 


term. If we let the first term, 1. Uys then 
2 4 


3 3 
re alls pe ile etc. up to u, + Uys We 


examine the terms of the series to find the law of 
formation, from which we conclude: 


32n-2 
uy - Se 
2° © 4° + 4. (2n-2) 


32 (n+1)-2 
Un+1 7" 52 z 2 2 
2° 2 4* © 4.4 (2n-2)* [2 (nt1)-2] 


32" 


Qe de + vee (2n-2)-(2n)~ 


Un4+1 


Forming the ratio a 
n 


we obtain: 


2n 2 2 


3 g 2242 + 2. (20-2 
SEY SETS PER i = 
2 6 4% ©... (2n-2) © (2n) 3" 
32m 32n- (2n=-2) 32 


piirmoe Sow Seer iar 
(2n)* x 3** (2n) 4n? 


= 0 and 0 < 1, the given series 


815 


Step-by-Step Solutions to 
Problems in this Chapter, 


“Decimal/Fractional Conversions 
Scientific Notation” 


© PROBLEM 1139 


Use scientific notation to express each number. 
(a) 4,375 (b) 186,000 (c) 0.00012 (a) 4,005 


Solution: A number expressed in scientific notation is 
written as a product of a number between 1 and 10 and a 
power of 10. The number between 1 and 10 is obtained by 
moving the decimal point of the number (actual or implied) 
the required number of digits. The power of 10, for a 
number greater than 1, is positive and is one less than 
the number of digits before the decimal point in the 
original number. The power of 10, for a number less than 
1, is negative and is one more than the number of zeros 
immediately following the decimal point in the original 
number. Hence, 


(a) 4,375 = 4.375 x 10? (b) 186,000 = 1.86 x 10 
(c) 0.00012 = 1.2 x 10~4 (a4) 4,005 = 4.005 x 107 


@ PROBLEM 1140 


Express eee in scientific notation. 


Solution: In order to solve this problem, we express the numerator and 
mator as the product of a number between 1 and 10 and a power 
of 10, This*is known as scientific notation. Thus 


6,400,000= 6.4 X 1,000,000 = 6.4 x 10° 


400 = 4x 100 = 4x 10° 
6,400,000 _ 6.4 x 10° 
400 4.0 x 10° 


x 
Since . =a) : = 1.6X 10° 


a 
© PROBLEM 1141 


Write 2 as a repeating de 
Solution; To write ea fraction as a repeating decimal divide the num- 
erator by the denominator, until a pattern of repeated digits appears. 


2+ 7 = 285714285714... 
818 


